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1 Introduction
Let Z € R be a nonempty interval. Then a real-valued function @ : Z — R is said to be
convex (concave) if the inequality

Plop+(1-0v] = (2)0®(n) +(1-0)P(v)

holds for all u,v € Z and g € [0, 1].

It is a fact that the convex (concave) function is one of the most basic and important
functions in the theory of geometric function, it has widely applications in pure and ap-
plied mathematics, physics, mechanics, statistics and economics, and meteorology [1—
30]. Recently, the generalizations, extensions, variants and refinements for the convexity
(concavity) have attracted the interest of several researchers [31-40]. In particular, many
remarkable inequalities and properties in many branches of mathematics can be found in
the literature [41-70] using the convexity (concavity) theory. The well-known Hermite—
Hadamard inequality states that the double inequality

<D(M+A2)§(z)

P(wdx < (=) ———— (1.1)

Al 2

»2 P (M) + P(%r)
; J

Ay — A
holds for all Aj, Ay € Z with A; # A, if @ : 7 — R is a convex (concave) function.
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In the past hundred years, inequality (1.1) has inspired many researchers to estimate the
bounds for

D (A1) + P(A2) 1 ‘/“ ‘
- D(u)d
’ 5 o), (w)du

and

’

A+ A 1 2
‘@(1 2)— f (1) dp
2 Ax— A1 Sy,

and all the obtained results are called Hermite—Hadamard type inequalities.

It is well known that the multivariable functions also have the concept of convexity (con-
cavity). An an example, we recall the definition of convexity (concavity) for the bivariate
functions.

Let A1, X9,&1,& € R such that A; < Ay and &; < &. Then a bivariate real-valued function
@ : [A1, A] X [€1,&] — R is said to be convex (concave) if the inequality

®(opn+(1-0)p,0v+(1-0)w) < (=) 0@ (1,v) + (1 - 0)P(p, »)

holds for all (i, v), (0, w) € [A1,12] X [£1,&] and ¢ € [0,1].

In order to establish the relation involving the convexity between the bivariate and uni-
variate functions, Dragomir [71] introduced the definition of the bivariate co-ordinated
convex function as follows.

Definition 1.1 (See [71]) Let A1, Ay,&1,&> € R such that A1 < A5 and &; < &. Then a bivari-
ate real-valued function @ : [A1, A5] x [£1,&2] — R is said to be convex on the co-ordinates
if both of the partial mappings @, : [A1,A2] — Rand @, : [£1,&,] — R defined by

D,(8)=D(8,v)
and
.(0) = (11,6
are convex for all u € [Ay,A3] and v € [&1,&].

Latif and Alomari [72] proved that the bivariate real-valued function @ : [A1, ;] X
[£1,&2] — R is convex on the co-ordinates if and only if

D(ou+(1=-0)v,sp+(1-¢)w)

<05P(u,0)+0(1-6)P(u,w) +c(1-0)P(v,p) +(1-0)(1-¢)P(v,w)

forall o, ¢ € [0,1] x [0,1] and (u, p), (v,w) € [A1,A2] X [£1,&].

Dragomir [71] proved that every convex mapping @ : [A1,A2] x [£1,&] — R is convex
on the co-ordinates and the reverse is not true, and established the Hermite—Hadamard
type inequality for the co-ordinated convex function on the rectangle of the plane R2.
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Theorem 1.2 (See [71]) Let A1, Ay, &1,E € R such that M < Ay and & < &, and @ :

[A1,A2] X [£1,&2] — R be a co-ordinated convex function. Then one has

AL+ A
o Lt 2,§1+§2
2 2

Ay &
1[ 1 /(p(u,éﬁ&)dwr 1 /cb(u’v)dv}
T2l AN 2 &6 Jg 2
1 hy & dvd
< D(u,
T (A -A)(E-&) /)\‘1 /gl (. v) dv dp

[ 1 2 1 *2
< - D(u,&)du + / D(u,&)d
4[/\2_/\1 /M (i, 61)dp o= ), (1, 62)dp

1 & 1
D(Ay,v)d D(Ao,v)d
+§2—§1/gl G,v) v+§2—‘§1/ () v]

- D(A1,€1) + D (A1, 62) + D (A2, &1) + D (X2, 62)
- 4

with the best possible constant 1/4.

In [73], Latif et al. derived the variants of the Hermite—Hadamard type inequality (1.2),

which are the weighted generalizations of (1.2).

Theorem 1.3 (See [73]) Let A CR2, A° be the interior of A, Ay < Ay and & < & such that
[A1,12] X [€1,&] € A°, @ : A — R be a twice differentiable mapping on A°, p : [k, r2] X
[€1,&] — [0, 00) be a continuous function symmetric with respect to (L1 + Ap)/2 and (& +
£)12, @pc € L([A1, X2] X [£1,&]) and | P, | be a co-ordinated convex function on [L1, X3] X
[£1,&2]. Then

Py & o & rha
‘q;( 1+ 2’51;&)/ / p(p,,u)d,udu+f / @ (u,v)p(p,v)dpdv

2
& rh A+ A
)p(M,V)dudV— f / ( L z,v)p(u,v)dudv

&
). (
[|d)gg(}\1:€:1)| |(Dgg()hl:§2)| |(pgg()h2;§1)| + |¢Q§()‘-1152)|]

()»2—)»1)(52
f / ( /E L . f e p(w)dudu) dods, (13)

where L1(0) = 52A1 + 58, and Ly(¢) = 558 + 135 &,.

Theorem 1.4 (See [73]) Let g > 1, A € R?, A° be the interior of A, A < Ay and & < &
such that [L1,A3] X [£1,&] € A°, @ : A — R be a twice differentiable mapping on A°, p:
[A1, X2] X [&1,&2] — [0,00) be a continuous function symmetric with respect to (A1 + X3)/2
and (51 +&)/2, @y € L([A1, A2] X [£1,&2]) and | D, | be a co-ordinated convex function on
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[A1, A2] x [E1,&]. Then we have

N 2 & ph & i
‘QD(L,M)/ / p(u,V)deH/ / ® (1, v)p(u, v) dppdv
2 2 & A1 &1 S|

& i & A1+ A
—/ / <P<M, SlJréz)]ﬂ(u,v)dwlv—/ / 45( Lt Z,v)p(u,V)dudv
&1 JM 2 &1 Jh 2

(D gc Ot E0)] + [P oc (A1, E2)] + | Do (Ao £1)] + |4>gg(xz,éz)|]$
4

1 rl Ly(s)  pLilo)
x ] / ( / f p(u,v)dudu)dadg, (14)
o Jo & A

where Ly(0) and Ly (c) are defined as in Theorem 1.3.

< (ko — )& - 51)|:

Ozdemir et al. [74] generalized the co-ordinated convex function to the co-ordinated

quasi-convex function.

Definition 1.5 (See [74]) A real-valued function @ : [A, A2] x [£1,&] C R? — Ris said to
be quasi-convex if the inequality

®(om +(1-0)p,0v +(1-0)w) <max{®(i,v), ®(p, )}
holds for all (i, v), (0, w) € [A1,12] X [£1,&] and ¢ € [0,1].

Definition 1.6 (See [74]) A real-valued function @ : [Aq,A;] X [£1,&] — R is said to be
quasi-convex on the co-ordinates if both of the partial mappings @, : [A1,12] — R and
@, : [£1,6] — R defined by

2,8)=@@,v),  Pu0)=P(1,0)
are quasi-convex for all u € [A1,Ap] and v € [£,&].

