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The quasilinearity of a family of functionals in linear spaces

with applications to inequalities

Abstract. The superadditivity and subadditivity properties of certain composite
functionals are investigated. Applications in refining Jensen’s, Hélder’s, Minkowski’s
and Schwarz’s inequalities are given.
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1 - Introduction
Let X be a linear space. A subset C C X is called a convex cone in X provided the
following conditions hold:

(@) x,y e Cimplyx +y € C;
(i) x € C, 0 > 0 imply ax € C.

A functional & : C — R is called superadditive (subadditive) on C if
(iii) h(x +y) > (<)h(x) + h(y) for any x,y € C

and nonnegative (strictly positive) on C if, obviously, it satisfies
(@iv) h(x) > (>)0 for each x € C.

The functional & is s—positive homogeneous on C, for a given s > 0, if
(V) h(ax) = a*h(x) for any o > 0 and x € C.
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In [3], the following result has been obtained:

Theorem 1. Letx,y € Candh : C — R be a nonnegative, superadditive and
s-positive homogeneous functional on C. If M > m > 0 are such that x — my and
My —x € C, then

(L1) Mh(y) > h(x) > m*h(y).

Now, consider v : C' — R an additive and strictly positive functional on C which
is also positive homogeneous on C| i.e.,

(vi) v(ox) = aw(x) for any o > 0 and x € C.

In [4] we obtained further results concerning the quasilinearity of some compo-
site functionals:

Theorem 2. Let C be a convex cone in the linear space X and v : C — (0,00)
an additive functional on C. If h: C — [0,00) is a superadditive (subadditive)
Sfunctional on C and p,q > 1 (0<p,qg<1) then the functional

(12) Wyt C = [0,00), %) = (@)D (a)
1s superadditive (subadditive) on C.
Theorem 3. Let C be a convex cone in the linear space X and v : C — (0, 00)

an additive functional on C. If h : C — [0,00) is a superadditive functional on C
and 0<p,q<1 then the functional

/[}q(17 ) (x)

(1.3) Prg : C = [0,00), Ppq(w) = =55

s subadditive on C.
Another result similar to Theorem 1 has been obtained in [4] as well, namely

Theorem 4. Let 2,y € C, h: C — R be a nonnegative, superadditive and
s-positive homogeneous functional on C and v an additive, strictly positive and
positive homogeneous functional on C. If p,q > 1 and M > m > 0 are such that
x—my, My —x € C, then

(1.4) Moy, () > W, @) = et 10D, ()

where ¥, , is defined by (1.2).
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As shown in [3] and [4], the above results can be applied to obtain refinements of
the Jensen, Holder, Minkowski and Schwarz inequalities for weights satisfying
certain conditions.

The main aim of the present paper is to study quasilinearity properties of other
composite functionals and to apply the obtained results in improving some classical
inequalities as those mentioned above.

2 - General Quasilinearity Properties
The following result holds.

Theorem 5. Let C be a convex cone in the linear space X and v : C — (0, 00)
an additive functional on C.

DIfp>q>0,p>1and h:C —[0,00) is superadditive on C, then the new
two parameter functional

(2.1) Apg 1 C = [0,00), Apg() =07 (2)h9(x)
18 superadditive on C;

(i) Ifp < q,p € (0,1) and h : C — [0, 00) is subadditive on C, then the functional
Ap q 18 subadditive on C.

Proof. First of all we observe that the following elementary inequality
holds:

(2.2) (a4 B)= (<)o +

foranyo,f>0andp >1 (0<p<1).
Indeed, if we consider the function f, : [0,00) — R, f,(t) = (¢t + 1)’ —t” we have
L) =plt+ 1)P"'—¢»~1]. Observe that for p > 1 and t > 0 we have that f;(t) > 0

showing that f, is strictly increasing on the interval [0,00). Now for t=2

B
(8> 0,0 > 0) we have f,(t) > f,(0) giving that (OC + 1>p_ <a)p> 1,i.e., the desired
inequality (2.2). B p

For p € (0,1) we have that f, is strictly decreasing on [0, co) which proves the
second case in (2.2).

