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(Communicated by J. Pecaric)

Abstract. Some inequalities related to the celebrated Bessel’s inequality in inner product spaces
are given. They complement the results obtained by Boas-Bellman, Bombieri, Selberg and Heil-
bronn in the middle of the 20" century that have been applied for almost orthogonal series and
in Number Theory.

1. Introduction

Let (H;(-,-)) be an inner product space over the real or complex number field K.
If (ei),<;c, are orthonormal vectors in the inner product space H, i.e., {ei,e;) = &;
forall i, j€ {1,...,n} where §;; is the Kronecker delta, then the following inequality
is well known in the literature as Bessel’s inequality:

3 |(x,ei)* < ||x]|* forany x € H. (1.1)
i=1

For other results related to Bessel’s inequality, see [8] — [11] and Chapter XV in
the book [13].

In 1941, R. P. Boas [2] and in 1944, independently, R. Bellman [1] proved the
following generalization of Bessel’s inequality (see also [13, p. 392]):

THEOREM 1. If x, yi,..., yn are elements of an inner product space (H;{,")),
then the following inequality holds

n 2

> eyl <l | max P+ X [ey)[) |- a2

: <ig e
i=1 SEsn 1<i#j<n
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In [7] we pointed out the following Boas-Bellman type inequalities:

L
n p)

PAIESTIEES el max [{x, i) {leyzll + }<yi,yj>}} ;o (13

i=1 1<i j<n

for any x, yi,..., yn vectors in the inner product space (H;(-,-)).
If we assume that (¢;), <i<n 18 an orthonormal family in H, then by (1.3) we have

n

> (xe)* < v/allx|| max [(x,en)|, x€H.
=1 1<i<n
We also have, see [7]

1

n n 2p
> 1y P < x| <2| x,yi)| ) (1.4)
i=1

i=1

D=

1
q

x (inyin”) +(n—1) |<yi,y,->}"> »

==
—
g

SiFjs<n

foranyx, Yiyeeoy Yn EH7 D> 17 %‘f’tl] =1.
The above inequality (1.4) becomes, for an orthonormal family (e;), <i<n?

1
2p

1 n
|(x,e) 2 < it x| <2|<x,ei>lz”> , XEH.
i=1

Further, we recall [7] that

-

Il
-

1

;\<x7yi>| < x| {max yil® +(n—1)1£17g;i<n|<yi,yj>}}, (1.5)

for any x, yi,..., ¥, € H. Itis obvious that (1.5) will give for orthonormal families the
well known Bessel inequality.
In 1971, E. Bombieri [3] gave the following generalization of Bessel’s inequality.

THEOREM 2. If x, y1,..., yu are vectors in the inner product space (H;(-,")),
then the following inequality holds:

n

X1y < maX{ZKyuyjﬂ} (1.6)

i=1

It is obvious that if (y;);<;c, are orthonormal, then from (1.6) one can deduce
Bessel’s inequality.

Another generalization of Bessel’s inequality was obtained by A. Selberg (see for
example [13, p. 394]):
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THEOREM 3. Let x, yi,..., y, be vectorsin H with y; #0 (i= 1,...,n). Then

one has the inequality:
n

oy
_ WY 2, (1.7)
25 Ton <M

Another type of inequality related to Bessel’s result, was discovered in 1958 by H.
Heilbronn [12] (see also [13, p. 395]).

THEOREM 4. With the assumptions in Theorem 2, one has

gl x| <l <121|<yuyj>l> (1.8)

n [8] the first author obtained the following Bombieri type inequalities

1
n

>y P < |l max |(x,i) (2 }<y,,y,>|> ; (1.9)

i=1 i,j=1

> Iy (1.10)

where%—k%:l, s> 1,

n

> [ xyi)l? (1.11)

i=1

Sllx\\gglﬁ,yi)\% (i(x,yz ) [ggﬂ(i}@uwﬂﬂ

i=1

> |y (1.12)

s

where p > 1, -+

1
P

i\(x,yz < Jlx[I? {2 | iy } (1.13)

i=1 ij=1
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forany x € H.

It has been shown that for different selection of vectors the upper bound provided
by the inequality (1.13) is some time better other times worse than the one obtained by
Bombieri above in (1.6).

In this paper we obtain some inequalities related to the celebrated Bessel’s inequal-
ity in inner product spaces. They complement the results obtained by Boas-Bellman,
Bombieri, Selberg and Heilbronn above, which have been applied for almost orthogonal
series and in Number Theory.

2. The Main Results
The following generalization of Bessel’s inequality may be stated.

THEOREM 5. Let x, yj € H for j€{l,...,n}, then

)< <XI| §i<xvyj><yj»yk><yk7x>>. @.1)

-

j=1

Proof. For every scalars A1, Az,..., A, we have:
2
n n n
0< lx= 3 Ajyj|| = <x— D Ayjx— Elm>
j=1 j=1 j=1

=l 3R )~ B A o+ i z -

By choosing A; = (x,y;) forany 1 < j<n, we get
2 n 2 n 2 n n
0 < [l = X [Geyi) | = X [y [+ 2 3 (eoys) (o) k)
=1 =1 J=lk=1
which implies the desired inequality (2.1). [

REMARK 1 If {yj} , is an orthonormal family in H, then we get from (2.1) that

z ol < (1 £ ).

which is equivalent to Bessel’s inequality (1.1). Also, if n =1 and we take y| =, then
we get from (2.1) that

(Il +16e3) P11

N —

2
o))" <
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which is equivalent to
)P (2= ID17) < el 22)
2

and by taking y = T @ £ 0, we get the Schwarz inequality
[l2]
(e, 2) [ < 12l x, z € H.