In [75], Latif et al. provided an equivalent definition for the co-ordinated quasi-convex
function as follows.

Definition 1.7 (See [75]) A real-valued function @ : [A1, A2] x [£1,&] € R? — R is said to
be quasi-convex on the co-ordinates if the inequality

®(op+(1-0)p,5v+(1-¢)w) <max{®@(i,v), @ (1, w), P(p,v), ®(p,w)}
holds for all (u, v), (0, w) € [A1,A2] X [£1,&] and (¢, 0) € [0,1] x [0,1].

The class of co-ordinated quasi-convex functions on [Aj,Ap] X [£1,&;] is denoted
QC([A1, 2] x [£1,&]). Ozdemir [74] proved that every quasi-convex function is also a
co-ordinated quasi-convex function, but the converse does not hold true. The Hermite—
Hadamard type inequality (1.2) was generalized to the co-ordinated quasi-convex function
by Latif et al. [75].
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Theorem 1.8 (See [75]) Let A CR2, A° be the interior of A, Ay < Ay and & < & such that
[A, 2] X [£1,&] € A°, @ : A — R be a differentiable mapping on A°, @, € L([A1, 2] X
[€1,&2]) and | D, | be a co-ordinated quasi-convex function on [A1,A2] x [£1,&]. Then

& did
‘()»2—)»1)(‘52—‘51) / (b, v) dppdv

. D(A1,€1) + P(A1,6) + P(X2,&1) + P (X9, &)
4

[ 1 *2
‘E[xz—MA [0(.1) + (. 2)] d

P
+ ézi& /;1 [@(h1,v) + @ (2, 0)] dvi|

®,. ()»1, & ‘2r 52) ’

Aty &1+ &
(DQ§< 2 4 2

< K[sup{ |Poc(A1,1)|,

)»1+)»2
ou(*572)

’

|

+ Sup{|@gg(kl, (xl, St 52)

(50 o (5557

+ sup{ |Poc (A2, €1)|s | Poc (xz, )

G G e

+Sup{‘@gg 22 6)|, | Poc (Az, 2 +'§2)

(e (2359

where K = (Ay — A1) (&2 — &;)/64.

More recent results on Hermite—Hadamard type inequalities and their applications can
be found in the literature [76-96].

Motivated by Theorems 1.2—1.4 and 1.8, it is natural to ask the question: what are the
weighted versions of the Hermite—Hadamard type inequality for the co-ordinated convex
and quasi-convex functions?

The main purpose of the article is to present several weighted versions of the Hermite—
Hadamard type inequality for the co-ordinated convex and quasi-convex functions, and
give an application to the moment of continuous random variables of bivariate distribu-
tion functions in the probability theory. Finally, we provide an example on the probability

distribution to support our results.

2 Some auxiliary results
First of all, we introduce several symbols as follows.

Page 5 of 33
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Let w(w,v) : [A1,A2] X [E1,&2] — [0,00) be a continuous real-valued function such that
2 ;12 w(u,v)dvdu = 1. Then we denote the integral f;lz 512 o, v)dvdu by 17, the
integral f:lz ;12 vw(u,v)dvdu by 15 and the integral f;‘f ;12 wvw(u, v)dvdp by T3, that

Ay
T =/ / no(u,v)dvdu, / / uvo(w,v)dvdu,
SEA S §1
Ay
T3 =/ f vo(w,v)du.
SRS

We show an outcome in which the function w(u,v) is symmetric on the co-ordinates
with respect to % and 51;52'

is,

Lemma 2.1 If o(i,v) : [A1,A2] X [£1,&] — [0,00) is symmetric on the co-ordinates with
respect to the midpoints % and % Then

le)»1+)»2’ T3:§'1+§2’ T, - AM+A\ (&1 +& ‘
2 2 2 2

Proof It follows from the hypothesis that

ka2 ry &
7 :/ / naw(u,v)dv d,u:/ / uw(ri + Ay — p,v)dvdu
r Y& M Ja

Ay ré2
= / (A + A2 — o, v)dvdu,
rMoYE

which gives the desired result due to

Ay ré2
/ / w(u,v)dvdp =1.
rm &

Similarly, one can prove that

&1+&
2

T =

and

AL+ A
e [ e (5)(252) D

Lemma 2.2 Let 2 C R?, Q2° be the interior of 2, My < Ay and & < & such that [Ay, Ay] x
[£1,6] C 2°, w: [A, Aa] X [£1,&] — [0,00) be a continuous mapping, and @ : 2 — R be
a twice partially differentiable mapping on $2° such that @, € L([A1,X2] X [£1,&]). Then

1 Ay pér o
- ¢ , _ _ ,
(Az—kl)(gz_gl)[ 1 51)_/M . (A2 — )& —v)o(u,v)dvdu

Ay péo
D0 E) / (ks = )0 — £, v) dv die
Mo JE

Page 6 of 33



Latif et al. Journal of Inequalities and Applications (2019) 2019:317

Ay ré

+ D0 E) / (1= M) (E = v)o(pa, v) dv e
A Y&
Ay ré

+ D00 E) / (u—m(v—sl)w(u,v)dvdu}
Al Y&

R / " / " Gl r)dvdu

Ay b
/ / (ks = 1) ® (hy VYo v) dv

T H-&
&
(= 21)@ (Ao, v)(u,v)dvdu
&
RSV / (& —v)P(u, &) w(,v)dvdu
2= A1y Jg
hy &
T / / (v=-£)P(w, E)o(n,v)dvdu

(M =-2)(T3-6)
(M -M)(E-&)

X @, (1= 1)1 + i, (1 = p)&1 + Vsp) dpdr

. A =13 -&)
(A= A1)(&2 - &1)

X @y (1 =11+ hor, (1 - p)&1 + Y3p) dpdr

M -M)E-T)
o — 26 —E0) H(w, M, T, 11,6057
G 1)(52—51)// (@30, 71,27, )

X @, (1 =)+ ar, (1= p) Y3 + E2p) dp dr

A -11)(E - T3)
+ e ——
(Ao = 11)(52 - &1)

X @, (1 =11+ dor,(1 = p) T3 + E20) dp dr,

/ / H(w))‘-lyglyrl)y‘l%r,p)

/ / H(w;leEh)‘Z;Tfﬁ)r;p)

/ / H(w,Tl,Tg,)»z;Sz,V;p)

where

H(W7 Tl;)/;ﬂ,e;’":p)

/ / (2 = )62~ v)eo(, ) v
1-r)a+pr —p)y+ep

(1-2z)y+ep
/1 ﬂ/ (A2 = )(v =&, v)dvdu

(I-r)a+Br pé&
_/ / (= 21)(E —v)w(u,v)dvdu

St (1-p)y+ep
(1-ra+pr p(1-p)y+ep
+ / / (1= )0 — ) v) dv e
M &

and (o, ), (B, €) € [A1,A2] X [£1,8].

