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SEPARABILITY AND SUBSTITUTABILITY IN AUSTRALIAN MANUFACTURING

by Vern Caddy

1l INTRODUCTION

Over the last.fifty years an extensive body of literature
has evolved around the. ana1y51s of productlon While earlier work
in the area tended to. concentrate on a few 5pec1f1c functlonal forms
for the productlon relatlonshlp, there has recently -been an 1ncrea51ng
emphasis on attempts to ax1omat1cally define the productlon structure
which has led to technology being v1ewed in a more gemneral and abstract
way. One of the outcomes.of this development has been to highlight the
'duality thaﬁ exists between the production function, the cost function
and the input requirement set when certain regularity conditions are

satisfied.t

In fiew_of the equivalence between these forms of specifi-
cation the applied researcher is free, without loss of;geﬁefality oT
informatioh, to specify and concentrate atfention on any one of the
forms depending on the puxpose of the aﬁalysis and data availaoility.
Each is capable of completely summarizing the characteristics of the

production technology under consideration.

Regardless of which felationship is used to describe the
technology, the empirical specification'reqﬁires the use of a specific
functional form. The choice of such a function is, of necessity,

somewhat -arbitrary, as the regularity conditions necessary to ensure

1. The duality of cost and production functions was first developed
by Shephard (1953). A proof of the regularity conditions can be
found also in Diewert (1971).



that it is "well behaved" impose only relatively mild restrictions on

its algebraic form.

While it is desirable to use.a function which is capable
of represéﬁting a wide fange of technologies, it is usually considered
neéessary to impose additional prior restrictions in order to re&uée"
.the number of paraméteré to bé estimated to a_manageaﬁle level.
These constraints usually fake the form of assumptiqns about the
separability of the fﬁnctionl and determine the nature and extent of
the aggrepation procedures used in data handiing, as well as the
restrictions placed on.the substitution matrix._-This paper attempts to .
test thé legitimacy of two prOpoéitioﬁs related to the geparability of
‘the estimated function thét'are commbnly asgumed to be valid in
- applied prodpcfion studieég These éssumptions, which'imply the |
existence firstly of a value édded_function and secondly of a consistent

capital index, are tested using cost data for Australian Manufacturing

Industries.
2. SEPARABILITY AND SUBSTITUTABILITY
We consider the separability of a production function
Y = G(Xl,....,Xm] in which thé m inputs have been partitioned into
.t mutually exclusive and exhaustive subsets [Nl;.}.,Nr} . The

function G(X) is said to be weakly separable with respect to the

above partition if the marginal rate of substitution between any

1. See Goldman and Uzawa {1964) for an exposition-of the various
forms of separability. '



 two inputs Xi and Xj from any subset NS, s=1,...:,r, 1is independent

of the level of'inputs outside the subset Ns . That is,

————B(Gi/Gj) = 0 | (1)
3% = . -
q : .
here G, = 28 et d i,j¢eN 4N
wher = 3, s c.and i,jeN_,q < -

This condition implies the following relationship between the first and

second order partial derivatives of G :

a(Gi/Gj) . 1—~G e a(l/Gj)
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q j M a
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- _iq i "iq
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G. .
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where G0 = 3w ox- . G *° [ax.]
i J
If Gj'# 0 thén we have
G. = G, G. . 2
19 3] jq 1 : : : ()

~Goldman and Uzama (1964) have also proved that weak
separability'of'the'function with respect to the above partition is a
"necessary and sufficient condition for the function to be written in.

the form :

Yy = ext, ¥%,. .., L (3)



where X° is a function of the elements of Ns- only.

In view of the earlier.comments_on duality betﬁeen preduction
and cost functions it would be expected that any inferences that caﬁ be
arawn anut the separability df}one couid also be drawn from the other.

This is in fact the case since;_by ""Lau's Lemma'", sepérability of
Vthé.cést function with respect to prices has e#actly the same implications
as separability of the pro&uction function with respeét.to‘the corresponding
inputs.1 Hence an equivaient condition to (2 ) is : |
c. c. =c.¢c, , | @
19 3 g 1 ' .

where C(P) is the cost function C(Pl,...,Pm,Y), _PS is the price of

aC

= ——=—  etc.
q T P 0P

Xs , Y .is output and Ci
Berndt and Christensen (1973).have showﬁ that for homothetic

functions the conce?t of functional separability has direct implications

‘for the relationship between the various Allen Partial‘Elasticities Qf.

" Substitution (AES).ZV In geﬁefal the weak separability of a function'at

a point in its doﬁain is a-neégssary and sufficient cbﬁdition for all

AES Uiq s qu(l,JENS, qéNs) to be equal at that point.

1. Lau (1969) has proved this proposition for direct and indirect
utility functions. An analogous relationship exists between
production and cost functions.

2. See Allen (1938). .



3. SEPARABILITY IN PRACTICE

In several éreas of appiied production analysis Seﬁarability
" is assumed (usually implicitly) as part of the maintained hypothesis.