@. If o : C — [0, 00) is superadditive on C and p > 1, then by (2.2) we have

WP (@ +y) = (@) + ()] = 1P (x) + kP (y)



138 SEVER S. DRAGOMIR

for any x,y € C, which provides that

Wa+y) 1P @) +he @)
ve+y) o) +o(y)

2.3)

for any x,y € Cand p > 1.
Utilising the monotonicity property of power means, i.e.,

<axp + ﬁyp>ll_)> (owcq + ﬂyq>%
o+p - o+ p
where p > q > 0, and o, 5,2,y > 0 with o + f > 0, then we have

n)|” lmwr
M@Lﬁm1+”@)ﬁw>

v(@) +v(y)

==

(2.4)

v

(4]
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which is equivalent, by taking the power q, with

h(x +y)

(2.5) o

> (V@) () + 0 )R (y) )0 (w4 ).
Moreover, if we multiply (2.5) with v”q*%(oc +y) we get

R (@ + y)v'h (@ + y) > 0" ()R (@) + o' ()R (y)

for any x,y € C, which shows that 4, , is superadditive on C.
@i). If h : C — [0, 00) is subadditive on C and 0<p <1, then by (2.2) we have

WP (@ +y) < [l(x) + ()" < b (x) + 1P (y)
for any «,y € C, which provides

[h? (x) + h? (y)]F
v(@) +o(y)

h(x+y)
v(x+y)

for any x,y € C.
On utilizing a similar argument to the one outlined above, we deduce the desired
result. [

The following result provides upper and lower bounds for 4, ,(x) in terms of
A, 4(y) when certain connections between the vectors x and y are provided:

Corollary 1. Let x,y € C, h: C — R be a nonnegative, superadditive and
s-positive homogeneous functional on C and v an additive, strictly positive and
positive homogeneous functional on C. If p > 1,p > q and M > m > 0 are such
that x — my, My —x € C, then

(2.6) M5, 0 () = Apg(x) > m T 54, 4(y).

Proof. Observe that the functional 4,,(-) is (sq +1- %) —positive homo-
geneous and superadditive on C. Applying Theorem 1 we deduce the desired double

inequality (2.6). O

Remark 1. Now, if we assume that p>q>0,p>1, by denoting

7= % € [0,1], then the functional

O, (x) = vl""(x)hp’(x)

18 superadditive, provided that v is additive and h is superadditive on C. In par-
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ticular, the functional
() = v ()Rt ()
1
1s superadditive fort > 5
Ifp < q,p € (0,1) and if we denote s ::% € [1,00), then the functional

Fps(x) == %

18 subadditive provided that v is additive and h is subadditive on C. In particular,

the functional k@

v(@)

Ey(x)

is subadditive for z € (0,2).

3 - Some Results Related to Jensen’s Inequality

Let C be a convex subset of the real linear space X and let f : C — IR be a convex
mapping. Here we consider the following well-known form of Jensen’s discrete in-
equality:

3.1) f(PiIZPi%) SPilzpif(mi)»

el iel

where I denotes a finite subset of the set N of natural numbers, x; € C, p; > 0 for
teland Pr:=> p;>0.

el

Let us fix I € P¢(N) (the class of finite parts of ) and x; € C' (¢ € I). Now
consider the functional J : S, (/) — R given by

1
(32) Ji(p) =Y pif (@) — Prf (PZpixz) >0
1el el
where S, (I) := {p = (pi);|pi >0, i €I and P; > 0} and f is convex on C.

We observe that S, (1) is a convex cone and the functional J; is nonnegative and
positive homogeneous on S (I).

Lemma 1 ([6]). The functional Ji(-) is a superadditive functional on S (I).

Define the following functional
q
2-q 1
(3.3) Lpq1(p) =P/ [Zpif(%i) - Prf <F1 ZPN&')}
1€l el

forp>1land,p>q>0.
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The following proposition can be stated:

Proposition 1. The functional L, ,;(-) is superadditive on S, (I) for any
p>landp>q>0.

Proof. Define v(p) = P; and h(p) = J7(p). Then for p > 1 and p > ¢ > 0 we
have

(D) = VT (D)(D) = Py (D) = Lpgs(p)

for any p € S (I).
Since v(+) is additive and J;(-) is superadditive on S, (1) on applying Corollary 1
we conclude that L, , ;(-) is also superadditive on S, (1). O

Remark 2. We observe that, in particular, the following functionals

SR

el zel

1—
Lp-,al PI ”

and
"

> pif(@) - sz< Zm)]

el zel

3

are superadditive on Sy (I) forany p > 1 and o € (0,1).

We can state the following result that provides a refinement and a reverse for the
Jensen’s inequality when bounds for the weights are known:

Proposition 2. Ifp,q € S, (I) and M > m > 0 are such that Mp > q > mp,
i.e., Mp; > q; > mp; for each i € I, then:

(3.4) AfﬁT(PQ l}:% () Ef( }:@%>]

el ZEI

> qif (@) - sz< Zw)

i€l 1 5el

zmniﬁl)(ﬂ)l_p[zjol (;) P1f< Zploclﬂ

iel et

foranyp >1andac (0,1).
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Proof. Follows by Corollary 1 applied for the functional Ly, ;(-). The details
are omitted. O

The above Proposition 2 can be utilized to obtain various inequalities generated
by the appropriate choices of the convex function f.