(2.1)

Page 7 of 33
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Proof Let

Then we clearly see that

D(u,v) = DAy, v) — P (1, &1) + P (A1, 1)
Ay pé2
=fk /E o(n—0)o(v—-g)P,(0,5)ds do,

CD(,LL, ‘)) - @(}\1, \)) - Q(I‘L!§2) + @()\1,52)

A2 p
= —/ / o(u—-0)o(s—v)Pyc(0,5)ds do,
A JE

®(I’L7 ‘)) - @()‘27 \)) - Q(/Lrsl) + d)()\erl)

ry &
= _/ / o(@—uo(v-¢)P,(0,5)dsdo
r JE
and

@(,U., V) - ¢()\27 l)) - ®(Mr§2) + ®(A2’$2)

A2 b
- / / o (0 - o (s - v)Bye(0r5) dods.
A JE

It follows from (2.2) that

A réo
/A [ 62600 )os ) v

S IID)
- / (ha = 0)(E = V)P Ot V)1, v) dv e
A

1 Y&

S II)
- /X (b = 10)(E — ) (10 ED (1, v) dv e

1 Y&

Ay ré
L D0, E) / (ks = 10(E = V) v) dv dpe
A Y&

hy b Ay ré
:/M /él (M_M)(EZ_V)(/M /51 U(,U«—Q)U(V—§)¢g;(g,g)dgdg>

x w(u,v)dvdu

Ay b Ay b
_ / / ( / (k= 1) (& =)o, v) du) o (0,5)ds do.
roJE o 4

(2.5)

(2.6)

Page 8 of 33
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Similarly, from (2.3)—(2.5) we have
Ay ré2
[ [ 02 w0 - 00t dvd
M &

r ré
- f (ha = 10)(0 — £)D (hr, V)o(ga, v) dv dpt
Al

&1

r ré
- f (ha = 1)V — £ (s E o v) dv dp
A &1
Ay b2
+¢’()»1»$2)/A /é(kz—u)(v—él)w(u,v)dvdu
Ay b2 A2 pg
- / / ( / (xz—u)(u—sl)w(u,v)dvdu)%g(a,g)dgdg, @7
Mo JE o &1
A2 ré2
f / (1 = 21)(Es — V)P (1 VYol v) dv
A &1
r ré
- / fS (1 = 21) =)D sy VYo, v) v e
r ré
- A [ =1 -2 0t ) v

Ay b2
D) A /E (= 0)(E — V)l v) dv e

Ay b o ré&
:_/ / </ / (“_M)(%‘")‘”(“’“)d"dﬂ)%g(@g)dgdg (28)
MoJE M Js

and

Ay péa
/x A (=AW —E&)D(u, v)w(u,v)dv du

Ay b2
- / [ 2w - 800G e v v
Al 1

Ay b
_ K (1= 2)(v = ED)D (1 Ex)eo(ja, v) dv e

1 Y&

Ay pé
4 D) / (= ) (v = ED)o(pu,v) dv e
A Y&
Ay b o S
- /A /E (/A E (M—M)(v—Sl)w(u,V)dvdu)%;(Q,g)dsde. (2.9)
From (2.6)—(2.9), we get

1 Ay o
E— )} , _ _ ’
(A2 = A1) (& —51)|: & El)/)\l & (2 = 1)(&2 = vIw(p, v)dvdp

Ay b2
D0 E) / (k= ) — E)o( v) dv e
Mo JE

Ay péo
4 Dl t) / (1= 2)(E = V)i, v) dv dpe
Mo JE
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and

Ay ré
+ D08 / (M—M)(V—El)w(M,V)dvdu}

)
52—51 /xl £ (52_")‘15 w,E1w(w, v)dvdu

A2 ré2
/ / (v = £)D (s £ v) dv dpt
52—51 A

Ay pé2
/ / Gz — )@ (ot VYol v) v
)»2—)»1 M

§1

&
- f / (1= 1)@ (s VYol v) dv
)»2—)»1 ym Je

hy b
+/ / D (1, V), v)dvdu
A JE

1 A2 & Ao &
) m//h L [/Q /; (A2 = ) (&2 = v)o(u,v)dvdp

A2 rS
—/ A (Aa =) = &N, v)dvdu
o Jg
o ré&
- ./x (=21 (E —Vo(u,v)dvdu
1Y¢

o S
+ A E (M—M)(v—El)w(M,V)dvdu]%;(Q,§)d§dQ

1 b2 ry &
womew ), I, [/ . a6 vroti v

A2 LS
—/ /S (Ao =) = &N, v)dvdu
o Jg
o ré&
—_A (u =) (& —v)o(u,v)dvdu
1Y¢

o S
. fk E (u—h)(u—sl)ww,v)dvdu]%g(g,g)dgdg

1 LEY )
G- M)E - &) — )& —v)o(u,v)dvd
()\2 A& - &) M /1 |:/Q‘ . Ay — )& —v)o(u,v)dvdu

Page 10 of 33

(2.10)

1) A2
—/ / (M—Al)(SZ—V)w(M,V)dVdM—/ / (Ao —w)(v —&Do(w,v)dvdu
1 Jg o J&

Q S
+/A ) (/L—M)(v—Sl)w(u,V)dvdu}%g(Q,g)dng

1 Yo pT3[ pha rf2
Yamen [, L e ava

o ré& Ny pc
_/M‘/g (M—M)(&z—v)w(ﬂ,v)dvdu—/g /E (o — ) —EDw(, v)dvdu

1
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o S
. / é (M—M)(v—El)w(M,V)dvdu]%;(Q,§)d§d9

()»2 - (‘52 -&) Jy, / [./ ()\2 — W& - vl v)dvdu

& A S
- / (1= A)(Es — V)i, v) dv dp — f / (ha = (v = EDo(puv) dv e
A dg o &

Q S
+/ ) (M—M)(v—Sl)w(M,V)dvdu}%;(Q,g)dng

(}‘2 - 21) (‘52 - &) / /sz |:/:2 /jz (2~ )2 — V), v)dvdp

& A S
- / (1= A)(Es — V)i, v) dv dy — / / (ha = 100 = ED)oo(pu,v) dv e
rdo o &1
4 S
. f f (u—m(v—sl)wm,u)dvdu]%g(g,g)dgdg. (2.11)
A JE

Therefore, inequality (2.1) follows from (2.10) and (2.11). O

Remark 2.3 Let w(u,v) = Then (2.1) reduces to

1
(Ao=21)(E2-61) "

D(A1,€1) + P(A1,E2) + P (X2, &1) + P (A2, 62)
4

1 &
S — ,v)dvd
+()Lz— rM)(E2—81) Sy /gl P, v)dvdy

1 *

- m " [¢(M,§1) + P (1, ‘52)] dp

1 *

26 -8) M

(A2 = A1)(& - &) /1/1 1-o0 1+o l1-¢ 1+¢
== 2% 27 ()] A A, dcd
16 A 08Py ) 1t ) 2 ) &+ ) § )dsdo

1 1
1+ 1- l1-¢ l+¢
+/ /(—Q)§¢gg< 2Q/\1+ @ &+ 5 Sz)dgdg
0 0

[@(1,0) + D (ha,v) ] di

2 2
Lot 1- 1+ 1+ 1-
+f / Q(_§)¢gg( 2Qk1+ ngz, 2g$1+ géz)dgdg
0 0
Lol 1+ 1- l+c¢ 1-¢
[ eoraon (0 0 s F e ) dcde | 1)
0 0

The identity (2.12) was established in [75].