As the validify of thé procedures used often depend on such assumptions
-(for which there is no- substantial econoﬁic'justificatioﬁ) it would
appear that some empiricai testing is required. The two propositions
;hét will be examined in this paper are the assumed existence of a
"value added function" and a consistent aggregate capital-inpuf index.
Both these ¢0ncepts are inherent fo the bulk of applied production
stﬁdies and impose certain Separability‘cdnditidns on the undérlying
teéhnology. In this paper the Australian Manufacturing.sector will be

studied using a production function of the general form :
Y = G(B,P,L,M) , | (%)

where Y is real gross output, B and P represent the capital
inputs "buildings and structures' and "plant, and equipment" respectively,

L is a measure of labour inputs and M represents intermediate inputs.

i) .Value Added -

An assﬁmption commonly made by economists is that a functional
relationship exists between the primary inputs wﬁich profides a consistent
measufe of the real contribution of these factors to the productive
process (called 'value added").. In tﬂe absence of equi—proportional

‘changes in the prices of the various inputs (in ﬁhich case Hicks' (1946)
composite commodiﬁy theorem would apply), Leontief (1947) has shown
that a consistent index-of this nature will oﬁiy exist if the production

function exhibits weak separability between the'pfimary and other inputs.



That is, if the functioh is of the form :
Y "= G (H(B,PJL) :M) , (6)
where H(B,P,L) 1is the value added function.

Probably the most familiar measure of value added is that
glven in the Australian National Accounts. The implicit assumptions.
underlying any attempt to usée this measure to reflect real productlon
changes are more stringent than those given in (6}. Since value added
"is'taken to be the difference between gross output ahd material inputs

~ the implied production technology is of the form :
Y = H(P,B,L) +M . - (N

This function is additively separable and imposes an AES of infinity
between value added and intermediate inputs, i.e., they are perfect

bstitut. =
sg utes (GHM 0)

The other method sometimes employed in the literature to
* incorporate the concept of a value added function into the underlying
production technology is to use a Leontief type specification.

That is :
Y = min{H(B,P,I},aM} , - ' (8)

‘wWhere a is a fixed coefficient. In this case value added and

intermediate inputs are perfect complements and consequently have an

: 2
' S : B .
AES of zero (OHM 0)

1. .See for example Dixon (1975).
2. To make this statement fully rigorous, it is necessary. to, replace (8)_1
by a differentiable function,such as Y = y{%{H(B,P,L)}P+,(1fu)M§] P, and

to note that for oy small enough, the diffe:ence between (8) and
this function can be made arbitrarily small.



Using the Berndt and Christensen result referred to above,.
"the specifications (5) - (8) can be interpreted in terms of the
restrictions they impose on the various AES. These restrictions are

given in Table 1 below.

: : TABLE 1
RESTRICTIONS IMPLICIT IN VALUE ADDED FUNCTIONS

Equation ' ' Restrictions on AES
(5) , ©ONil
(6) s - pm T "M
) . sy - %pM "~ YiM O T
(8) g = g, = O . - o = 0

BM PM M HM

ii)‘ Cépital Aggregation

The other proposition to be tesfeﬂ in this paper isrrelated
to the‘aggregétion procedures used in measuriné.the input of primary
.factors into the-productiverproéeSS; In most applied studies the
'degrée of aggregation used is extremely high with, in most cases, only
two forms of primary inputs —-namely capital and labour -‘beiﬁg identified
as arguments of the function. While analytieally it is convenient to:
aggregate the many.forms of these inputs which must enter any productive
prb;ess, itris nevertheless necessary to recognise.fhat this also
implicitly assumes the conditions necessary for the existence of
consistént capital and labour indices are satisfied. Again'(if.we

" ignore the Hicks composite commodity case) it can be shown that this .



requires the production function to be weakly separable with respect
to the partition which differentiates between the various forms of

capital and labour inputs.

While fhe fange of capital and labour inputs that could
conceptually be included in the productioﬁ functionlis almost limitless,
it is necéssary to severely restrict the number if the ﬁodel is to be
'given'any_empirical content. For this_study it Has been decided |
{as can be seen from equation [(5}}, to distinguish'betwéen the two
capital-inputs'Buildings and Struefures and Plant and Equipﬁént. The
necessary conditions for fhe separability of these compbneﬂts-from thé‘
othef:inputs (whicﬁ is required for a consiétent capitéi indei to

exist) imply that equation (5) can be written as
Y = G(F(B,P),L,M) . o (9)

In practice the aggregator function is usually defined as a fixed
_weight arithmetic sum.. The assumption implicit in such aggregation
is that the AES between the two capital inputs is infinity {i.e., they

are perfect substitutes). In this case we have :
Y = G((B+ P),L,M . _ S 10)

The restrictions on the AES inherent in (9) and (10) are given in

Table 2.



TABLE 2
RESTRICTIONS IMPLICIT IN CAPITAL AGGREGATION

'Equation : Restrictions on AES
(9 o %BL. = pL
Yam T Opy
(10 %L T %y
M = “pm
p T %

4. NON-SEPARABLE FUNCTIONAL. FORMS

In order.to test the above propdsitioﬁs it is obviously

necessary to work_with a functiom in which thé inherent restrictions
in terms of separability (and substitutability) are minimal.. A group
of models, the so-called "flexible functional forms", which have
' recently gained a measure of pfominénce in the literature would appear
to be suitable for the task. These functiénal_forms - the ”Generalized
Leontief" and "Generalized Cdbb/Douglas” proposéd by Diewert (1571, 1973)
and the ”Transcendental Logarithmié (translog) Function" of Chriétensen
et al. (19?1) - all provide.secoﬁd order.approximationslto any twice
differentiaﬁie functioﬁ in an arbitrafy ﬁumber of variables. If for
exaﬁpie we have an arbitrary cost function 'C*(P,Y) with_first and

‘ . *  * : * % % *  k
second prder partial derivatives Ci(P ;Y)-and Cij‘(P, Y ) at a point (P ,Y ),
then thére exists a cbst function C(P,Y) in each of the above forms .

