VICTORIA UNIVERSITY

MELBOURNE AUSTRALIA

Approximations and inequalities for the exponential
beta function

This is the Published version of the following publication

Dragomir, Sever S and Khosrowshahi, Farzad (2019) Approximations and
inequalities for the exponential beta function. Journal of Inequalities and
Applications, 2019. ISSN 1025-5834

The publisher’s official version can be found at

https://journalofinequalitiesandapplications.springeropen.com/articles/10.1186/s13660-
019-2208-2

Note that access to this version may require subscription.

Downloaded from VU Research Repository https://vuir.vu.edu.au/40379/



Dragomir and Khosrowshahi Journal of Inequalities and Applications (2019) 2019:256® Journal of Inequalities and Applications
https://doi.org/10.1186/513660-019-2208-2 a SpringerOpen Journal

RESEARCH Open Access

Check for
updates

Approximations and inequalities for the
exponential beta function

Silvestru Sever Dragomir'?" and Farzad Khosrowshahi'

“Correspondence:
severdragomir@vu.edu.au Abstract

'College of Engineering & Science, In thi . dbvi L |ati h di f
Victoria University, Melbourne City, N this paper, motivated by interest in simulating the expenditure patterns o

Australia construction projects, we introduce the mathematical concept of Exponential-Beta

2DST-NRF Centre of Excellence in function b)/

the Mathematical and Statistical

Sciences, School of Computer

Science & Applied Mathematics, 1

University of the Witwatersrand, F(O[, /3) = / exp[x“ﬂ - X)ﬂ] dX,
0

Johannesburg, South Africa
where &, B are positive numbers. Taylor's-type approximations, several analytic
inequalities, and global convexity properties are established.

MSC: 26D15

Keywords: Beta function; Gamma function; Taylor’s formula; Analytic inequalities;
Log-convexity; Global convexity

1 Introduction

The ability to accurately predict the client’s financial commitment, which forms the basis
of contractors’ revenue, provides a pre-warning for alternative courses of action, which
could prove detrimental to the success or, indeed, survival of both stakeholders. Cash
flow mishaps account for considerable number of construction contractors’ failures. The
capital commitment locked in the expenditure flow of construction projects exerts con-
siderable demand on the contractor to secure finance, particularly when the contractor
is undertaking a number of projects simultaneously. To this end, an accurate forecast
of project cash flow could be critical to the success and, indeed, failure of the firm. Ul-
timately, forecasting is a crystal gazing exercise, and the forecast of the expenditure is
more challenging than the income side. Since the 1970s there have been several mod-
els developed by researchers and the industry. These models have been classified under
different categories. One classification by Khosrowshahi and Kaka [8] consists of activity-
based, element-based, and mathematics-based. While the elemental approach focuses on
the time-related accumulation of cost centres (or elements), the activity-based approach
consists of a laborious task of identifying and quantifying activity sequences, costs, and
times. On the other hand, the mathematical approach offers a fast, cheap, and easy so-
lution. While comparatively alienating to the user, it has the advantage of generating a
forecast in early stages, and unlike other models, this approach requires much less infor-
mation about the project.
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Extensive analysis of construction project expenditure patterns has revealed that the
shape of the project periodic expenditure pattern is defined in terms of a number of vari-
ables represented by the following expression (see [7]):

Yc:= exp[bx“(l —x)d] -1,

where

Xpi=R=— f 5 and y,:=Q=exp[bR(1 ~R] -1,

with Q and R representing the positions of the project expenditure peak on both the cost

and time access; a and b being parameterised in terms of x, and y, as follows:

Xpd b In(1 + y,) '
xa(1 —xp)?

Parameter d is calculated numerically and derived to rapidly converge towards a solution
within desired error tolerance.

A relationship is established between the properties of the project and the physical shape
of the project expenditure pattern. These are then related and reflected on the mathemat-
ical expression through its parameters.

Motivated by the above considerations, one can explore the mathematical behavior of

the family of functions
Jap(x) = exp[x"‘(l —x)ﬂ], x€[0,1],a,8>0

and the “exponential Beta function” defined by the integral

F(a,B) := /lexp[x“(l—x)ﬁ]dx, a,B>0.
0

In order to establish the fundamental properties of these functions, we need some well-
known facts related to the classical Euler’s Beta function summarised below.