Corollary 2.4 If the function w(u,v) is symmetric with respect to % and % on the
co-ordinates. Then Lemma 2.2 leads to

ry pé
D(A1,61) + P(A1,82) + P (X2, &1) + P(A2,6)) +/ / (1, )01, v) dv dj
&1

4

1 ry pé
_52_51/ ; (& -v)P(u, &)o(u, v)dvdu

A

Page 11 of 33
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1 Ay
_52_51//\ v=-&)o(w &)o(n,v)dvdu

1 &
1 Ay b
_ / (k2 = 1) ® (hy V)0 v) dv
Ay — A rM JE
1 Ay b
- / / (1= 1) (hy VYo v) v
)"2 - )"1 X1 &

1,1
:‘/0 /0 H(w, 11,€1,42,6250,6)Poc (M0 + (1 - 0)A2, 616 + (1 - 6)&) ds do. (2.13)

Lemma 2.5 Let pu € [A1,A2], v € [£1,6], A: C([A1, A2] X [£1,62]) = R be a positive linear
functional, e;(j) = ' and ki(v) = V be the monomials (i,j € N), and g be a co-ordinated
convex function on [A1,Ap] X [&1,&]. Then

A(g(el: kl))
< m [A((h2 = e1)(Er - K0)g(hur &) + A (s - e0)ky = £))g0ur, )
+ A((er = )62 — k)glhor£1) + A((er = M) (k1 — £0))g(hor £2)] (2.14)

Proof It follows from the convexity of g on the co-ordinates that

(A2 —e1)g(r1, ki) + (e1 — A1)g (Ao, k1)

gler, k) < o —
< m[(lz —e1)(&2 — k1)g(A1,€1) + (A — e1) (k1 — &1)g (A1, 62)
+ (e — M) (& — k)g(ha, &1) + (e1 — M) (ky — £1)g(ha,6)]. (2.15)

Therefore, inequality (2.14) follows from (2.15) and the assumption of the func-
tional A. 0

3 Main results
In order to provide compact demonstration, we use the notations for our coming results
as follows:

31()»1»‘51»)&2,52)

7 T3
_ / / (1 = 12(Ts = )0l v) dvdu

A &1
7 Ao

- / / (1 = (T = voolpa, v) dv dpt
A1 T3
Ay T3

- / / (1 = (T3 = Vo, v) dv du
T JE

A2 ré2
N2 32
. /T | /T On =R o) v, (3.1)

By(A1,€1,12,62)
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T T3
- / / (1 = (T3 = )0, v) dv dpe
A &1
T &
_ A (1 = (T3 = v)wo(pa, v) dv dpe

/ /: 71 - (T3 - v o, v)dvdp

+/ / WY = v)2w(u,v)dvdu, (3.2)
N
B3(A1,61,42,62)
7N
/ f (1; = (s — Voo, v) dv dpa
&1
—/ (T1 W)V = Vo, v)dvdu
M J73
Ao T3
—/ (M1 = )23 = v)w(u,v)dvdu
SRS
ry
p— 2 p—
+/T1 /7’3 (71 =) (V3 =v)o(u,v)dvdu (3.3)
and
By(A1,81,12,62)
7 73
= f / (71— w) (T3 —v)o(u,v)dvdu
1 Y&
N1 b
—/ (11 = 1)(T3 = v)o(u,v)dvdu
M Im
Ao T3
- / (7 - ) (3 = v)o(u,v)dvdu
N oJE
Ay 2
+ / (1 — ) (T3 —v)o(u,v)dvdu. (3.4)
7 73

Theorem 3.1 Let 2 C R?, Q2° be the interior of 2, My < Ay and & < & such that A1, Ay] x
[£1,52] € £2°, @ : 2 — R bea twice partially differentiable mapping on §2° such that &, €
L([A1, X2] X [£1,&2]) and | @, | is co-ordinated convex on [A1, Ao] X [€1,&], and w : [A1, A2] X
[€1,&2] — [0, 00) be a continuous mapping. Then one has

&
% 0, vyl v) dv i - f / (T )o( v) dvdp

31

A2
f / O, V)l v) dvd + (10, T)
&

W[|¢g;()»1,§1)|141()»1»51,)»2,52) +|Poc (M1, &) | Az (M1, €1, 42, 62)

+ | Poc (2, E1)|A3 (M1, £1, 02, 2) + | Do (Ao, £2) |[Aa(h1, E1, 00, 6] (3.5)

Page 13 of 33



Latif et al. Journal of Inequalities and Applications (2019) 2019:317

where
A0, 61,7,82)
R N S R D NI S
BT g 10060 + 2 = T(E ~ VB 61,0 ),
Ao, 61,7,82)
B0t t) + 2B0 600)
BB g 1060 + (2 = TS — 6B 61,0 ),
A, E1,70,62)
- %Bl(xl,gl,xz,&) e ;M)Bz(kl,&,kz,&)
BT g 106 + (- )6~ VB 610 60
and
A4, 61,7,62)

1 (71— A1)
= ZBI()"lrEI’)‘-ZrE2) + : 2 :

(Yz-£&1)
2

BZ()‘-lr 51’ )‘-27 SZ)

; By(n, 61,72, 62) + (01— A0) (s — E)By(r, 61,02, ).
Proof We clearly see that
D, v) — D(11,v) —D(u, T3) + (11, 713)
- /; /:2 [0 - 0)o (v - §)— o (Xi — Qo (v - <)

—o(u-0)0(Ys-¢)+0(X1-0)o(T3-¢)| Py (0,5)ds do.

It follows from (3.6) that
Ay péy A2 ré2
/ / D (u, v)w(u,v)dvdu—/ / D (11, v)w(u,v)dvdu
o JE rM o JE
ka2
[ et et dvdu o7
rMoYE

ry & ry pE e
:/ / </ f o(u,v)dvdp —o (11 -0) / w(,v)dvdu
A1 & o M g
&

S
A2 2
—om,—g)/ /E w(u,v)dvdu+om—g)om—g))
4 1

x @yc(0,6)dg do.

(3.6)

(3.7)

Page 14 of 33
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From Lemma 2.5 and (3.7) we get

Ay pko A pé2
f f (1, v)o(j1, v) dv dpt f / & (T V)l v) dvdp
rM Y& A JE

Ay ré
- / / D(u, V3)o(w,v)dvdu + ©(11,713)
SEAST

Ay ré2
</
SIS

r ré
—o(rg—g)f / w(u,v)dudwom—Q)o(rs—g)‘|¢@§(a,g>|dsdt
o

&1
%) d
/ / (i, v)dvdu
o J¢

1 Ay pé
= (xz_m(sz—sl)[“D“(“’w . /g

Ay ré Ay b
—o(Ti-0) f ol v)dvd - o (T3 =) / / (i, v)dvdu
VSN o &1

A2

2 ré &
/ / (i, v)dvdp — o (T - ) / (i, v)dvd
4 S S

S

+U(Tl—Q)U(Ts—s‘)‘()»z—Q)(fz—s‘)ds‘dQ

Ay pé2| pr2 ré2
+ |¢g;()~1»52)|/ / / f w(u,v)dvdp
r JE 4 S
2 &

A

Ay b
—o(Ti-0) / ol v)dvdi—o(Ts <) / / (i, v)dvd
Al S 0 &

+0(Y1-0)o (T3 - g)‘(kz -0)(c-&)dgdo

Ay pé2| pr2 ré2
+ |¢Q§()¥2r$1)|/ / f / w(u,v)dvdu
rMJE 4 S
&

—am—m/hf w(u,V)dvdM—a(Ts—g)/:z /Szw(u,v)dvdu

M Je &1

+0(11-0)o (T3 - s)‘(g -M)& -¢)dsdo

Ay 2
/ / w(u,v)dvdu
e J¢

Ao ) &
—o(n—mﬂ / w(u,v)dvdu—O(Ts—g)f / (v dvdpe
1 S o

&1

Ay b2
+ |¢Q§()"27§2)| A /g
1 1
)