) . . ) * - . ]
such that the first and second order partial derivatives at (P ,Y ) coincide



10-,

* . . 8 | -
with those of C- . Since the AES can be expressed in terms of first
and second order partial derivatives of the cost function, it follows

that there exists a set of parameters for each of the above functional

forms which will reproduce any matrix of AES at thé‘point of afproximation.
Iﬁ view of the extreﬁe'generality of these functions they are suitable
for testing the separability assumptioﬁs ihhérent in the production

- functions discussed above in Section 3. In this paéer the translog
functionai form is used to specify a. cost functionrrathér than
prbduction function.1 There are several advantages in doing this.
Firstly linear homogeneity of the production function does not have to

~ be assumed to derive the esfimating equations. - Cost fﬁﬁctions ére
homogeneous of degreé one in prices‘regardless of the degree of
homogeneiﬁy of the production fuﬁction. Secondly the elasticitf of
substitution can Be calculated as a linear transformation of the
estiméted parameters.zl As a consequence the econometric properties'of
the calculated substiéution paraméters can feadily be relatéd to those
of the estimated ﬁarametérs. Thirdly'it is hbped fhat the problem of
multicollinearity,.which‘plagﬁés éttempts at direct estimation of the
_‘production function, may be ameliorated if'prices ratﬁer than input
quantities Tepresent ﬁhé explanatory variables.3 ‘Finally it can be
argued that the problem of simultanéous_equatioﬂ bias will be eliﬁinated
if prices-rather than input Quantities_(which-are unambiguously

endogenous in the model under consideration) are used as explanators.

1. Berndt and Christensen (1973a, 1975b) have used translog production
functions in two recent applied studies of the type undertaken in
this paper ' :

2. The form of this transformation is derived below.

3. See Tsang and Persky (1975) for an ana1y51s of thls problem in
relation to the CES function.
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5. DERIVATION OF THE TRANSLOG COST FUNCTION

I1f we have an arbitrary cost function (corresponding to the

prbduction function (5)} in logarithmic form :
G = J(&nP., LnP_, £nP,, Lnp_, £nY) (11)
b P’ ' m o .

where P, is the price of input i(i=b,p,£,m) and Y is the level of
output, then J can be written as a Taylor series expansion in the

£nPi!s about the fixed point (ﬂn?t,...,ﬂn?ﬁ,.ﬂn?)

‘ﬂnC

= - - aJ —
TP, ... RnP , LnY) + izi ST, (Lnp; - £nP.)

mom 2 :
+ g g EIJE??HEET' (£nP, - LaP.) (EnP, - LnP,)

m 2 . o i
) EY I ng 'a] 7 (np. - ﬂnﬁi) (£nY - LnY) + %‘%—f (£Lny - £nY)
i i :

2. : . :
1, 3 J _ _"' 2 . . )
Sy PRI (£nY £n¥) + higher orde? terms , | (12)

where the partial.defiﬁativés are evaluated at the point {&nP.,...,LnP , £nY)
_ b ST m

" If we neglect the higher order terms and let

L 5 :
J(KVLPb, [ ,'E-npm, :EVLY) . = Yoo ’ afnpl B .YOi ?

24y 8 C g . i3)
aLnP 3LnP, Yij 5LRP BEAY Yiy * 3nY Toy ~ ° :

35 _ N s :
Y i YYy (1n_wh1?h all of the derivatives ar? _

understood to be evaluated at:the fixed point (ﬂnﬁg,..,,ﬂn?j)
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gnd expand about the point at which all the variables have a value of

T — _
unity,” (i.e., ﬁ”Pi =0, &Y = 0), then, at the point in question,

{12) can be written as :

- ‘ SRR
2nC Yoo +,Z Vo LrP. % Z Z yij£nPi£nPj
' . 1 1]
+ Y y. EnP lnY + vy EnY + %y (EHY)z . (14)
AR oy Yy ' _ :

‘Note that the equality of the cross derivatives in (13) implies the

symmetry condition

Y. o= Ye.o . | (15)

If we assume that all first and'sécond order derivatives are
approximatély constant in the vicinity of the chosen point then (14) can
be used as a regression equation to provide estimates of the parameters'
of the true (but unknowﬁ) cost function (11).; Alfernativelf‘(14) may
be taken as a functionai fdrm in its own right and assumgd to répresent

accurately the cost function associated with the existing technology.

Whichever interpretation is used it is necessary to ensure
that certain regularity conditions are satisfied if the function is‘to

be consideréd "well behaved”. These conditions are :

{1} concavity in prices,
{ii) monotonicity in output and prices, and

(iii) homogeneity of degree one in prices.

1. The data can always be scaled to include this point.
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_The franslog_function will not,.in.generalg satisfy these
conditions globally. Howeyer thle global :egularity may be desirablé
it is sufficieﬁt-fof applied work that thé restrictions are not
viclated in the empirically relévant region.of the Price spécé. The
usual practice is'simply to éheck.the regularity of the_estimated.function_

at each of the sample points.

(1) Concavity.  The estimated function will be strictly contéve if

corresponding bordered Hessian matrix is negative definite.