COROLLARY 1 Let x, y; € H for j € {1,...,n}, then

j=1 {1 77777

ﬁl<xyj>l (x||+ max |<y,,yk>|<zl<xy,>l>)~ 2.3)

Proof. From (2.1) we observe that 3 ;_, (x,y;) (vj,yk) (i x) = 0.
This also can be proved directly by observing that

i (x,35) vjsvi) i x) = i <<x Yi)Yi» ks >yk> i (20 yis (690 i)
k=1 k=1 k=1
2
= <Z<x’>’j>w’2 X, V). > Z(x,y,-)y,-
=1 =1 =1
Therefore we have
ki (x,37) (yjsvi) (ye,x) = ki (x,y7) (Vi) ko x) (2.4
=1 =
< i |<x7y/> <}’J:)’k> <ykax>}
k=1
= i |<x7yj>|}<yj7yk>||<yk7x>
kj=1
< max ()] 3 [ 1o

lj—

[ (z)<x,y,->>) -
i n} j=1
By utilising (2.1) we get the desired result (2.3). U

REMARK 2 Ifthe family {yl'}j=1
and from (2.3) we get

..........

1

[ < 5 [IIXII + (Z [(x, yj>|> ] : 2.5)

-

1

J
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By Cauchy-Schwarz inequality we also have

HEel) < E el 2o

Therefore (2.5) and (2.6) we have the double inequality for the orthonormal family

! (21 |<x,y,->|)2 < 21 o< {nx% (Zl !<x7yj>!>2} SCE)

We also observe that, if we use Heilbronn’s inequality (1.8) then we get by (2.3)
that

™=

()< (xn e ool (£l )

J

<||x+||x max }<y,,yk>|z|<yl,yj>}>

yeeell i,j=1

NI'—‘

which gives

S il < yia (14 e [0l £ 00l 9

1'17

forany x € H.

COROLLARY 2 Let x, y; € H for j€{1,...,n}, then
(2o man 0]) S sl < 1ot 29)
Proof. Then by (2.3) we get

Sl < (1o mps 10500 £ el

77777

This inequality is equivalent to

S el - 2" max ()] E JESTIES HXH27

orto (2.9). U
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REMARK 3 This is an inequality of interest if the family of vectors {yj }j=1

the condition
2—n max |(yjm)| =1,

jke{l,...n}

namely
1
j',ker?fli("n} |<yj7yk>} S

In this situation from (2.9) we get

Bl < (2o s [30]) 3 el <

forany x € H.
If the family of vectors {y J'}j=1 , satisfies the condition

2—nj max }’<yj7Yk>|>07

namely

then we also have the meaningful inequalzty

n

0<<2 » max |<yj,yk>|)z|<x,y,->|2<x2,

J.ke{l,...n} i1

forany x € H.

COROLLARY 3 Let x, y; € H for j€{1,...,n}, then

i|<xy;>| <1+21nk/ max  {1(ve.) }——Hy;H>

2
<% [||x||2+k7£??7n7k# | (v, i) }<Z|<x y/>}> ]

Proof. We observe that

n

> (o) Give) Gesx)

kj=1

n

Il
NGE

k=j=1 k,j=1 k]
n n
=Y ey i) i)+ D (i) (k) D)
=1 K jmT kA

S )Pl + 3 (o) () o)

k. j=1.k#j

I
M=

~.
Il
-

(i) Vive) GeX)+ Y (%) (k) Gkex)

211

, satisfies

.....

(2.10)

2.11)

2.12)

(2.13)

(2.14)
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This implies that

n

> (i) 3ove) Giex) (2.15)

kj=1

<x7Yj> <yj7Yk> (Vi X)

ke

<.
Il
MR

PP+ 3 G (o) ()

M=

J=1 kj=1k#j
n

<X ) il + (.37) (5o3) )
J=1 k,j=1k#j

Y |Geyi) il + 1Geyi) i) Gx)]
kj=Lk]

N
1=

~.
Il
-

By using (2.1) we then get

el < (14 B [P+ 3 (6o ey

™=

1

J

é(iix # 3w Pl

n

X eyl 2 l(x,y,->l|<yk,x>|>

e kj=Lk#]

1 n
=3 (1 E P b

2
+k,é:?,1-.2.1§t,k7é {oeyol} ((2 | (x, y1>|> _;}<X7YJ>|2>)
=3 (vt £ o (-, D000

NIH

2
F el 10020 |}<Zl<x yj>|> )

which produces the desired result (2.14). [

REMARK 4 If the family of vectors {yj} is orthogonal then {(y;,yr) = 0 for

k.t=1,...n,k+#{ and by (2.14) we have

I E Hy,H) P e h 216
j=1
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This inequality is meaningful if HyjH2 < %for any j=1,...,n

From a different perspective, we have by (2.4) that

ki (x5) (i»vie) ks x) <ki (i) isve) D)
g1 =
= E | Gey i) [ sy | [ ks )
kj=1
< max ] Covn) 1w} pIR[ORA]
k,j=1
=k{r}}3{;}{ 1) } ;ll<y;,yk>|
forany x € H.

By using the inequality (2.1) we can state the following corollary as well:

COROLLARY 4 Let x, y; € H for j € {1,...,n}, then

™=

[ <5 (P + max}{ x 0] }z (i) (2.17)

] 2 K{1,..., k=1

J

L2
<z I+ ma ,
) [lx]| o Xn}Hka kal|<y/ yk>|
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