+0(T1-0)o (13- g)‘(@ -r)(c-&)dg d@]

and

/?»2 /Ez
M &

Ay & Ay pé2
[ [ etemdvan-oti-o [ [ alwndvan
4 S A Je

(3.8)

Ay ré
o (T - g)/ /g (V) dvdp + o (T =)o (T - s‘)‘()»z _0)& - ¢)dc do
o 51
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:ATiLH<AjA:aMbvﬂhdﬂ)@2—@@2—Qd§dQ
+/Ziéf(ljiLiMMwnndu)az—m@2—odgde
+Ajiﬁ?(ﬂji&ambvﬂhdu)uz—@@2—ngdQ
+/:2/f2</ka/&axuﬂﬂdvdu>UQ—Iﬂ@z—g)dng

_&- T3)2(k2 -71)? /Tl /7’3

w(u,v)dvdu

(&-Rﬂh-ﬂf/ /” (o) dvdp
(&_n(h_TF/“/ ol ) dvd
, B-1) )\2—71 / / (i, v)dvdu

[

_@Z;Q?/ /&QT' (i) dvdp

N1 T3 _
(Kz—Tl)Z/ / (& V)2 vy dvdp
&1

. (ha=M)? f 3 (& - V)
N1 JE

A —T)2 N 52 _

+ %/‘M / (& U) w(w,v)dvdu
Ao =T 2 2 T3 —p)2

_ (2%/ / (& 2") w(u,v)dvdp

7 T3 —_ )2 _ 2
+/ / Ww(u»v)d\’dﬂ
T3 _ —

/ / G a0 U)Z(Az 2k o(p,v)dvdp
7

N & _ _
/ / (& V)Z()»z M)2a)(,u,v)dvdu

& —
+/ / (& —v)? )a)(u,v)dvd,u. 3.9)

o(p,v)dvdp
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Equation (3.9) can be rewritten as

‘/lz /Ez
SRS

A ré
—o(rg—g)/ L (i v)dv dpt + o (11 - 0)o (13 )
Q 1

Ay &2 Ay 2
[ [ etwmavau-oi-o [ [ oumdvaa
0 S rm Jde

X (A2 — )& —¢)dgdo

e e
Gz 5 I)Bz()»l,&,lz:fz) + (€ 5 3)

+ (Ao = 11)(& — 13)Ba(A1, &1, 12, 62) = A1(M1, 81, A0, &), (3.10)

1
= 131()»1;51;)»2,52) + B3(A1,€1,12,62)

Similarly, we have

/lz /52
rMoYE

Ay pé
—O'(Tg—g)/ /g CL)(/L,U)dl)d,lL+O’(T1—Q)O'(Tg—g)’
0 1

Ay pén A2 ré2
/ / o, v) dvd — o (T - o) / (v dvdpe
o S A S

x (A2 —0)(s —é1)dsdeo
()»2 — Tl) (TS - Sl)
2 2

BZ()‘-I) El; )‘-27 52) +

1
= ZBI()"DED)‘-2152)+ B3()‘-17§11)\2"§2)

+ (Ao = M)(T3 - E1)Ba(A1, 61,12, 62) = Aa(M1,E1, A2, &), (3.11)

/12 /52
SERS]

a2
—G(Tg—g)/ /g CL)(/L,U)dl)d,lL+O’(T1—Q)O'(Tg—g)‘
0 1

Ay pén A2 ré2
/ / (V) dvdp — o (T - o) / o v) dv dpe
o S A S

x (M —-0)& -¢)dsdo
(Y1-11) (& -713)
2 2

BZ()"lrEl’ )"21 52) +

1
= 131()»1751,)»2,52) + Bs(A1,E1,)12,8)

+ (N1 — A1)(& — 13)Ba(Ay, &1, A9, &) = Az(hy, 61,12, 69) (3.12)
and
Ay péa Ay &2 Ay 2
[ 1] ewmdva-oi-o) [ [~ otuvrava
rM JE 0 S ST

r ré
o (T - g)f /S (i, v)dvdu + (T - ) (T3 - g)‘
o 1

x (A -0)(s —&1)dsdo

T - Ty -
= %&(Khéh?»z,fz) + L 5 Al)Bz(M,El,kz,Sz) + ( 32 51)33@1,51,?»2,52)
+ (N = A)(T3 - E1)Ba(A1, 61,12, 62) = Aa(M1, 81, A0, &), (3.13)

Therefore, inequality (3.5) follows from (3.8) and (3.10)—(3.13). O
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Corollary 3.2 If all the conditions of Theorem 3.1 are satisfied and w(u,v) is symmetric
with respect to % and % on the co-ordinates. Then one has

& A ré A A
d’(u,v)w(u,v)dvdu—/ / q>( v 2,V>w(M,V)dvdu
1 &

ka2
L e
VSRS

< [|Poc(h1,61)| + |Poc (A1, E2)| + |Poc (2, E1)| + | P (A2, E2) ]

/;\1+A2 _/$1+$2 ( n )\2) <\) h d ;sz)w(ﬂ’]}) dv d'u" (3.14)

Proof Making use of the hypothesis of Theorem 3.1 and the symmetry of the function

A2

gz)”(“,v)duduﬁp(“”z é1+sz)

2 72

o(u, v) with respect to % and % on the co-ordinates that the function (77 — )%(73 -
v)2w(i, v) is symmetric with respect to % and @ on the co-ordinates, the function
(71 = w)(T3 = v)*w(u, v) is symmetric with respect to % on the co-ordinates, and the
function (Y7 — 1)%(73 — v)w(i, v) is symmetric with respect to % on the co-ordinates.

Therefore,

7 73
/ (T = WP (T = vPoolpar v) dv dpt
Al &

DETES)
- / (Th = (T3 = v, v) dv du
A

T3

Xo T3
. / (71 — 203 - v)eolpa, v) dv die

Y&
Ay b ) 5
_ / (Th = (T3 = vl v) dv d,
7 73

7 T3
/ / (11 - )T —v)?w(u,v)dvdp
A Y

/ﬁ/ 1 — VPl v) dvdp,

fn /Ts (11 = )3 = vY’w(p, v) dv dp

&1

/7’1/ (T3 —v)o(w,v)dvdpu,

fk é "1 = (T3 =)ol v) dvdps

DETES) )
- f (71 = AT = V)eola, v) dv dpa
A

73

and

A2

Ay T3 &
/ (11 = W (s = v)o(w,v)dvdp = f (11— (13 = v)o(u, v) dv dpu.

N Ja N I3



Latif et al. Journal of Inequalities and Applications (2019) 2019:317 Page 19 of 33

From the above equations, we obtain

Bi(A1,1,19,82) = Bo(h1, €1, 19,82) = Ba3(A1,E1,40,62) =0

and
A+ A
By(h1, 61, h0,52) =4 | f ( Lt 2) (v _hx 52)w(u, v)dvdpu.
1+ 2 1+€2 2
Therefore, inequality (3.14) follows from (3.10) and the above quantities. a

Remark 3.3 Inequality (1.3) can be derived from (3.5) if

g(u,v)
i gluv)dvdu

w(u,v) =

and g(u, v) is symmetric with respect to “%AZ and &% on the co-ordinates.