2 Some facts on beta function
In mathematics, the Beta function, also called the Euler integral of the first kind, is a special

function defined by
1
B(a, B) := / Y1 -0ftdt, a>0,8>0. (2.1)
0

The utility of the Beta function is often overshadowed by that of the Gamma function,
partly perhaps because it can be evaluated in terms of the Gamma function. However,
since it occurs so frequently in practice, a special designation for it is widely accepted.

It is obvious that the Beta function has the symmetry property

B(a,B8) =B(B,a), «>0,8>0, (2.2)
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and the following connection between the Beta and Gamma functions holds:

()l (B)

B(Ol,,B): m, a>0,ﬁ>0, (2.3)
where
') = / ” eftldt, a>0. (2.4)
0

The following properties of the Beta function also hold (see, for example, [2, pp. 68—70]):

B(e+1,8) +B(a,8+1)=B(a, 8), «,B>0; (2.5)

Bla,B+1) = EB(ot +1,8) = iB(ot,,B), a,B>0; (2.6)
o a+ B

B(a,a) = 21-2“B(a, %) o> 0; (2.7)

Bla, B)Bla + B, y)Bla + B +y,6)

L) (B () (8)
= F(a+ﬂ+;3/+5) , o, B,y,6>0; (2.8)
l+o 1-« 1714
B( 5 ,T>:ﬂsec(7>, O<a<l; (2.9)
and
1 1 tot—l +tﬂ—1 1 ta—l(l_t)ﬂ—l
B(a,B) == —dt=p*(1 "‘*ﬁ/ ———dt 2.10
@h)=3 | g de=pr e [ (2.10)
foro, B,p>0.

In [5], Dragomir et al. obtained the following basic inequalities for the Beta function:

Theorem 1 Let m, n, p, q be positive numbers with the property that
(p-m)(q-n) <(=)0. (2.11)
Then
B(p,q)B(m,n) > (<) B(p,n)B(m, q). (2.12)
In particular, the following is true:
Corollary 1 For any p, m >0, we have the inequalities
B(m,p) > [B(p,p)B(m, rn)]%. (2.13)
The positive real numbers ¢ and b may be called similarly (oppositely) unitary if

(a-1)(b-1)=(x)0. (2.14)

Page 3 of 19
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Theorem 2 Let a, b > 0 be similarly (oppositely) unitary. Then
1
B(a,b) = (<) —. (2.15)
ab
We also have
Theorem 3 Let m, n, p and q be positive numbers. Then
|Bm+p+1,n+q+1)-Bm+1,n+1)Bp+1,q+1)|

- 1 pq? m"n”
T4 (p+ gt (m+ nyrn

(2.16)

Another simpler inequality that one can derive via Griiss’ inequality is the following [5]:

Theorem 4 Let p,q > 0. Then we have the inequality

Blp+1,q+1) L L (2.17)
+lL,g+1) - —F—— - .
w+L4q p+D(g+1)|— 4
or, equivalently,
3-pg-p—q 5+tpg+p+q
0,—2 £ 2 l<Bp+lg+l)<——1 £ % 2.18
max{ 4 gen ) PS4 N (2.18)

We also have the following global convexity property; see, for instance, [5].

Theorem 5 The mapping B is logarithmically convex on (0,00)? as a function of two vari-
ables.

For other properties of the Beta function, see the recent papers [1, 9, 11] and the refer-
ences therein.

3 Basic facts on the generating function
We consider the two-parameter generating function fy g : [0, 1] — [0, 00),

Sop(x) := exp[x“(l —x)’s],

where «, § are positive constants. This family can be extended for negative numbers by
eliminating either ends of the closed interval [0, 1]. However, we do not consider this case
here.

Define a simpler two-parameter family that generates the Beta function, g, 4 : [0,1] —
[0, 00), given by

Gap(®) =2%(1 - 2)°, (3.1)

where o, § are positive constants.
We start with the simple fact incorporated in the following:

Page 4 of 19
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@

) oo ﬁ], decreasing on

Proposition 1 Let o, > 0. The function f,p is increasing on [0
[ﬁ, 1], and

o a \/ B\
w2 e

Proof We have

Sap(x) = exp[gap(x)]

and

fop®) =g, s(¥)exp[gup(®)], x€10,1]

showing that the sign of f ; on [0, 1] is the same with that of g ;.
Further, we have

G p®) =ax* (1 -x)" - Bx*(1-2)""
=211 —x)ﬂ_l[a(l —x) — ﬂx]

— (1= [ (a+ Bla], 2 O,1)

This shows that g/, 3(x) >0 for x € (0, ;%5) and g, 5 (x) < 0 for (=%, 1), which proves the

a+p a+p’
statement. J

We need the following lemma that is of interest in itself:

Lemmal Letw,B >0.
(i) IfO<a+ B <1, then gy g is strictly concave on [0, 1].

