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1 Introduction

In the following, consider a closed and bounded convex subset D of R?. Define by

Ap = ” dxdy
D

the area of D and by (xp, yp) the center of mass for D, where
X5 = H xdxdy, Vpi= — ” dxd
D= Yo Ypi= o || ydxdy.
D D

Consider the function of two variables f = f(x, y) and denote by g-i the partial derivative with respect to
the variable x and by g—{, the partial derivative with respect to the variable y.
In the recent paper [9], we obtained the following Hermite—Hadamard type inequalities.

Theorem 1.1. Let f: D — R be a differentiable convex function on D, a closed and bounded convex subset
of R? surrounded by the smooth curve 0D. Then for all (u, v) € D we have

d . _
%(u, V)(Xp - u) + g—’;(u, v)¥p - V) + flu,v) < AiD ”f(x, y)dxdy
D

1 1
< gf(u, V) + 34, aCJ) (v - »)f(x, y)dx + (x - w)f(x, y)dy].
D
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In particular,

I |
FOD.,75) < - g fox, y)dxdy
< L L Vo d Xp d
< §f(xD, yp) + 34, 4)[()/1) - Vfx, y)dx + (x = xp)f(x, y)dy].
oD

We also have the following corollary.

Corollary 1.2. With the assumptions of Theorem 1.1, we have

. 1
05, V5) < 4= ” f(x, y)dxdy
D

1 Vn —
< _ZAD CJ;[()/D - Wf(x, y)dx + (x - xp)f(x, y)dy].
oD

Some examples for rectangles and disks on the plane were also provided in [9].
The case of a convex function defined on a convex body in the space was considered in [10], where we
obtained the following result.

Theorem 1.3. Let B be a convex body in the three-dimensional space R> bounded by an orientable closed sur-
face 0B and let f : B — C be a continuously differentiable function defined on an open set containing B. If f is
convex on B, then for any (u, v, w) € B we have

s vowy + 6 - w T o TEB gy )
1
< B [ﬂ fx,y, z)dxdydz

[ ”(x - wf(x,y,z)dy ndz

oB

1 1 1
< Zf(u,v, w) + Zm

+ ”(y -Vflx,y,2)dz A dx + ”(z - wW)f(x, y, z)dx A dY]’

0B 0B
where

_ 1

Xg := W ”J xdxdydz,
B

V5 e ”] dxdydz

yB o V(B) y y ’
B

e — m dxdyd

ZB = W V4 ydz.
B

In particular, we have

1
V(B)

J” fx,y, z)dxdydz

B

f(xXB,¥B,ZB) <

< 1A%, 75, 75) + %% [ﬂ (x~ XB)f(x, v, 2)dy A dz
oB
¥ jj (v~ VB, v, 2)dz A dx + jj (z - Z3)f(x, y, 2)dx A dy .

oB oB

We also have the following corollary.
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Corollary 1.4. With the assumptions of Theorem 1.3,

@ J’” fx,y, z)dxdydz
B

< %m[ l[(x -xp)f(x,y,z)dy Andz + Jsj(y -¥B)f(x, v, 2)dz A dx + Jsj(z -zp)f(x, v, 2)dx A dy|.

Examples for three-dimensional balls and spheres were also considered in [10].
For other Hermite—-Hadamard type integral inequalities for multiple integrals, see [2-8, 11-15, 17-19].
Motivated by the above results, in this paper, by the use of the divergence theorem, we establish some
integral inequalities of Hermite—Hadamard type for convex functions of several variables defined on closed
and bounded convex bodies in the Euclidean space R" for any n > 2.

2 Some preliminary facts

Let B be a bounded open subset of R" (n > 2) with smooth (or piecewise smooth) boundary 0B. Assume that
= (Fy,..., Fy)isasmoothvector field defined in R", or atleastin B U 0B. Let n be the unit outward-pointing
normal of 0B. Then the divergence theorem states (see for instance [16]):

JdideV: IF-ndA, 2.1)
B oB
where

oF
an

divF=V-F= Z

dV is the element of volume in R" and dA is the element of surface area on oB.