Theorem 3.4 Let g > 1, 2 C R?, 2° be the interior of 2, My < Ay and &, < & such that
[A1,A2] X [£1,&2] C £2°, @ : 2 — R be a twice partially differentiable mapping on 2° such
that @y € L([A1,A2] X [£1,&2]) and | @,y |1 is co-ordinated convex on [A1, ha] X [&1,&], and
: [A1, Ao] X [£1,&2] — [0, 00) be a continuous mapping. Then

&
4’(/@ o(p,v)dvdp - / / (M1, v)o(p,v)dvdp

31

f f O (1, V)l v) dvd + (10, T3)
&1

1

it 1_% 1 q
q(/n /;“3 w= T = Tajolu,v )dvd,u) (()»2—)»1)(52—51))

X [|@oc(A1,60)| A1 (01,61, 42, 82) + | @ e (M1, £2)|"Aa (M1, £1, 2, &)

»Q\'—‘

+| e (h2,61)|"As(M1, E1, 22, 82) + | P (A2, 2)|"Aa(h1, 61,42, 62)] 7, (3.15)

where A1(A, 1,12, 82), Aa(A1, €1, A0, &2), As(M1, 61, Ao, &2) and As(M1, 61, Ao, &) are defined in
Theorem 3.1.

Proof 1t follows from (3.8) and the Holder inequality that

Ay pky A2 ré2
/ / @(/L,v)a)(u,v)dvdu—/ / @ (Y1, v)o(u,v)dvdu
M JE A1 Jé

/ / ,LL, Tg U)dVd/L+ @(Tl,rg)
&

SINAA

A2 A2 1-;
—am—g)/ / w(M,V)dVdM+G(Tl—Q)G('fs—g)‘ds‘d@)
o &

& A2 b2
(i v)dvdp - (11 - o) / f (i, v)dvdp
Al S
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Ay b
/ w(u,v)dvdu

1 <

Ay b
(L]
ro Y&

Ay
_o(T3—g)/ /5 a)(u,v)dvd,u+o('f1—Q)G(Tg—g)’
0 1

Ay b
/ / o v)dvdy - (Y1 - o)
o S A

1
q
x |®os(0,)|"ds d@) : (3.16)
Making use of Lemma 2.5, we have

Ay pé2 ry péa Ay pé2
f / f f w(uv)dvdyi - o (T - ) / f o v)dvdps
A JE o S Al S

Ay b2
-o(T3- g)/ / o(p,v)dvdu +o (Y1 -0)o (T3 - §)‘ |®@oc(0,6)|"ds do
o &1
1

<
—(

Ao = A1)(E2 - &1)
+ |oc (hos €1)[* A3 (M1, 61, A2, £2) + | @ e (M2, &2) " Au(Ar, E1, 22, &) |- (3.17)

[|®oc(h1,60)| A1 (01,61, 12, 82) + | @pc (M1, £2)|"As (M1, E1, A0, £2)

On the other hand, we also have

Ay pé2| pr2 ré2 hy &
[ [ etwmasau-ami-o [ [ otu)dvn
rM & 0 S ra o Jg
Ay b
—a(’fs—g)/ / o(u,v)dvdp +o(1; —Q)U(Tes—s‘)‘ds‘dé’
4 51
N1 T3 o s
[ (f / w(u,v)dvdu)dgdg
r Y& A JE
Ay pT3 A2 rS
+f / (/ f w(u,V)dvdu> ds do
n J& 0 §1
N ré o ré&
+/ / (/ / w(,u,v)dvdu) dcdo
SEA £ SIS
Ay & ry &2
+/ / </ / w(u,v)dvdu)dgdg
N oIT3 4 S
&

A2
—4 / (=T - Tl v)dvdp. (3.18)
7 3

Therefore, inequality (3.15) follows from (3.16)—(3.18). O

Remark 3.5 If w(u,v) is symmetric with respect to % and % on the co-ordinates,
then inequality (3.15) leads to

Ay & Ay 62 A+ A
/ / ®(/L,V)w(u,v)dvdu—/ / @( i 2,V>w(u,V)dvdu
M JE rm JE 2

Ay pé2
_/ / @(/L, SI;52)a)(u,v)dud,u+q§<h;AZ,EI;52)
r Y&




Latif et al. Journal of Inequalities and Applications (2019) 2019:317

4

S fo (o) (=552 o o2

Remark 3.6 1f g(u, v) is symmetric with respect to % and % on the co-ordinates and

4[ [P (A, EDIT + [Py (A1, E2)|7 + | Py (Ao, E1)I + |(pgg()‘2,§2)|q:|%

g(u,v)
C()(/I,,U) = ’
"2 [ g(p,v)dvdp

then inequality (3.15) gives the result proved in [75].

Next, we use the symbols for our upcoming results as follows:

1 &

A
W(w»CD):m[@(M:&) ) (Ao — ) (& —v)ow(u,v)dvdp

&

A2
+ D (A1, 5) L (A2 = w)(v —&Do(p, v)dvdu

&

A2
+ @ (hg, 1) ), (1 —21)E = V)o(u,v)dvdu

Ay &
(13, £5) / / (u—m(v—sl)w(u,v)dvdu}

/ ./g ,v)dvdu

Ay — )@ (A1, V), v)dvdu
o —)»1 '/,\1 ./s 2 !

/ 2 f (= 1) B (hy Vo, v) dv e
A &

- )”2 - )\1
A2
&k / / (& - )P (&), v)dvdp
ry b
CH-& / / v=6)P (1, &), v)dvdp. (3.20)

From (3.20) we clearly see that

1
l‘I/(()vz -A)(& - 51),(1))
_ D(r1,61) + P(A1,62) + D (A2, &1) + P (A2, &)

4
1 A2
20 -a) s [@(w, &) + @ (w, &1)] de
1 &
_ m i [45()»1, V) + D (g, v)] dv
1

&
2 VE ,vydvdu. )
()»2—)\1)(52—51) A /gl P, v)dvdp (3.21)
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We also use the following notations:

SUP{ oA, 1), Prp (Y1, €1), Drp (A1, 13), ¢rp(T1)T3)} n(A1,1,A2,£),

Sup{(prp Tl;%-l) (prp(Tl’T3) (prp()‘-b%-l) (prp )‘-Zr T?))} = 772()‘-1’&1;)‘-2152)

sup{ @, (A1, 13), @rp(h1,62), Py (Y1, 3), Py (Y1, 62) } = m3(A1, 1, A2, 62),
}=

Sup{ rp(Tl;TS) (Drp(rlx‘i:Z) ®rp()‘2’ TS) ®rp()‘27$2) 774(}L1y‘§1;)\2r€:2)-

The following results present uppermost estimates for |¥ (w, @)| if the function @ (u, v)

is quasi-convex on the co-ordinates.