Define
“o+f-1)- @i f-T)
Ml T T @ plar fo1) afp
and
o = a@+f-1)+Japla+f-1) @

@+ B)a+p-1) Ca+p

(ii) Ifa, B€(0,1) witha + B > 1, then g, p is strictly concave on [0, 1].

(iii) Ifo>1and B € (0,1) then g, p is strictly convex on (0,%1,4,8) and strictly concave on
(10,8, 1).

(iv) Ifa €(0,1) and B > 1, then g, g is strictly concave on (0,%2,4,8) and strictly convex on
(%2,0,85 1).

(V) Ifa, B> 1, then gy p is strictly concave on (x1,0,8, %2,4,8) and strictly convex on
(0, %1,0,8) U (%2,0,8, 1)

Page 5 of 19
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Proof 1f we take the second derivative of g, g on (0, 1), then we get

g @) =ala - 1a* (1 - x)f — a1 -2)"
— a1 - )P+ B(B - Da(1 —x)P2
= o — Da*2(1 - x)f = 20211 - x) 7 + B(B - D)a*(1 —x)P 2
= (1 - %)l - 1)(1 - %)* - 208x(1 - x) + B(B — 1)x*]

forall @, 8 >0 and x € (0,1).
Now, consider the two-parameter family of parabolas

Ho g (%) := o — 1)(1 - x)? - 20Bx(1-x)+B(B-1)x%, xR
We have

Ho,p(x) = at(or — 1)(x2 - 2%+ 1) - Zaﬂ(x—xz) +B(B - 1)x?
= [a(a -1)+2aB8 + B(B - 1)]x2 - 2(a(a -1)+ aﬂ)x + oo —1)

[a2 +2af +,B2 —(a +/.‘3)]x2 —2a(@+B-1x+ala-1)

= [(a+,3)2—(a+/3)]x2—2a(a+ﬁ—1)x+a(a—1)
=(a+B)a+B-1)a?—2a(@+B-Dx+ala—1)

forx e R.
The discriminant of this family of parabolas is

Ay p = 4a2(a +/3—1)2—4((x+/3)((x+/3—1)a(a—1)
= 40((04+ﬁ—1)[ot(a+,3—1)—(oc+ﬁ)(oe—1)]
= 4a((x+,3—1)(a2+aﬂ—a—a2—aﬁ+a+,3)

= 4daf(a+B-1)

for a, 8 > 0.
Now, if 0 < o + B < 1, then A, g < 0 which shows that the parabola /1, g(x) < 0 for all
x € R, implying that gj 5(x) < 0 for x € (0, 1), namely g, 4 is strictly concave on [0, 1].
Ifa+ B =1, then /iy (%) = a(a — 1) < 0, namely g, g is strictly concave on [0, 1].
Ifa+ B >1witha, 8 >0then Ay g > 0and the parabola /, g(-) has two distinct intercepts

with the axis ox, namely

ale+B-1)—/aBla+B-1)

Flap = @+ P)a+p-1)

and

ale+B-1)+JaBla+p-1)

Foap = @+ B)a+p-1)
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The x coordinate for the vertex is
o
X =——€(0,1
V,a,B o+ ﬁ ( )

forall o, 8 > 0.

We also have /1,,5(0) = a(x — 1) and /1, 4(1) = B(B - 1).

Now, if o, 8 € (0,1) with a + B > 1 then x4 5 < 0 and x5 g > 1, showing that /1, g(x) <0,
namely g, g is strictly concave on [0, 1].

Ifa>1and B €(0,1), then o + 8> 1, x14p € (0, ﬁ), %24, > 1, which shows that
ho,p(x) > 0 for x € (0,%1,4,8) and kg, g(x) < O for x € (¥1,4,8, 1), showing that g, g is strictly
convex on (0,%1,,4) and strictly concave on (x1,4,8,1).

Ifx€(0,1) and B> 1, then a + B> 1, X144 <0, Xoap € (aaT,s’l)’ which shows that
ha,p(x) < 0 for x € (0,%9,4,8) and kg, g(x) > 0 for x € (¥2,4,8, 1), showing that g, g is strictly
concave on (0,x;4,4) and strictly convex on (x4, 1).