Ifn=(ny,...,n,),x=(x1,...,X,) € Band using the notation dx for dV, we can write (2.1) more explic-
itly as
n n
Y j OFk) gy Y | Feoomcoda. 2.2)
~ 0X ]
k= oB

By taking the real and imaginary parts, we can extend the above equality for complex-valued func-
tions Fy, k € {1, ..., n}, defined on B.

If n = 2, the normal is obtained by rotating the tangent vector by 90° (in the correct direction so that it
points out). The quantity tds can be written (dx;, dx,) along the surface, so that

ndA := nds = (dx,, —dxq).

Here t is the tangent vector along the boundary curve and ds is the element of arc-length.
From (2.2) we get for B ¢ R? that

j 0F1(x1, x2)
())(1

0F>(x1, x3)

3 dxidx; = j Fi(x1, x3)dx; - J Fy(1, x2)dxq,
X2

dxidx; + j
B OB OB

which is Green’s theorem in the plane.
If n = 3 and if 0B is described as a level-set of a function of three variables, i.e.,
OB = {x1,X2,x3 € R’ | G(x1, x2, x3) = O},

then a vector pointing in the direction of nis grad G. We shall use the case where G(x1, x2, x3) = x3 — g(x1, X2),
(x1, x2) € D, and a domain in R? for some differentiable function g on D and B corresponds to the inequality
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X3 < g(x1, x2), namely
= {(x1, X2, X3) € R’ | x3 < g(x1, x2)}.
Then
_ (=8x,-8%,1)
(1+g3 +g2)v2’
A=(1+gz, +8x,)"?dxidxa,
ndA = (=8x,, —8x,» 1)dx1dx;.

From (2.2) we get

j(aF1(X1,X2,X3) N 0F>(x1, X3, x3) . aF3(X1’X2’X3))dX1dxzdx3

X1 X3 0Xx3
B

- J F1(x1, X2, 8(X1, X2))8x, (X1, X2)dx1dx; - I F1(x1, X2, 8(X1, X2))8x, (X1, X2)dx1dx>
D

D

+ IF3(X1:XZ,g(XhXZ))dxldXZ, (2.3)

D

which is the Gauss—0Ostrogradsky theorem in the space.
Following Apostol [1], we can also consider a surface described by the vector equation

—> — —
rw,v)=x1(u,v)i +xu,v)j +x3(u,v)k,

where (u, v) € [a, b] x [c, d].

If x1, x2, x3 are differentiable on [a, b] x [c, d], we consider the two vectors
or _ aXl—i>+ aXZ—) aX3—k>
ou du ou’ T ou

and
or axl—i>+ axz—)+ ax3—k>

v av ! T

The cross product of these two vectors 2 a a ' will be referred to as the fundamental vector product of the
representation r. Its components can be expressed as Jacobian determinants. In fact, we have (see [1, p. 420])

0X> 0X3 0X3 0X1 0X1 0X>
or or ou ou |, ou ou |, ou ou |
— X— = i+ j+ k
UV oy an|  fan au|  |aw o
ov ov ov ov ov ov

_ 0, x3)— 03, x1)= 0, X2)
o, v) ow,v) ’ T o, v
Let 0B =r(T) be a parametric surface described by a vector-valued function r defined on the box
T = [a, b] x [c, d]. The area of 0B denoted by Ayp is defined by the double integral (see [1, pp. 424-425])

“ﬁ X —l|dudv

I
b d
o o

We define surface integrals in terms of a parametric representation for the surface. One can prove that
under certain general conditions the value of the integral is independent of the representation.

Let 0B = r(T) be a parametric surface described by a vector-valued differentiable function r defined on
thebox T = [a, b] x [c, d] and let f : 0B — C be defined and bounded on 0B. The surface integral of f over 0B
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is defined by (see [1, p. 430])

-

oB

flxa, Xz,X3)||% X %“dudv

[V N
Of———a, O

foau, v), xa(u, v), x3(u, v))

o(x2, x3) o(x3, X1) o(x1, X2)
V(e ;z;,’;; ) (L) gy,

If 0B = r(T) is a parametric surface, the fundamental vector product N = § x % is normal to 0B at each
regular point of the surface. At each such point there are two unit normals, a umt normal nq, which has the

same direction as N, and a unit normal n,, which has the opposite direction. Thus

n—N and n, =-n
TN S

Let n be one of the two normals n; orn,. Let also F be a vector field defined on 0B and assume that the surface

integral
U (F-n)dA,
OB

called the flux surface integral, exists. Here F - n is the dot or inner product.
We can write (see [1, p. 434])

(F-n)dA =+ b dF(r(u v)) E dudyv,
| J] )

oB

@, »

where the sign “+
If

is used if n = n; and the “~” sign is used if n = n,.