Theorem 3.7 Let 2 C R2, Q2° be the interior of 2, A1 < Ay and &) < & such that A1, Ay] x
[£1,£] € 2°, @ : 2 — R bea twice partially differentiable mapping on 2° such that @, €
L([A1, 22] X [£1,&2]) and | P, | is quasi-convex on the co-ordinates on [A1, A2] X [£1,&;], and

: [A1,A2] X [£1,&2] — [0,00) be a continuous mapping. Then

’ | M -2)(3-&)
T (A A& - &)

1,1
x / f |H(w, 11,1, 1, Y357, 0)| dp dr
o Jo

A —TD)(T3-&)
(A2 —A)(E - &)

1,1
X / / |H(w, Y1, 61,02, Y357, p)| dp dr
o Jo

. M -r)E-T13)
(A2 =22 —&1)

77()»1, 517 )"Zr 52)
N2(A1, &1, A2, &)

773()‘11 El! )\'2: 52)

1 1
X/ / \H(w, A1, 13, 11,6257, p) | dp drr

. (Ao =T11)(E - T3)
(Ao —A)(E2—&1)

1
X/ / |H(w,T1,T3,A2,.§2;r,p)|d,odr. (3.22)
o Jo

Na(A1,&1, A2, &)

Proof It follows from the quasi-convexity of the function |®,.| on the co-ordinates that

@, ((L=r)h1 + 117, (1= p)E1 + T3p)

< sup{@,,(A1,61), @1, (11,61, Prp (A1, T3), D1y (11, 13)} = k1,61, 2, 62),
D, (1 =11+ br, (1 - p)é1 + Tip)

<sup{@,,(11,6), @, (Y1, 13), Dy (ha, £1), Prp (Ao, 13)} = ma(hr, &1, 2o, Ea),
@D, (1= + 1, (1= p) T3 + £2p)

< SUP{(prp()»h T3), @rp(A1,€2), @rp(11,13), (17, ‘52)} =n3(A1, &1, A2, &)
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and

D, (L =171 + Ao, (1= p) T3 + £2p)

< Sup{(prp(Tl: T3), (Drp(‘rl; &), (prp(}LZ; T3), (Drp(}LZ: 52)} = a1, &1, 12, £2)

for all (r, p) € [0,1] x [0,1].
Therefore, inequality (3.22) follows from (2.1) and the above inequalities. d

Theorem 3.8 Let 2 C R2, Q2° be the interior of 2, My < Ay and & < & such that A1, Ay] x
[£1,52] € £2°, @ : 2 — R bea twice partially differentiable mapping on §2° such that &, €
L([A1, X2] X [£1,&)) and | P, | is quasi-convex on the co-ordinates on L1, k2] x [£1,&,], and
 : [A1,A2] X [£1,&2] — [0, 00) be a continuous function symmetric with respect to % and
% on the co-ordinates. Then

‘ D(r1,€1) + P(A1,8) + P (A2, &1) + P(Xg, &) N

Ay b
[ [ owmotudva
4 SISt

1 A2 péo
- / (ks = 1) ® (hny VYo v) dv
Ay — A rMoYE

1 A2 péo
- / (= 30)® (hay V)0 1, v) dv
Ay — A1 rMoYE

1 Ay b
_52_$1A : (52 =)@ (w, E1)w(p,v)dvdu

- é(u £ E)w(ju, v) dv du‘

Ml Bith
2 2

( A /g (i = AV = EDo(ja, v) dv du)

A+ A
X [SUP{®M()\1,$1),Q)M< 12 2¢‘§1>¢

AL+ A
®,, Al,&;& ,®,, L,@
2 2 2
AL+ A Aty E1+& &1 +&
(pr ) »(pr ) y(pr )"» x(pr )"»—
+sup p( 2 51) p( 5 5 0 (A2, 1), @rp | Ao 5
A+ A A+ A
+sup %(Al,%),%(M,a),%( = 2,51;&),%(%,52)}

M+Ai E1+E AL+ A
+ sup <D,,,< 12 2 12 2),<Prp( 12 2,52),

(prp ()‘2r #)’ ¢r,o ()‘2’ 52) }j| (323)

IA

Proof From the hypothesis of Theorem 3.8 we have

D(A1,€1) + D(A1,62) + P (A2, 61) + P (X2, 62)
4

o ré r
+/ / q§(u,v)w(,u,v)dvdu+/ / D(u, v)w(u,v)dvdu
VSIS VSIS

¥(w,P) =
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A2
/ (s = 1) (o, V)0l v) dv
}‘-2 }"1 A1 &

A2
/ (= ) (s V) v) dv e
}"2 }"1 A &1

Ay b
- 52_%-1 /M ('§>:2 - V)QD(M!%_I)CU(M, v)dvdu

Ay pé
/A / v = £ (1 &)y, v) dv . (3.24)

§1

T H-&
We also observe that

M -A)(T3-&1)
Wf / |H(w, 11,&1, Y1, Ys37, 0)| dp dr

1 T3
m A1 -/51 /?»1 &1 (=) - &ou,v)dvdp

o A
_ / (=)0 — )0 v) v dpe — / / (=)0 — ) v) dv e
A dg o &1

& ré&a
. f (1= 2) (v — E)o( v) d du‘ de do,
o S

h-1)(T3-&)

ety | [rerantnolaa

1 T3
(a2 - A& &) v)dvd
()»2 r)(E - &) Jn /51 /M . (L =21 -&)o(u,v)dvdu

e "
_/ (M—M)(U—&)w(M,V)dvdu—/ / (= 21)(v = &N, v)dvdu
e o Y&
& ré
+/ (M—M)(V—51)w(u,v)dvdﬂ‘dgdg,
o Js
(11 - 21) (&
m/ / [Hw, T3, 61,32, Yy, )| dp dr

(u A —&Do(u,v)dvdu

T - ) E - ) (52—51) AL

o A S
- / (=)0 — ) v) dv e — / / (1= 2) (v — ) v) dv e
A dg o &1

& ré&a
. / (1= A0)(v = EDo (s v) du‘ de do
o S

and

-7 -7
W / ./ |H(a), N, 73, )\2¢S2:rr :0)| dp dr

- - ,Vdvd
()»2 )\1 (%'2—51) f /):1 " (/'L )\1)(1) gl)w(ll« l)) vdu
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& A S
(1= 1) (v = ED)eo (s v) v e — / / (=)0 — £, v) dv e
0 &1

11

& &
+f / (u—M)(v—Sl)w(u»V)dvdu’dng-
o 9
Let p: [A1,A2] X [£1,&2] — R defined by
o S
plos) = f fs (1= 20)(v = £ v) dv e
o pr&
. / / (1= 20)(v = £, v) dv e
1Y¢
A2 LS
. f [ =200 - 8008 v) v
o 1
& ré&
. / (1= ) (v = E (g, v) dv d.
Q S
Then we clearly see that

Poc(0,6) = Ay — A1)(& — &1)w(0,5) >0

for (0,¢) € [A1,A2] x [£1,&], which implies that p(o,¢) is an increasing function on
[A1,A2] x [£1,&,] and

p(TIr T3) =0.