If , B> 1, then x4 € (0, ﬁ) and x5 € (aaTﬁ’ 1), which shows that /1, g(x) < 0 for
(%1,0,85 %2,0,8) and hg g(x) > 0 for x € (0,%1,4,8) U (X2,4,8, 1) showing that g, g is strictly con-

cave on (¥1,4,8,%2,0,4) and strictly convex on (0,%1,4,8) U (X248, 1). O
We can state the following fact concerning the logarithmic convexity of f; .

Proposition 2 Let o, B > 0. Define x1,4,p and %, g as in Lemma 1.

(1) Ifa, B €(0,1), then f, g(x) is strictly log-concave on [0, 1].

(2) Ifa>1and B €(0,1) then f, p(x) is strictly log-convex on (0,%1,,8) and strictly
log-concave on (x1,4,p,1).

(3) Ifa €(0,1) and B > 1, then fog(x) is strictly log-concave on (0, x3,4,p) and strictly
log-convex on (X348, 1).

(4) Ifa, B> 1, then f, g(x) is strictly log-concave on (x1,4,8,%2,0,8) and strictly log-convex
on (0,%1,4,8) U (X2,4,5 1).

The proof is obvious by Lemma 1 observing that In[f, g(x)] = g, s(x) = x*(1 - x)P, x e
[0,1] and o, 8 > 0.
We have also the following simple fact:

Proposition 3 Let «, 8 > 0. Then for all x € (0, 1) we have the double inequality

x(1-x)8

A1 _ A)B - —_—
x(1 - %)’ < fo,p5(x) 1<1_xa(1_x)ﬁ'

(3.3)

Proof We use the following elementary exponential inequality for y € (0, 1), see [10]:

y<ey—1<L
1-y

for y € (0,1). If in this inequality we take gy g(x) = y € (0,1) for x € (0, 1), we get the desired
result (3.3). 0
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4 Taylor's-type expansion for the generating function
We have the following representation result:

Theorem 6 Let o, 8 > 0, then for all x € [0,1] and natural number n > 1, we have
"1
Jap(x) =1+ Z Exak(l —x)Pk
k=1

1 1
+ —‘x“(”“)(l — x)P0rD) f exp[sx“(l - x)ﬁ](l —s)"ds, (4.1)
n. 0

where x € [0,1].

Proof Let I C R be a closed interval, ¢ € I and let # be a positive integer. If f : I — C is
such that the nth derivative f is absolutely continuous on I, then for each y € I

f()/) = Tn(f; C;)’) + Rn(f; C;y)’ (42)

where T,(f;¢,y) is Taylor’s polynomial, i.e.
n _ C)k
T.(f;¢,9) = Z (ny(k)(C). (4.3)
k=0
Note that f© := f and 0! := 1, and the remainder is given by

y
Rﬂmﬁ?%/@-ﬂ”mmﬂ- (4.4)

For any integrable function / on an interval and any distinct numbers ¢, d in that interval,
we have, by the change of variable ¢ = (1 — s)c + sd, s € [0, 1], that

d 1
/ h(t)dt = (d—c)/ h((l—s)c+sd) ds.
c 0

Therefore,
/ 0 - by dt
1
=(y-c¢) / f('”l)((l —s)c+ sy) (x —(1-s)c— sy)" ds
0

1
=(y—co)y"? /0 f(”“) ((1 —s)c+ Sy)(l —s)"ds,

and from (4.4) we get the representation

Y
sr=3 Lo
k=0 :

+ l(y—c)"”/1/‘"(”4'1)((1—s)c+s )(1 —s)"ds (4.5)
n! 0 4 '

forally,cel.
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Now, if we write equality (4.5) for the exponential function f(y) = ¢, y € R, and the point

¢ =0, we get
no ok 1 1
expy—1= Z % + ;y’”l /0 exp(sy)(1 —s)" ds (4.6)
— k! !

for any real number y € R.
If we take in (4.6) y = g, (%), x € [0, 1], we get

exp[gaﬁ(x) -1= Z [gaﬁ

k=1

1 n+l 1 1 g
+;[ga,ﬂ(x)] /o exp[sg,p(®)]|(1 - 5)" ds,

which produces the desired result (4.1).
We have some simple upper and lower bounds as follows:

Corollary 2 Let «, 8 > 0, then for all x € [0, 1] and natural number n > 1, we have

Z k(1 — x)Pk

= _ _ = a(m+l) _ B(n+1)
<Z 'x k1 t o 1)‘x (1 —x)P0mD, (4.7)

Proof The inequalities in (4.7) follow by (4.1) observing that

1
[gep]” /O exp[sgu s ()] (1 — 5)" ds

Elp—n §|>—A

[ga ,g(x)] max exp[sga (%) / 1-s)"ds

= ( 1)| [gﬂl ﬁ(x)]yHl
for all x € [0, 1].