LIff: X >R, f(x)=|z|", r>1, p>1and o€ (0,1) where (X,[|-]) is a
normed linear space, then we can state the inequality:
T]

1ap-1) (P
(3.5) M o ( 1) [Zpl [|oe; ]| —P Zpi%i

el el
r
> aillel™-Qr | qiwi
1€l el
1+1p 1) PI 1—p
>m v sznxzn —P; me
el i€l

and, in particular,

(3.6) M (P’> [Z pillacill -

el

Z Di%i

el

|

Z qi %;

el

> gl -

el

1+y( n /P
>m v " < I> [ZMH%H—

el

szxz

1€l

|

for I € Pr(N) and p,q € S, (/) with Mp > q > mp and M > m > 0 and for
any vectorsx; € X, 1 € I.

2. For x; > 0and p; > 0, (¢ € ) so that P; > 0, let us denote

1

I P, X)) ¢ Zplxla G(I7pvx) = <H(xl)pz> Ia

1% i€l

the weighted arithmetic and geometric means, respectively.

Applying the above Proposition 2 for the convex function f(x) = —Inu,
x € (0,00), we can state the following inequality:



[9] THE QUASILINEARITY OF A FAMILY OF FUNCTIONALS IN LINEAR SPACES ETC. 143

It+a(p—1) la;ﬁx
A (%)
G(I,p,x)

for p>1 and o€ (0,1),] € Ps(N) and p,qeS;(/) with Mp>q>mp and
M >m > 0and forany x; > 0,7 € I.

4 - Some Results Related to Hélder’s Inequality
Let (X, || - ||) be a normed space and I € P¢(N). We define

E() := {ac = (ocj)jd

acjeX,jeI}

and

4 €K, ]E[}

K(I) = {/1 = ()it

1 1
We consider for y,f > 1, ;—k — =1 the functional

B
Hi(p, ,:7,p) - (ijli |}> (ZI% I%Hﬁ> > _piiai|.
jel jel jel

The following result has been proved in [3]:

Lemma 2. Forany p,q € S (I) we have
(4'1) Hl(p + q) }"7 x; y?ﬁ) Z HI(p’ i? w; %ﬂ) + Hl(q’ ;\’7 x; y?ﬂ)’
where x € E(I), . € K(I) and y,f > 1 with%—k% =1

Remark 3. The same result can be stated if (B, || - ||) is @ normed algebra and

the functional H is defined by

Hy(p,/,%;7,p) : <sz |le|> (Zmlyilﬂ> -

i€l i€l

)

Z Di%iYi

i€l

1 1
where x = (%;);cr. Y = Wi)ie; C B, p € S4(I) and y, > 1 with ; +B =1.
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Define the following functional on S (7) :

(4.2) Spaa (457, ) = Py HY' (D, 4,257, ),
where o € [0,1] and p > 1.

We can state the following result.

Proposition 3. If p,qeS.(I) and M >m >0 with Mp > q > mp, then
we have:

1o
Lia(p-1) PI)W

4.3 M _-

43 (@

! ;
x [(Zpiw“) <Zpi||90i||ﬁ> -
iel iel

1 1
] I3
> (Z%‘W“) (Z%Ilwillﬁ> —11>_ qidiwi

iel el el

1oz
1ap-1) (Pr\ @
Z mo _—
Qr

1 1
B B
x [(me“) (Zpinxin") -
el el
1 1

foree E(I),Aec K(I),x € (0,1),p21andoc7ﬂ>1,&+3:1,

Z Diti®i

iel

E Piti i

el

|

Proof. Follows from Corollary 1 applied to the superadditive functional
Sy01(-,4,2;7, f). The details are omitted. O

5 - Some Results Related to Minkowski’s Inequality

Let (X, || - ||) be a normed space and I € Py(N). We define the functional:
1 179
(5.1) Mi(p,,y:0) = [(Zmnxina) +<sz-||yz~||5> ]
i€l iel

- Zpi||9ﬁi+?/i||67

iel

wherep € S, (I),0 >1andx,y € E(I).
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The following result concerning the superadditivity of the functional M; (-, x, y; J)
holds [3]:

Lemma 3. Foranyp,q € S, (1), we have
Ml(p + qaxayvé) Z Ml(pax7y75) +M1(q7may75)a
where x,y € E(I) and 6 > 1.