(ii) Monotonicity. The necessary conditions for monotonicity of the -

- cost function C .in output and prices are :

3P > 0 ’ _ . (163.)
. 1
¢ ' o | '

Since costs and prices will always be positive, (16a) can be written as

' Ei. aC 3enC
C 3P, — 9inP,
1 1

> 0
Relating this to the specified function (14) we get;

2ANC - o |
T, Yoi * §yij£nPj + yiyﬁnY >0 . (17a)

This condition can be readily interpreted in terms—of cost .

shares. Shephard (1965) has shown that if € is differentiable in P
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‘then the factor demand functions will coincide with the partial

derivatives of C with respect to: factor prices., That is,

where Xi is the demand for factor' i
The condition {16a) can therefore be written as
S. > 0 y

1.

where Si is the share of the ith factor in total costs.

Similarly, since costs and output will always be positive,

(16b) is equivalent to

Y 3C _ 3dnC
C oY  afny ’
= Ty, uP, sy y_AnY >0
| § Yiy™™ 1 T Yoy T Yyy
(iii) Homogeneity. The requirement that the function be 1ihear1y

homogeneous in prices can be shown to imply the following restrictions

on the parameters1

E Yoi = 1
Lvyy = O

1. See Appendix 1.

(17b)

.7(183) ‘

-(18b)

(18¢c)

(184).
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If the funcfion C is assumed to be homotheticI then (14)

can be written as :

. m mm
- L
BnC = o+ L g nPy + ] ] vy teP Py
: i ij
oy fnY + v [ﬂnY]z ' ) (19)
oy " Vyy (

With the inclusion of an appropriately specified error
term to account for errors in cost minimization by preducers,equation
(19) could be used for estimation. -There is however some gain in

estimating the share equations rather than' (19). Since

< Pi¥s o Pioac _ ane

i c . .- © 3. 7 3w, ¢
i, i

we have

_ Sb = Y61_+ Yllznpb + ylzﬂan + Yi3ﬂnpﬂ.+ y14£ﬁPm +‘u1 : (Zpa)
5 T :Yoz * Y21£”Pb * “fzz“é’-lppl+ Y;3£”P£ * Yty +.“2 5 (20D)
Sp = Yoz * YSlﬂnPb + YSZEHPP + 735£HP£ + 734£ﬁPm 'y ; (20;)

:Sm = Yoq ¥ y41£nPb +.Y42£npp +'#43£HP£ + y44ﬂan oy (20d)

1. Since homdthetidity means that factor shares (Si) are independent of
output {(Y) it‘can be seen from (17a) that-thig implies Yiy =0¥%1.
The more restrictive assumption of homogeneity could be adopted by

setting Yoy = 0 . Finally if Yoy = 1 theﬁ linear homogeneity is

imposed (refer Appendix 1).
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where the My are UYelassically weli behaved" random.distrubahces wﬁich
reflect the failures of producers to achieve théir optimum position.

Tﬁe advantage in using (20) arises from the fact thét the assumédr
‘hemotheticity of the cost fu:nction1 makes S, independent of Y.
Althbugh this means that scale effects cannot he-estimatéd-it does allow
estimation of the substitution pbssibilities to proceed without having
to obtain observations on real output. Furthermore, the assumption that
the distrubance terms are homoskedaéfié is less likely to be violated in

(20) than in (19) since scale effects are excluded.

As shown above -the regularity conditions for a "well behaved”
cost function impose certain restrictions on the coefficients. In
particular the conditions necessary for linear homogeneity in prices can

be used to restrict the number of free parameters in the share equations. (20}.

These conditions can be_expressed as ‘in (18)' or alternatively .

2
as
. | }
ZYOi =: 1 2 , : (213)
1 . .
m | g - |
Yvyy =0 3= Eebmo, (21b)
1 .
Vi3 T Y54 i,j = b,p,&m . ' (21¢)

1. . Technological change could be handled in an analogous manner. If some
(perhaps unobservable) variable Z which causes technology to change
at a constant logarithmic rate is included in the cost function {(14)
then the coefficient Yo would measure the rate of technical change

while Yp4 would measure the rate of bias. If we are prepared to

assume that technical change is unbiased (v ; < 0) then the share
equations (27) can he used to estimate the _ other parameters.

2. Note that zero row and column totals (18b and 18c) imply symmetry (21c).
Conversely zero column totals (21b) and symmetry (21c) imply zero row
totals. Note also that the condition (18d) is now satisfied by
assumption since the assumption of homotheticity made above sets all
Yiy equal to zero. '
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Since we reﬁuire the various cost shares ;o-add to unifyr
it is neceséary to'drop one equation in order td overcome the problem
of singuiar contemporaneous covariance matricés'of disturbances.

‘As the estimates will be invariant to thé eﬁuétion-the following
épplication will use the plant, labour and materials share equations

(20b, ¢ and d).

While the dropping of one equation ensﬁres that the "adding
. up" conditions (21#.and bj will be satisfie&,‘it is aiso necessary to
ensure that the estimating procédure enforces the across equation

- symmetry conditions (Zlc)._.These restrictions reduce the:number of
free parameters tc 9. .Bylsubstitutiﬁg from (21b) into tZic) these
,?-restrictions can be exPreésed in terms of the parameters appearing in

the equations to be estimated.

TABLE 3

SYMMETRY/HOMOGENEITY . RESTRICTIONS

n .

Va1 - Ogp * gz * Yag)
FTRE O " V33 * Yz4)
Y‘41 = -yt Y#s * 74;)
Y32 T V23
.Y43 T Y34
rYéz = Yoq

Free Parameters YOZ? Y03’ Yoa* 722, Ypzs Yzz» Y34, Yous Ya4




18.