Corollary 3 Let o, 8 > 0, then we have function series expansion

faﬁx)-1+2 k(1 - x)Pk

uniformly on the interval [0,1].
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Proof By (4.1) we have

- k
}/a,ﬂ(x)-l_zw‘
k=1 :

1

n!

1
[ga,,g (x)]wrl fo exp[sga,ﬁ(x)](l —s)"ds

1 n+l 1 ;
< E[ga,ﬂ(x)] /0 |exp[sgu,s ()] (1 —5)"| ds

1
52/(1—5)”ds: ¢ -0
n! Jo (n+1)!
uniformly for x € [0,1] as n — oo. O

Now, we can introduce the two-variable function F : (0, 00) x (0,00) — (0, 00), that we
can call the Exponential-Beta function, defined by the integral

1
F(a, B):= / exp[x*(1 - x)"]dx > 1.
0
Then we have the following representation result in terms of the beta function:

Theorem 7 For any natural number n > 1 and any o, f > 0, we have the representation
n
1
Flo,f)=1+ Y _ —Blak+1,Bk+1)+ Ry(t, B), (4.8)
pa k!

where the remainder R,(c, B) is given by

Ry (o, B)

1 1 1
= — </ {x"‘(””)(l — x)PrrD) exp[sx”(l - x)ﬁ]} dx) (1-s)"ds. (4.9)
o \Jo

T

Proof If we integrate identity (4.1), then we get
1
Fla,B)-1= f Jup)dx—1
0

n 1 1
5 /0 g @] dn
k=1 :

1 ! n+l 1
+ = A [ga,ﬁ(x)] (./o eXP[Sga,ﬁ(x)](l—s)”ds) dx
B n 1 [x"(l _x)ﬂ]k
1 1
+ % A [xo‘(l —x)ﬁ]"ﬂ (/(; exp[Sx“(l —x)ﬂ](l —S)nds) dax

n 1 1
:Z—/ 2%(1 — x)P* dx
P k' Jo

Page 10 of 19
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1 1 1
+ o / x20mD (1 — x) B0 D) <f exp[sx“(l - x)ﬂ](l —s)" ds) dx
*Jo 0

n

1
= EB(ak+ 1,Bk+1)

k=1
1 1 1
+— (f {x“(’”l)(l — x)Pt+1) exp[sx"‘(l - x)ﬁ]} dx) (1-s)"ds,
n-Jo 0
where for the last equality we used Fubini’s theorem. O

Corollary 4 We have the following beta series expansion:
|
Fla,)=1+ Z —B(ak+1,B8k+1) (4.10)
pa k!

uniformly over o, 8 > 0.
Proof We observe that for all «, 8 > 0 we have

e
(n+1)!

—0

1
IRy(at, B)| < 3/ (1 sy ds=

n! 0
as n — 00, which proves the claim. O

Theorem 8 For any natural number n > 1 and any a, § > 0, we have the representation

In[fo(x)] = 2% + Z(_nk‘g(‘3 —D- Bkt D) o +En(a, B), (4.11)

1
P k!

where the remainder E,(«, ) is given by

1
By 3= (- BB B et [F oo -y,
0

n!

Proof Consider the function f : (~1,1) — (0,00), f(x) = (1 — x)?. Then
FR0) = (-1 BB-1)---(B-k+1) fork=1,...,n,

and
UV @) = (1) BB =1) - (B —m)(1—x)P

Using the representation (4.5) for ¢ = 0, we get

1-xf=1+ Z(—l)kﬂ(’g -1 -];'(ﬂ ka1
k=1 .

1
+ (_1)n+1 :3(,3 - 1) e (:3 B n)xn+1 / (1 _Sx)ﬂ—n—l(l _S)n ds
0

n!

forallx € (0,1).

Page 11 of 19
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If we multiply this equality by 2%, we get

xa(l _x)ﬂ =x% 4+ Z(_l)kﬂ(ﬂ - 1) : k'(ﬂ —k+ 1)xk+°’
k=1 .

)Vl+lﬁ(ﬁ_]‘)...(ﬁ

+(-1
n!