— — —
F(x1,%2,x3) = F1(x1, X2, x3) 1 + Fa(x1,%2,%3) j + F3(x1,x2,x3)k

and . . .
r(u,v) =x1(u,v)i +x(u,v)j +x3(u,v)k, where(u,v)ce€|a,b]x]|c,d],

then the flux surface integral for n = n; can be explicitly calculated as (see [1, p. 435])

b d
”(F n)dA = JJF1(X1(u,V),Xz(u,V),X3(u,V))%dudv

b d

+ J JFz()q(u, v), x2(u, v), x3(u, v»%dudv
b d N

+ J JF3(X1(U: V), x2(u, v), x3(u, v»%dud%

The sum of the double integrals on the right-hand side is often written more briefly as (see [1, p. 435])

JJ Fl(Xl, Xz,X3)dX2 N dX3 + jj F2(X1,X2,X3)dX3 A\ dX1 + JJ F3(X1,X2, X3)dX1 AN dXz.
oB oB oB

Let B ¢ R? be a solid in the 3-space bounded by an orientable closed surface 0B, and let n be the
unit outer normal to oB. If F is a continuously differentiable vector field defined on B, we have the Gauss—

Ostrogradsky identity
Jﬂ(divF)dV - ”(F-n)dA.

oB
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If we express
— — —
F(x1,x2,x3) = F1(x1, X2, X3) 1 + F2(x1,X2,x3) j + F3(x1,x2,x3) k,
then (2.3) can be written as

JJJ(aFl(X1,X2;X3) 0F>(x1,x2,x3)  0F3(x1, X2, X3)
+ +
ax1 aXZ aXB

)dx1 dx,dx3

= J:[ F1(X1,X2,X3)dX2 N dX3 + Jj Fz(X1,X2,X3)dX3 ANdxq + Jj F3(xq, X2,X3)dX1 Adx;.
oB oB oB

3 General identities

We have the following identity of interest.

Lemma 3.1. Let B be a bounded open subset of R" (n > 2) with smooth (or piecewise smooth) boundary 9B.
Let f be a continuously differentiable function defined in R", or at least in B U 0B and with complex values. If
ay, B € Cfork e {1,...,n}withY}_; ai = 1, then

n
Jf(X)dx =y J(ﬁk - akxk) J(akxk — BfOnk(x)dA. (3.1)
B k=1 B
We also have .
1 a X
[ roodr =2 ¥ [on-xo L ax- LS [ yosoomeoda (3.2)
3 =¥ =
forallyy € Cwherek € {1,...,n}.
Proof. Letx = (x1,...,Xxy) € B. We consider
Fr(x) = (arxi = B)f0),  kefl,...,n},
and take the partial derivatives ok, = (" to get
OF(x) L Of(x)
o arf() + (arxx — Br) o’ kefl,...,n}
If we sum this equality over k from 1 to n we get
OF L 0 0
Z k(x =Y aflx) + Z arXi = Pi ) f(x) = flx) + Z(aka— af(x) (3.3)
k=1 k=1 k=1 Xk
forall x = (x1,...,xn) € B.
Now, if we take the integral in equality (3.3) over (x4, ..., X,) € B, we get
n aF n
J ( Z ak(x))dx = Jf(x)dx+ Z “(akxk ) f(x)] (3.4)
e 9%k k=13
B B
By the divergence theorem (2.2), we also have
1 OFi(x L
[ (Y % )ax= Y [ @ - poseonooda. (3.5)
ko1 9%k k=1
B OB

By making use of (3.4) and (3.5), we get

jf(x)dx + 3 [l -0 2 ax= 3 [ @ - pofeomooda,

k=1p k=15p
which gives the desired representation (3.1).
Identity (3.2) follows by (3.1) for ay = % and B = %Yk, kef{1,...,nh. O
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For the body B we consider the coordinates for the center of gravity

GB = G(m, e ’m)
defined by
_ 1
XB.k := W Jxkdx, ke{1,...,n},
B
where
V(B) := dex

B
is the volume of B.