6. :SUBSTiTUTION ELASTICITIES IN THE TRANSLOG FUNCTION

' U;awa (1562) proved that the'ABS could be calculated from

the cost function as1

C . . : :
o, = C.. - (22)
ij _ Cicj iy |
where C, = 8C it 3 bef
ere i—-é—P—i-,ec.,as etore.

Binswanger‘(1974) has shown that this reduces to a relatively
Simple relationship between cost shares and parameters when the cost

function is of the translog form. In this case we have :

2 _
3 AnC _ : ‘ :
aLnP, olnP,  Vij X (23)
i j . . .
.-_andr
Cotee o, 2RO
9LnP, 3ZnP, 3~ op, ’
1 J J
{ :
: P. 2 C. 2ap, _
1 - i 1 1
= P.IC.. == -C.C. 5 * @ 3p} (24)
C 9P,
il ij C. ji CZ j
SPi . ‘
When i#j then EY 0 . In this case using Shephard's
: j - _ _ _
Lemma (i.e., Ci =.Xi) and combining (23) and (24) we get :
' P.P. P.P,
., = —=dlc.. - =Lxx,
ij C i C2- 173
or
c . PX, PX, s
Gy TRE |y tTT T (25)

1. This result was originally proved for a homogeneous production function.
Binswanger (1974) has provided a proof which does not rely on homogeneity.
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Substitufing (25) into (22) gives :

: C c iv1 i
g.. = v + s
ij Cicj , Pin ij C C
Y. .- :
i P .
= S-%- + 1 i#g3 . ~ (26a)
i%j '
- - | 3P, -
In the case of i=j we have Sﬁi = 1 in equation (24)
i

which, when similar manipulations to those outlined above are used, gives ;

Yo .
ii , - : :
0,4 = — - S;+1 . S -+ (26b)

: S5 . : .

i
Once the parameters Yij have been estimated from the share

equations the substitution elasticities between the various inputs can
be readily calculated from (26). As this a linear transformation of

the §ij the econometric properties of these estimates will carry over

to the a..
13

_ When more than two factors are involved Allen termed X,
and Xj to be substitutes or complements depending on whether %3

is positive or negative.

In addition the factor demand elasticities will also be

calculated. From (22) we have

e M, @
ij X. X, oP,
1] ]
3C - | | a[ggi] Xy
since C, = —5— = X and C.. = =
k BPk k ij Bpi BPj
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’ P. o
Multiplying both sides of (27) by il' , and rearranging, gives;
; ' . N
i Tyl o
OR (using (26a) and- (26b))
i3 L. S
nij = 5 + Sj | i#] , . {28a)
i
: ' Yas :
ii '
and- | _ ngsoo= §;-+ Si - 1 c _(28b)

7. ESTIMATING AND TESTING PROCEDURE

The two equations from which the cost function parameters
will be estlmated are the Bquipment, Labour and Materials share equations
(20b), (ZOc) and (20d). The estimation will be carried out using the.
Wymer RESIMUL Package. 1 This progfam caiculates full information
maximum 11ke11hood estimates for a system of 11near equatlons in which
there may be non- llnear restrlctlons on the coefficients within or_
across.equations. The ablllty of thlS program to compute the value and
asymtotic standard error of any comblnatlon of the estimated parameters

is exploited in the hypothesis testing.

The estimating and testing will be carried out in two stages.

“ The'initial tests will be for the symmetry/homogeneity of the functionz

1.. This program has been made available to the IMPACT Project by
Dr C.R. Wymer, I.M.F. (formerly of the London Schocl of -Economics]).

2. Strictly speaking these are only partial tests. In the data
construction the cost share have been assumed to sum to unity -
this implies linear homogeneity.
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(fefer Table 3). This characteristic will be tested in two ways.
Firstly the model will be estimated without any restrictions'being
impésed on the-coefficients.: Liﬁear combinations of fhe estimétes S0
obtainéd will: be used'to_tést the restrictions given in Table 3 both

individually énd collectively, i.e., the following hypotheses will be

tested :

" TABLE 4

HYPOTHESES TO BE TESTED FOR SYMMETRY/HOMOGENEITY

By o= §21 ¥ ;22 * ;23 + ;24 = 0:‘ )
B2 =7 ;31 ¥ ;32 * §33 * §34 =0
Bs = .;41 * ;42 * ;43 * ;44 o
B.4'“= Yos < Ysz T O

bs = _;43 - ;34 =0

.66 ) ;42 = O

By = .él +8,+ B+ B, + B+ By = O
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An alternative method of testing these restrictions is to
use a likelihood ratio.teet. This test.is carried-out by confining the
parameters to a subset of the total parameter space (in this case the
subset that Satisfies the symmetry/homogeneity conditions) and
comparing the resultant maxlmum value of the 11ke11hood function with
the value that is achleved when no restrlctlons ar€ imposed. Wheeher
or not the reduction that occurs indicates that the restrictions are
”over-rieihg" the information being yielded by the data to any |

significant extent can be tested using the statistic :

L = - 2 log 4M2X. value of likelihood fn. with constraints
' £ max. value of likelihood fn. without constraints

It can be shown that L is distributed as Chi-Squared with the number

. D 1
of degrees of freedom equal to the number of restrictions.