_ 1
n)xn+a+1 / (1 _Sx)ﬁ—n—l(l _ S)” dS,
0

which is equivalent to the desired representation (4.11). d

Remark 1 If we take the exponential in (4.11), then we get

Ja8(%)
exp [x . ;(_I)kﬂ(ﬂ 1) .k.!(,g kD e g ﬁ)}
= Eexp |:(_1)’<’3(’3 -1 '/;!(ﬂ —k+ l)xk”‘]els’“(a‘ﬂ) (4.12)

forx € (0,1) and «, 8 > 0.

5 Some analytic inequalities
We start with the following fact:

Theorem 9 Leta, B > 0. For any p, q > 1 with 5, + = 1, we have
0 <fup(®) -1 < [exp(x?) - 1] [exp((1 - x)#) - 1] (5.1)
forall x € [0,1].
In particular, we have
[fop@) — 1] < [exp(x*) - 1][exp((1 - x)%) 1] (5.2)

forall x € [0,1].

Proof If we make use of Holder’s discrete weighted inequality

n n 1/p n 1/q
oszmmbkf(zmka';) (zmkbz) ,
k=1 k=1 k=1

where my, ay, by > 0, k € {1,...,n} and p, g > 1 with }9 + % =1, then we can write

n n 1/p n 1/q
1 1 1
0=y e —x)t < > WW) (Z al _x)qﬁk>
k

k=1

n 1 lip n 1 1/q
ap\k k
=<Zﬁ(xp)> ( _![u_x)qﬁ]) 53)

foralln>1andx € [0,1].

Page 12 of 19
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Since the series Y 57, £xX(1-x)#%, 322, L(x*?)* and Y12, &[(1—x)?P]* are convergent

and
. 1 ak Bk o
Zk‘ 1-x) —exp[ 1-x) ]—lzﬁy,ﬁ(x)—l,
00 1 ‘
5 L) -expleen) -1
k=1 """
and
- 1 qB qp8
Z E[(l x) ] =exp[(1-x)"] -
k=1
then, by taking the limit as # — oo in (5.3), we get the desired result (5.1). O

The following result also provides some lower bounds for f, g(x).

Theorem 10 Let «, 8 > 0. Then for all x € [0,1], we have

i[exp(x"‘) —1][exp((1 - %)") - 1]
<Jap(x) =
= ei 1 [exp(a) - 1][exp((1 - »)") - 1] + ZIL(e — 1) (1 -x). (5.4)

Proof We use the weighted Cebysev’s inequality for sequences ax, by, k € {1,...,n} that
have the same monotonicity

Z Mg Z miby < Z my Z myaiby, (5.5)
k=1

where my; >0, k€ {1,...,n}.
Consider the sequences ay := x*%, by := (1 -x)P%, k € {1,...,n}, for x € [0,1]. We observe

that both sequences are monotonic nonincreasing and, by applying Cebysev’s inequality
for the positive weights my := %, we get

n

1 - L Bk 1 &L, p
S L s N g Y -, 5.6
=1 =1 =1 -1

forallx € [0,1] and n > 1.

Since the series Y o0, 4%, Y12 (1 - %)  and Y37, # are convergent and

21 21

Do = ) = exe () -1

k=1 " k=1

oo 1 o0

PRPTEERAE Zk,(u %)P)" = exp((1 - x)f) -

T
N
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and Y 2, % = e — 1, then, by taking the limit as # — oo in (5.6), we get the first inequality
in (5.4).

Further, we use the weighted Griiss inequality for the bounded sequences a < a; < A,
b <by <B, ke{l,...,n} and nonnegative weights my >0, k € {1,...,n},

Z 12475 Z mkakbk - Z Mg Z Wlkbk
k=1 k=1
< % (Z mk> (A-a)(B-b). (5.7)
k=1

Now, if we consider the sequences ay := x%%, by := (1-x)?* k € {1,...,n}, for x € [0, 1], then
we observe that 0 < a; < x® and 0 < by < (1 — x)? for all natural numbers k > 1. So, by

utilising inequality (5.7) for a =b =0, A = x%, B = (1 — x)? and my := %, we get

n

1 "1
Bk _ — ak - _ \Bk
kzk!x kzk!(l ?)
=1 =1

=) —X
— !
(1)
- — A1 — x)P
< 4(; k!) x(1-x), (5.8)

which holds for all x € [0,1] and n > 1.
Since all the series are involved in (5.8), by taking the limit as # — oo in this inequality,
we get the second part of (5.4). O

Theorem 11 Let «, 8 > 0. Then for all x € (0,1), we have

(e— D[a"(1 -2’17 <fup() -1 (5.9)

and

0< ln(fai’ﬁ(x)l_ 1) ~In{[x"(1 —x)ﬁ]ﬁ}

e —

1)2 5 [fas @) = 1][fep@) - 1] - 1. (5.10)