Since the functional M;(-,x,y; J) is positive homogeneous on S (), then on uti-
lizing Theorem 1 for the superadditive functional

VoD, 2,257, B) := Py *M7 (p, a, y;0),

we can state the following proposition.

Proposition 4. Ifp,q e S,(I) and M > m > 0 with Mp > q > mp, then we
hawve:

1-o
L+a(p-1) PI>W

5.2 M [ =
52) <Q1

1 19
x [(Zpinxiu‘s) +<Zpi||yi||é>} —> pilli +will°

el el i€l

iel i€l i€l

1-o

trap-1) (Pr\
>m | =
Qr

ne
x [(Zpinwin‘;) +<Zm||yi||‘s>} = pillei + il

el 1€l 1€l

> [(Zqi|xi|f">}5+<2qi|yi|ff)T—Zqinxi+yi||"‘

where x,y € E(I), € (0,1), p>1andd > 1.

6 - Some Results Related to Schwarz’s Inequality

Let X be a linear space over the real or complex number field K and let us denote
by H(X) the class of all positive semi-definite Hermitian forms on X, or, for sim-
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plicity, nonnegative forms on X, i.e., the mapping (-, -) : X x X — Kbelongs to H(X)
if it satisfies the conditions
@) (x,x) > 0forall x € X;
(i) (ox + Py, z) = a(x,z) + f{y,#) forallx,y € X and o, f € K;
(i) (y,x) = (x,y) for all v,y € X.

If (-,-) € H(X), then the functional | - || = (-,-)"/? is a semi-norm on X and the
following version of Schwarz’s inequality holds:
(6.1) [yl = Iz, )]

for each x,y € H.

Now, let us observe that H(X) is a convex cone in the linear space of all mappings
defined on X? with values in K. Also, we can introduce on H(X) the following binary
relation [5]

(6.2) (e > ("), if and only if |j2[l, > |jo|l, for any = € H.

This is an order relation on H(X).
Consider the following functional [5]:

o H(X) x X2 = Ry, a(()say) = [yl - [, y)l,

which is closely related to the Schwarz inequality in (6.1).

Lemma 4 ([5]). The functional o(-;x,y) is nonnegative, superadditive and
positive homogeneous on H(X).

The following proposition can be stated.

Proposition 5. Let M >m > 0 and (-,-);, (-, )y be two inner products on X
such that M||x||; > ||x]ly > m||x||; for each x € X. If e € X,e # 0, o € (0,1), and
p > 1then

63) Mz“*“—é”(”e“) el o=l )

llell

> [lellallylla =, )

2(1
21 (e
> i (H H) el I 01D,

forany x,y € H.
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Proof. Consider the functional
Qo) =(e.€) o™ ()1 0,7)

=[lel* [l gl - |, y)).
Since this functional is superadditive, then by Theorem 1 we have
_ 21— ’
(6.4) M T eyl = G )]

> el [z llallylls — | @ y)o|]”
> =D 20 ([ [yl — |G 30) [

for x, y fixed in X. 1
Taking the power a—> 0 in the inequality (6.4) we deduce the desired
result (6.3). P O

The above result can be used to obtain some inequalities for positive definite
operators as follows:

Corollary 2. Assumethat A : H — H is a self-adjoint linear operator on the
Hilbert space (H, (-,-)) satisfying the property that there exist I > y > 0 such that
I'l > A >yl in the operation order (i.e., I'|x|* > (Ax,x) > y|||? for any x € H),
then for p > 1 we have the inequality:

1+a(p-1)

I
(6.5) W (

[yl = |, )))

> (Aw,x) 2 (Ay, )2~ | (A, y)|

14a(p-1)

y oap
> F(II%IIHZ/H = [, ),
e ey

forany x,y € H and e € H with |e]| = 1.

Remark 4. Similar results can be stated if one uses the following
nonnegative, superadditive and positive homogeneous functionals on H(X) (see
(2, pp. 8-15)):
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() 2,y) = |llllyll — Refa, y);
O ) y) = [Pyl — 1w, 9) s
Se((+, ), y) = |||*ly|* — (Rew, y))*;

2 2 2
gy = I = L)
[yl

where in the definition of y, (-,-) is an tner product and y is not zero, and

Bt i) = (Pl — )P

foreach x,y € X.
The details are left to the interested reader.

Remark 5. For other examples of superadditive (subadditive) functionals
that can provide interesting inequalities similar to the ones outlined above, we
refer to [1], [7], [8] [9] and [10].
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