If the above tests indicate that the data is.consisteht with
a. cost functron that is 11near1y homogenous in prices, the model will
be re-estimated w1th the restrlctlons of Table 3 imposed as part of the
maintained hypoth851s. The other regularity conditions will then be
checked by seeing if all factor shares are p051t1ve (monoton1c1ty) and
whether or not the bordered He551an matrix is negative def1n1te at each

data point (concavity).

Tests for the types of separability discussed in Section 3
above will be made next. Berndt and Christensen (1973) suggested
that separability of a translog function can be tested through the

imposition of parameter restrictions on the function. Blackorby et al.

1. See Theil (1971).
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(1977) have however shownrfhat tﬁe "separability inflexibility" of

the tranelog (and ofher) functioﬁal forms makes these tests considerably
.less general than originally thought. The argument is that although

’ the function (14) has sufficient parametere to provide a second ofder

approximation to any function, when restrictions of the type suggested

o by Berndt and Christensen are imposed, the model loses its flexibility
and can only approximate a limited range of separable functions. In
fact testing for weak separability ﬁsing parameter.restrictions on the

.translog functien is "equivalent to testing for aehybrid of sfrong
(additive) separability and homothetic weak separablllty {in fact,

~with Cobb—Douglas aggregator functlons)". (Blackorby et al., 1977,

P, 196).

To overcome these problems the separability tests in this
paper will be carried out using the various AES calculated from the
parameters_estimated.above.l' The equality restrictioné given in

Tables 1 and 2 will be tested in the sequence shown in Diagram 1 .

Should e1ther form of separablllty be accepted as consistent
w1th the data,other functional forms, which incorporate the observed
form of separablllty in their structure, w;ll be tested. The Sato
'(1967) tWorlevel CES function requires all infer-group AES to be equal_
and aleo'the varieus intra-group AES te be equal;'_Uzawe (1962) reetricts

the various groups to interact in a Cobb-Douglas fashion, i.e., the

1. The values will be calculated using the average factor shares for
the period. o '



24.

SEQUENCE OF TESTING -

Y G(B,P,L,M)

(No restrictions on AES)

exist for both value

added and capital

added

-index exists

value capital index

exists

Test for
‘Symmetry/Homogeneity.
NO ' YES
Search for new Y = G (H(B,P,L),M}
class of models Ty T gPM = ULM
NO
* L] '
Y = G (H (F (B:P),L) M) _Y = G (F(B:P)sL,M)
O = O

Opp = Opp. BL PL

M © %pM

YES NO YES NO

. Consistent indices A consistent A consistent Consistent indices do |

not exist for either

value added or capital

Diagram 1
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intér-group.AES are unity. In addition to strong erarébility, the
CES functidn of Arrow et al. (1961) has each factor_forming its own
composife. In this case we have all AES being equal. Finally, the
Cobb-Douglas function not.only assumes strdﬁg séparability with each.-
factor forming its own éomposife, but-it also reQuires-that gll;the

. AES be unity,

8. RESULTS

The unconstrained parameter estimates are reported'in
,coluﬁn 1 of Table 5,‘while_column 2 contains the estimates oﬁtaihed
when the symmetry/homoggneity restrictions are imposed. As the Yij's
: héve little ecohomicrmeaning in theirIOWn right it is not possible
.to comﬂent‘on their magnitude or sign. The failure of some ofrthé
estimates to differ significantly'from zero is of little consequence

as this simply impliés an AES of one,

Imposing symmetry and homogeneity on the function during
estimation resulted in significant changes in some of the parameters.

There were however, no cases in which sign reversals occurred.

. The values of the statistics, calculgted from these
unconstrained parameter eStimates,.that are used to test the symmetry/
homogeﬁeity of the cost function (refer Table 4) are given in Table 6.
Of the seven restrictions tested only one could be rejected as hot being

satisfied at the 95 per cent confidence level.
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TABLE 5 |
. TRANSLOG PARAMETER ESTIMATES

(Asymptotic t-values in parentheses)

: (1) o (2)
Parameter . Unconstrained - - Constrained
~ . . ‘ * -
- _ A 0.039 : 0.001
I - (4.40) (0.84)
;22 _ | -0.037 : -0.033
_ (3.73) _ (2.60)
. . * . *
Yps -0.043 . ©-0.002
(1.66) g (0.15)
~ . o . . '
Y24 0.034 0.030
(0.89) - (4.68)
;31 -0.028 ' -0.004
(2.70) - (2.06)
Ve -0.011 0.002
(0.93) : - (0.15)
;33 - | 0.112 - 0.027
| (3.78) - (2.07)
Y . -0.097 o -0.026
(2.22) (3.60)
;41 -0.019  -0.008
: (2.25) o - (8.49)
;42 0.047 0.030
(5.18) (4.68)
s . -0.073 - -0.026
. | S (3.05) o (3.60})
» 0.074 - 0.004
(2.12) (0.68)

Implicit Estimates -
' 0.008 ' -0.011

Y11 ,

Yo | : - 0.001 -0.001

Yiz - 0.004 -0.004

?14 : . o - -p.011 _ ' -0.008
log-likelihood Value . 37.23 36.20

* Insignificantly different from zero at 95 per cent level.
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. TABLE 6

~ TEST STATISTICS (refer Table 4)

(Asymptotlc t- _values in parentheses)

B, = -0.006 - B = -0.024
(0.041) | (0.67)
B, = -0.023 _ o B = 0.013
(1.29) o (0..33)
B, = 0.030" \ | B, = -0.043
 (2.08) | (0.46)
B, = -0.032
(1.35)