Proof Since In is a concave function, by Jensen’s discrete inequality for concave functions

g, namely

g(ZZ:lpkxk> . ZZ:lpkg(xk)
Skark ) T Yiapk

where p; >0, k € {1,...,n}, we have for x; = x**(1 — x)?* and py = £, k € {1,...,n} that

L

" (Zzzl zxkQa -x)ﬂk) _ >k 4 Infxk (1 - )P4
Y N P
Yk Il (1 - 2)f]
) Yk w

Page 14 of 19
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(5.11)

forallx € (0,1) and n > 1.
Since Y 2, ﬁ =eand Y 2, & = e— 1, by taking the limit as # — oo in (5.11), we get

(22052 ) = il -] < -1,

which is equivalent to the first inequality in (5.9).
Further, we use Dragomir—Ionescu’s reverse of Jensen’s inequality [6] for concave func-

tions
0 <g(ZZ—1kak) _ k-1 Pkg (%)
B Zzzlm Z;ka
5.
=< Zk y Zpkg( ST Zk N Zl)k Xk — Zk N Zpkxkg (), (5.12)

which gives for g(x) = Inx, x = x**(1 - x)#* and py = 3, k € {1,...,n} that

o< m(ZZI %x"k(l —x)ﬁk) ~ Y %ln[x"‘k(l — x)PK]

>k >kl &
—ak -Bk ak Bk _
< —x (1 -x)" (1-x) (5.13)
Zklklzk' ZklklkX;k‘

forx € (0,1) and n > 1.
Since the series ) o, k, x7%K(1 — x)7P* is convergent and

=1 =1
kzﬁx_“k ]ZF _“(1 x)” ]kzexp[x_“(l—x)_ﬁ]—
=1 k=1

by letting n — oo in (5.13), we get

p -1 e
0< ln(m> - ln{[x"‘(l —x)ﬁ] el }
e—1
1
< m{exp[x‘“(l —x)‘ﬂ] - 1}{exp[x°‘(1 —x)ﬁ] - 1} -1,
which is equivalent to (5.10). O
Remark 2 As a simple consequence of inequality (5.10) we note that

- 1)? < [fra-p@®) = 1][farp(x) = 1] (5.14)

for all positive o, 8 >0 and x € (0, 1).
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In 1984, S.S. Dragomir [3] obtained the following Cauchy—Bunyakovsky—Schwarz re-
lated weighted inequality (see also [4, Theorem 2.20]):

n n n n n
_ mya, _ b _, myaib
S S b > D k1 Mk ka_ln kbi 3 1 Miaibi (5.15)
k=1 k=1 D k-1 Mk

where ay, by are real numbers, m; > 0 for k € {1,...,n}, and ZZ:I my > 0.
Theorem 12 Let «, 8 > 0. Then for all x € (0,1) we have

[exp(x**) — 1][exp((1 —%)*) — 1]

0<f (@) -1<(e—1 , 5.16
<fup®)-1=<(e-1) [exp() — 1][exp((1 - %)B) — 1] (5.16)
Proof By taking ay := x**, by := (1 - x)P* and my; := §; in (5.15), we get
n 1 n 1
= J2ak (1 _ )28k
L gt L g
k=1 k=1
no 1 _ak 1 ks~ Loak k
_ i 2 T A0 -0 T gt - (5.17)

Yiak

Since all the series involved in (5.17) are convergent, by taking the limit as # — oo in this

inequality, we get the desired result (5.16). O

Now, recall the well-known inequality between the weighted arithmetic mean and

weighted geometric mean,
a”'ht < (1 -t)a + th, (GA)
which holds for all 4,5 > 0 and ¢ € [0, 1]. This inequality is also known in the literature as
Young’s inequality.
We have the following global convexity result for the function f;, s () as a mapping of the

positive parameters (o, 8). More precisely, we have

Theorem 13 The mapping
(01 OO) X (O, OO) > (Ol,,B) = f;X,ﬂ(x) S [0¢ OO)
is globally convex on (0,00) x (0,00) for any x € (0,1).