Now it is easy to see that

M -2)(T3-&)

(A2 = A)(E - &1)
(-1 -6)
(- A)E &)
(M -2)E-T5)
T (- A)(E-&)
SRR CERE)
(M -M)(E-&)

Athp 8116

A A i (w—2r1) (v —&Do(p, v)dvdpu.

f/|HwA1,§1,T1,T3,r, )| dp dr
//|H(w’Th§1»)~2,TB,V,,O)|dpdr
/[|Hw,T1,$1,Az,T3,r, )| dp dr

/. / |H(w’TI,T3;)L2,E2;V;,0)|dpdr

Thus, inequality (3.23) can be derived from (3.24). O

4 Applications to random variables
Let o, B eR,0< X1 <Ay, 0<& <&, X and Y be two independent continuous random
variables with the common continuous probability density function w : [A1, A2] X [1,&] —

[0,00). Then the «-moment of X and B-moment of ) about the origin are, respectively,
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defined by

%3 &
Ea(X) = / 0% w1(0)do,E5(Y) = / Pon(c)ds

A &1

if both &, (X) and £4()) are finite, where w; : [A1,12] = [0,00) and w; : [£1,&] — [0, 00)
are, respectively, the marginal probability density functions of X and ). Since X and Y
are two independent random variables, one has

w(0,¢) = w1 (0)w2 (<)

for all (0, ¢) € [A1,A2] X [£1,&2], and
Ay pk2
EusV)= [ [ g ate.)ds do
AL JE
A2 &
N RCL: /5 Pan(e)ds = E(X)E(D).
Al 1

Making use of the above notations, we clearly see that

Bi(A1,&1,12,82)

Q) N 2
-/ / (EX) - 1) (ED) - v) (i) dv dp
/ f (E) - 1) (ED) = v) oo v) dv dp
S EQ)
) Q) 9
/ /E (E0) - 1) (ED) - v) lia, v) dv dy

&
+ f / (EX) =) (EQ) - v) 0, v)dvdpu,
E(X) JEWD)

BZ()"I)SI,)Q,SQ)
EX) pEQ)
=f /g (5()()—M)(g(y)—v)za)(u,v)dvdu

A /g (EX) - 1) (ED) - v) (s, v) dv e
A2 £Q)
/ /g (E(0) - ) (ED) - v) (e, v) dv dpe

3
+ / / () = ) (EQ) = v)* (e, v) dv dp,
E(X) JEQ)
B3(A1,€1,22,62)

EX) pEQ) N
_ f / (EX) - 1) (ED) - v)lu, v dvd

/ / (E0) - ) (ED) - v)oolpe,v) dv e
St Q)
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5(37)
/ / E() - 1) (ED) - V) v) dv dp
EX) J&

&
- ,v)dvd
+LX)/S EQ) —v)w(u,v)dvdu

and

By(A1,61,12,6)

E(Q)
- f / (EX) - 1) (ED) - v)oluw,v) dv dia

A /E (E(0) - 1) (ED) - v)ol, v) dv s

y)
/ / )13 = v)a(w,v)dvdu
&1

&
; / [ (@0 - w0 -v)otu v dvan.
E(X)JEWD)

Moreover, we have

A1, 61, 00,6)

1 Ao —E(X
= 131()»1»51;)»2,&) + MBz(M,&,M;&)

2
(& -E)
+ —_—
2
As(h1, &1, 02,6)

1 Ao —E(X
= 131()»1,51:)»2,52) + MBz(M,gl,lz»fz)

2
EQ)-&)
y—_—r 7
2
AS()"I’ El’ )"2; 52)

1 EX)-A
= 131()»1,51,)»2»52) + %Bz(lh&,lz»&)

. wlﬁ(h,éhkz,&) £ (E) = 2) (& — EO))Balhn, 10 20r£2)

and

A4()‘-1) Sl) )\-2’ 52)

1 X)-A
= 131()»1,51,)»2,52) + w32()‘-17511)‘-2)$2)

ED)-&)
ALl 1)
2

Now, we give an application for our obtained results to the random variables.

B3(h1,E1, 02, 6) + (2 = E(X)) (52 — £(V))Ba(h, €1, 02, 6),

B3(A1,61,h,6) + (Ao = E(X)) (E(Y) - 1) Ba(r1, 61,02, 62),

B3(h1,E1, 02, 6) + (E(X) = 11) (E(Y) - &1) Ba(h1,E1, 02, £).
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Theorem 4.1 The inequality

ELED) - [EQO] E D) = EX)[ED] + [EO) [EDT|
.o
T (A= r)(E - &)

57 LT AR (M, 81, 00, 8) + ASTEY TN AL, E1, 00, 6)] (4.1)

[)»(f*l {;717'1()»11517)»2,52)+)»‘f*1 571A2(11,$1,?»2f§2)

holds for 0 < Ay < Xy, 0 < & < & and a, B > 2, where T1(A,&1,12,8), Aa(h1,61,A2,89),
As(h1,&1,02,&) and As(X1, 1, X2, &) are defined by the previously shown equations.

Proof Let a, B > 2, ®(0,¢) = 0°c”? be defined on [A1, 2] x [£1,&]. Then we clearly see
that |®,.(0, )| = B0 1sP! is co-ordinated convex on [A1,A2] x [£1,&] and

Ay b
/ / (0, S)olo, 5)ds do
roJE
Ay b
- / / 0% P (Q)wn(c) ds do
A &1

A2 &
- / o“(0)do / Pan(e)de = E(X)ED),

A &1

Ay b
/A fs O (T, 0o 5)ds do = [E(X)] €5,

[ | " (0, 1y)oko, ) ds do - £, (O[ED)
and
oM, 13) = [EX)] [EM].
Therefore, inequality (4.1) follows from (3.5) and the above identities. (]

Next, we provide an example to support our obtained results.

Example 4.2 Let

4
—//LV, 1 S 122 v S 21
(D(,LL, \)) =17
0, otherwise,

be the joint probability density function of the random variables X and ). Then the

marginal probability density functions of the random variables X and Y are given by

winy

M 1=upu=<2
G(n) =

0, otherwise,
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and

v, 1<v<2
H(v) =

2
3
0, otherwise,

respectively, and the random variables & and ) are independent due to @ (u,v) = G(u) x

‘H(v). Elaborate computations give

14
EX)=EW) =
597,529
Bi(AM,61,A2,62) = oo
121,61, 42, 62) 13,947,137,604
By ) = 618,400
2\A1,81,A2,62) = 387’420,489,
618,400
B )\’ , ,)\. ’ = 227 490 4R0°
3(A1,61,22,62) 387,420,489
and
2,560,000
B )\’ , ,)\. bl = 12 0Ac 701
4(A1,61, 09, 62) 43,046,721
Hence,
Ao i ) — 77,281,681
1\A1, 81, A2,82) = 6,198,727,824’
288,107,443
Azr(A1,81,A2,80) = —————
2(A1,61,22,62) 18,596,183,472
288,107,443

As(Ay, &1, hgy &) = —— 0
361, 40,8) 18,596,183,472

and

1,074,069,529

Ag(My, 1y Ay, &) = 2022027
4(A1, 81,22, 8) 55,788,550,416

Therefore, it follows from (4.1) that

401 o 2 2 (14\" [?

- a+l g /5+1d 2 2= / /5+1d

s ([oeran) S(5) [oean
2(14\" 1?2 ., 14\
(= atl g g
3(9)[“ ’“(9)

|: 77,281,681 288,107,443
<«

_LDZOIDR (gl ety PR
6,198,727,824 18,596,183,472

1,074,069,529
55,788,550,416

+20+B2
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for a, B > 2, that is,

[2(9% — 22*% % 9% 1+ 3 x 14%) + 3 x 14% x a][2(9% — 2%*F x 9 + 3 x 14P) + 3 x 14# x B]
9+t (2 + ) (2 + B)

- aB(32,773 x 2% + 52,746)(32,773 x 2P + 52,746)
- 223,154,201,664

for o, 8 > 2.

5 Conclusion

In the article, we have established several weighted Hermite—Hadamard type inequalities
for the co-ordinated convex and quasi-convex functions, provided an application to the
moment of continuous random variables of bivariate distribution functions in the prob-
ability theory and presented an example on the probability distribution to support our
results. Our results are generalizations of some previous results, and our approach may
have further applications in the theory of convexity and Hermite—Hadamard inequality.
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