*  Hypothesis that B, =0 rejected at 95 per cent level

The other test used to cheek the vali&ity of these reéularity
eonditions (the likelihood ratio test) produced a‘negative result. The
value of this likelihood ratio is 24.66 whiie the critical Chi-squared
value at the 95 per cent significance level (with 6 degrees of freedom)
is 12.59. This rejection o£ the_hypothesis that:the'data was generated'
in accordance with a cost function that is linearly homogeneous in prices
‘although disturbing, is not surprisiﬁg. A perusal of the large number of
paﬁers.that heVe appeared over the last four or five years which use
likelihood ratio tests on the economic theoretic restrictiens-of'demaﬁd
and productlon systems indicate an extremely hlgh rejection rate of the
restrictions. Althqugh no consensus has emerged as to the reason for;
this rejection, it is generally felt that there is sufficient uncertalnty
" about the power of these tests and their implicatiens to warrant en
agnostic attitude. belng taken towards the result, At'this stage it would

appear to be rather too extreme to suggest that the failure of such tests
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provides conclusive evidence of the empirical relevance of the production

(or demand) theory'on which the models are based.

The model_specification was further.tested by gomputiné ther
menotonicity and_convéxity conditions using fhe (conétrained) parameter
estimates. The estimated cost shares calculated from the fitted equations
all proved to be strictly positive as required. Furthermore, the conditionms
necessary for stfict convexity of the isoquants were found to be satisfied
-for eaéh'period, _if was therefore concluded'thét the estimatéd cost

funetion was "well behaved" in the region of the observations.

We next test for separability of the.function in the manner
shown in Diagram 1. Tﬁe estimated Allén-Eiasticities of Substitution and
the factor demand elasticitieﬁ, célculated using aVeragé factor shares,
‘are reported in‘Table 7 together with the linear cémbinétions of those

parameters necessary to test for separability.

TABLE 7
ESTIMATES OF ALLEN ELASTICITIES OF SUBSTITUTION

- (Asymptotic std. errors in parentheses)

e LI L S M
L S VI S R
G, et e
SPL. = 1.066 Opy - GPM = -1.424

(0.442) (0.186)
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TABLE 8
| ij)
(Asymptotic std. errors in parentheses)

ESTIMATES OF PRICE ELASTICITIES (n

5 J B | o P L ' M
B -0.213 -2.317 ~0.002 0.030
(0.042) | (0.930) (0.128) " (0.070)
P 0.025 -0.776. 0.277 0.922
- (0.014) (0.125) - ©(0.115) (0.063)
L -0.000 . 0.107 -0.634 0.527
(0.007) (0.044) (0.051) (0.027)
M 0.001 0.147 0.218 . -0.366
(0.002) ~(0.010) ©(0.011) - (0.010)

' These results indicate that there may be a measure of.
complementary between "bﬁildings and sﬁructures" and "1ab§ur".
However, the felatively large t-value on the AES does not allowrany
firm conclusions to be drawn. All other factors appear to substitute
for each other with the substitution possibilities being greatest between
"materials". and "plant and equipment' and least between "bﬁildings and
structures” and "materials". Although not reported here the AES were
computed for various years between 1948-9 and 1972-3. These did not
indicate that there was any consistent movemeﬁt_in these parameteré
over the period. Finally:the equality between the various AES, necessary
for ﬁhé types of sepérability discussed earlier to exist;:does not appeér

to exist.
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8, CONCLUSION

A translog production function has been used to quantify
the substitution possibiliﬁies ameng bﬁildings, plant, labour and“
materiéls inputs. The_advantage of using the translog function fér_
this purpose is that it makes no a priori asgumptions about the
separability of the various factors and consequently places no
restrictions on the AES. The function proved to bé-"well_behaved"
-in the empirically relevant region and fieided coefficient estiﬁates

which were, in general, significantly different from zero,

.The significant-differences that existed in.thé absolute
magnitudes of the vérious AES indicated that the functional separability"
neéessary for the existence of consiStenf value added and/or capital
indices did not exist. It must therefore be concluded that studies
whiéh'are based on tﬁis general class of models and ﬁhidh assume a Eriori

" that such. indices exist contain a mis-specification,
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APPENDIX 1

THE TRANSLOG FUNCTION

Y1

Ln C(RY) =y, * Z Yoi EnPi'+ %_Z Z Yij £nPi EnPj + Z Y. . nY_£nPi
i ij i

+ Yoy Zny + %Yyy £nY LnY

(i) Homogeneity of degree one im prices

In general this means :
COPAP,, oo, AP LYY = & C(Py,Pyse i PLY)
OR

en {C{APlgaPz,...,APn;Y)} = £fnx + EHC(PI,PZ,.

LsP L)

" In terms of the translog function :

CWP,AR,, oo AP, Y)

= Yoo * leoizn(APi) + Y z g ¥; 701 (AP;) zp(xpj)‘

| : Ly  AnY ZnY
+ g YyiEnY 2n(AP) * Yoy ny « gy, EnY

(1.1
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1
-
+

. ): Yoi Enh + Z Yoi ﬂ'lPi' + 4 § ?Yij ﬂnPi Eﬂpj

1 i

+

LDy T+ 5] ]y, ep, 2
1] _ ij

+ Y4 g § Y ﬂnPj £Hh_+ ¥ Yyi LnY Lax + Tyi np, LnY

+

?oy Y + %ij LnY LnY . o ' (1.2)

AND

Lnr + £n{C(P,,P,,...,P ;Y)} = Ln o+ oy § Yo; 2MP; +,% §1§ Vi £np, EnPj

+ Z Yyi ﬁnpi £nY + yoy 2ny + %Tyy ZnY £nYy . (1.3)
1 . .