Proof Fix x € (0,1). Let (o1, B1), (at2, B2) € (0,00) x (0,00) and ¢ € [0,1]. Then

(1 - 8)(a1, B1) + taz, B2) = ((1 = D)oy + bz, (1 = 1)1 + £f2) € (0,00) x (0,00)
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and

[ee]

1
f(l—t)alnaz,(l—t)ﬁlﬂﬁz(x) _1= Z kl K- t)ot1+ta2]/<(1 x)[ (1-t)B1+tB2lk

x(lft)a1k+tot2k(1 _ x)k(lff)lsl‘*'tﬁﬂ(

x|

x(l—t)alkxtotzk(l _ x)k(l—t)ﬂl (1 _ x)tﬁzk

x|~

x(l—t)ozlk(l _ x)k(l—t)ﬂlxtazk(l _ x)tﬂzk

e £Me T2 11 i
x| =

) R e ot

=~
il
5
x| =

By Young’s inequality (GA), we have

[xoqk(l _x)kﬂl](lft) [xagk(l _x)ﬂgk]t
< (1 - D)x5(1 = x)kP1 4 tx%2K(1 — x)P2k

= (-1 -] + a2 - 0]

for all k > 1, and, by summing this inequality over k, we get

—t) x*1(1 - x)ﬂl] +t[x“2(1—x)’32]k}

\l’_‘

[o¢]
k=1
o0

-0l

[x1(1 - xﬁl] tz%[x"‘z(l—x)ﬁ2]k
k=1 k=1

=(1- t)[f(alrﬁl)(x) - 1] + t[f(wz,ﬂz)(x) - 1]
=(1- t)f(al,ﬂl)(x) + tf(azyﬂz)(x) -1

\lH

which implies that

ﬁl t)aq +tag,(1- t)ﬁ1+tﬁ2( ) ( )_fotl B1) ( ) + tﬁaz,ﬁQ)(x)
and the claim is thus proved. g

Corollary 5 The function F : (0,00) x (0,00) — [0, 00) defined by

1
Fla, B) = /0 fup @) dx

is convex as a function of two variables on (0,00) x (0,00).
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Proof Let (a1, 1), (a2, B2) € (0,00) x (0,00) and ¢ € [0, 1]. Then

1
F((l - t)al + Loy, (1 - t)ﬁl + tﬁZ) = / ﬁl—t)a1+m2,(1—t)ﬂ1+t/f32 (x) dx
0
1
= [T~ ) + i 0]
0
1 1
=(1- t)/ Sl 1y X) dx + t/ Slas o) (%) dx
0 0
= (1= 8)F(a1, B1) + tF (2, Ba),
which proves the statement. O
Finally, we have the following logarithmic convexity property:

Theorem 14 The function F — 1 is logarithmically convex on (0,00) x (0,00) as a function
of two variables.

Proof Let (a1, B1), (a2, B2) € (0,00) x (0,00) and ¢ € [0,1]. Then by the representation
(4.10) we have

F((1=t)ory + tay, (1= 8)By +£f2) — 1

B([(1 - oy + tan )k + 1, [(1 = 6)B1 + tBa ]k + 1)

x|

B(1 - t)(ark + 1) + t{azk + 1), (1 = £)(Br1k + 1) + t(Brk + 1)

1
M Z0Me 1M
x| =

| —

'B[(l -tk +1, ik +1) + tlonk + 1, Bok +1)] =: T.

>
[
=~

1

By the logarithmic convexity of the beta function, we have

B[(l —B)(ark + 1, Brk + 1) + t(ak + 1, Bok + 1)]

< [B(ozlk +1, 81k + 1)]1_t[B(oz2k +1, Bok + 1)]t

for (a1, B1), (a2, B2) € (0,00) x (0,00) and £ € [0,1].
This implies that

o0 1 -
T<> o [Blaik + 1, Bik + 1)] "' [Blask + 1, B2k + 1)]'
k=1

< Z l[B(oqk +1, Bk + 1)]1“[B(a2k £ 1,k + 1))

A

k
1-t
= |:Z l'([B(Ollk + 1, ﬂ]k + 1)]1_t)11t:|

k=1 """

Page 18 of 19
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=

x [Z l!([B(azk +1,8k+1)])

1-t

|3 LBk + 1, ik + )]

t

x Z %[B(ouk +1,Bk+1)] |,
k=1

where for the last inequality we used Holder’s inequality with p = ﬁ and g = %, for which

we have }7 + é =1with p,q > 1.
Therefore, we have

F((l - t)()[l + Loy, (1 - t),Bl + tﬂg) -1

< [Flar, B1) - 1]1_t[F(052»/32) - 1]t

fOI' ((Xl) ﬂl)) ((XZ) ﬂZ) S (01 OO) X (01 OO) and te [0; 1]'
This proves the statement. d
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