Equating coefficients in (1.2) anﬂ (1.3) we get the following

parameter restrictions :

g Yoi = 1 : ‘_ | o (1'4a)
g =0 @
) Yyi -0 | ‘ (1.4d)
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(ii) 'Homqgeneity of degree one in output
 This means :

Bn (C(P;,P,,...,P ,AY)} = Amh + C(P LR L)

1’P2"
Using the translog functibn_we have :

n {C(PI,PZ{...,PH,AY)}.

1
<2
+
o~
<
=
[
o
=
)
H.
+
e
o
T
<
e
v
=]

¢ ] v,y X ey v L vys 2nx £n9i +vg, Y
1 1

Y En}'+ %Y§Y Y EnY + 2 Yyy LnY £n

+
oy /
+ Hy RV : (1.5)
Yy _ 3,
AND
r - X 1
Lax + £n{C(P1,P2,...,Pn,Y)} = fn * Yoo * g Yoi £nPl + Y E § y.. &nP, LnP

+ Z Yyi np, Lny + Yoy Lny + %Yyy Zny £nY (1.6)
i

Again equating coefficients we get :

Yoy = 1 - - . ' (1.7a)
Yyi = 0 i = 1,...,n e (1.7b)
Y = 0 : : (1.7¢)

Yy
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" N.B. . If the restriction'(1.7a) is not imposed then the function will
be homogeneous of degree . Yoy in output. If in addition (1.7¢) is
felaxed the function will be homothetic but not homogeneous. If none

of the restrictions (1.7j are imposed the function is non-homothetic.
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APPENDIX 2

The data used covered the period 1948/9 to 1972/3 for

Australian manufacturing industries as defined in the Australian Bureau

of Statistics publication Manufacturing Establishments : Details of .
-OEerations.1

(a) Capital Inputs

The level of capital inputs is assumed to Be_proportional'
to the stocke existing in each year. Capital stock series for
”Buildings and Structures' and '"Plant and Eouipment” have been developed -
using a perpetuai inventory procedure. The stock estimates of Edwards
and Drane (1963). for 1947/8, adjusted to exclude.”Heat, Light end Power”,
have been used as the base year values.2 _ These values have beenl |

1ncremented using the gross investment figures given in Manufacturing

Establlshments, The Australian National Accounts deflators for

"Other Building and Conetruction” and "All Other" were used to giue
coustant value estimatee for the yeafs‘after 1958/9 For earlier years
it has been necessary to supplement these with the National Accounts
”Dwelllngs” deflator and the Plant and Equipment prlce index constructed

by Edwards and Drane (1963).

The depreciation rates used are those calculated from the

depreciation allowances and book value of capital stock given in

1. Some earlier issues of this publication carried different titles.

2. The book values for 1947/8 given in Manufacturing Establishments
. were used to determine the proportion of total stock in each category
that is attributable to the Head, Light and Power group.
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Manufacturing Industry Bulletins. These rates ranged between 9 per cent
and 11 per cent for Plant and Equipment and between 1.5 per cent and

1.8 per cent for Buildings and Structures over the period.

(b) Price of Capital Inputs

In constructing a price series for capital inputs it is
necessary to recognise that it is the cost to the user rather than the
acquisition cost of new capital that is of relevance. In this paper

the service price (P is calculated as

t)
P = ap (rg * 8p g + BM/X

where Xt is the quantity Of the capital good in use, q, is the

acquisition priée of the asset, T, is the_rate of interest'péyable on
borrowed funds, 6t is the annual deﬁreciation rate, g, measures.the
rate of capital‘gaihs or losses during the period and FM, represents,

the maintenance and running costs.

‘The priée iﬁdicés and the depreciation rates used in the
construction 6f the capital stock series above have been used for q
-and- § in the construction of P . The interest rate (r) that has

been usgd'is the price bank overdraft rate.

‘While thé above components of cost could be reasonably
assumed to be knowﬁ with some certainty at the time the ﬁroduction
décision‘is made the same could not be claimed for.the level bf capital
gains (g) . It is the anticipated rather than realized gain'that is of
consequence in attempting to establish the price relevant to the choice

of production'techhiques. For this exercise it is assumed that the
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anticipated capital gain was constant over the period and equal to the
average annual percentage rate of growth of the price indices over the

period of observation.

The maintenance and running costs for Plant and Equipment’

“are taken from Manufacturing Establishments. As equivalent figures are
not available for Buildings and Structures it has been necessary to
- make an arbitrary allowance of 1 per cent of the current value of stock

for'this @omponent.

(¢) Labour Input and Price

' The labour input measure used is the average number of people

employed in manufacturing in each year as given in Manufacturing Establishments.

Total wages and salaries paid (from the same publication) have been .

divided by the employment figure to give the unit cost of labour.

(d) Intermediate Inputs and their Price

The value of "Materials, Containers and Packages" used in

 production (as given in Manufacturing Establishments) has been used to-

measure thislihput.. The National Accounts "Non-Farm Product' deflator
has been used as an indicator of the price of intermediate inputs for
years after 1958/9. For earlier years the general G.N.P. deflator has

been used.
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