Corollary 3.2. With the assumptions of Lemma 3.1, we have

If(X)dx =y Iak(xB K= X105 f( )

B k=1p

X+ ) J ax(xx = XB,K)fO)nK(x)dA
k:la

and, in particular,

Jf(X)dx = % Y I(XB - Xk) af)((i) - Z J’(Xk = Xg,)f)ni(x)d

B k=1p = 158

The proof follows by (3.1) on taking By = axxg x, k € {1,...,n}.
For a function f as in Lemma 3.1 above, we define the points
9f(x)
.[B Xk OXy dX
XBLofk = 3y 5 ke{1,...,n},
B axk dX

provided that all denominators are not zero.

Corollary 3.3. With the assumptions of Lemma 3.1, we have

[ fooax= ¥ [ awtxe - xaopafomicoda

B k=15p

and, in particular,
n

Jf(X)dx = % > I(Xk — XB,o,)fOOMK(X) dA.

B k=15p
The proof follows by (3.1) on taking fi = axXp,ofk, k € {1, ..., n}, and observing that
S of(x n
> [t a0 T = 3 i fxmarsc -0 L ax - .
k=1g OX

=1 g

For a function f as in Lemma 3.1 above, we define the points

Jop XxfOONK()AA
Jo fOOm)dA

provided that all denominators are not zero.

ef{l,...,n},

X()B,f’k =

Corollary 3.4. With the assumptions of Lemma 3.1, we have

Jf(X)dx =y Jak(XaB,f,k —Xk)a;)((xk) dx

B k=1p

and, in particular,

:slr—\

[ fooax =23 [oxonu-x0 L2 ax
B B

k=1

73
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The proof follows by (3.1) on taking i = axxap,f,k, k € {1, ..., n}, and observing that

Y [ (@i - Bofeonieada = 3, ax [ (= xon, o foome(da = .

k:laB k=1 SB

4 Inequalities for convex functions

We have the following result that generalizes the inequalities from Section 1.

Theorem 4.1. Let B be a bounded convex and closed subset of R" (n > 2) with smooth (or piecewise smooth)
boundary 0B. Let f be a continuously differentiable convex function defined on an open neighborhood of B.

Then for ally € B we have

« Of(y) 1 1
o)+ Y S0 < gy [ oo < o e g Y gy [ v yofomoda
= B = OB
In particular,
f(Gp) jf(x xs Gy + —— Y oL [ on - xEsoonecoda
B_V(B) Pl nr1 &) ) TR k ’
OB
where Gp € B is the center of gravity for B, i.e., Gg := G(XB,1, ..., XB.n)-
Proof. Since f: B — R is a differentiable convex function on B, for all x = (x1,...,Xn),y = V1, ..

we have the gradient inequalities

of(x)
0Xj

e af(y) - yu) < 00 - 1) < y

k= k=1

Xk = Yi)-

Taking the integral mean ﬁ IB in (4.3) over the variable x € B, we deduce

V(B)

& Ofy) (1 y L (I
) (v j xedx - yi) < V(B)jf(xmx f) < Z—j o Oxk =y

| 0Xk = V(B) 3

From equality (3.2) we get for yx = yi, k € {1, ..., n}, that

n

[fooax=1 3 [ 02 Daxs 23 [on-yoftomaa,
B

n

k=1g k=135
namely
> [yl dx= ¥ [ -yt - n [ fxdx.
k:1 k:laB B
Since .
Z o) ( ! ijdX Yk ) Z oY) (XB,k - Yi)
k=1 B k=1
and
L1 of(x) L 1
== (X = yi)dx = (X = yif)nk(x)dA — n—— | flx)dx,
,Zl V(B) ,[ ,(Zl V(B) J V(B) j

by (4.4) we get

V(B)

n 1 1 1
kzl of(y) (Ko — Vi) < V) J fo)dx - fy) < zl 5} J(xk YifOOnk(x)dA — n—— J flx)dx.
= oB

(4.1)

(4.2)

.,¥Yn) €B

(4.3)

(4.4)

(4.5)
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Now, from the first inequality in (4.5) we get the first inequality in (4.1).
The second inequality in (4.5) can be written as

1

V(B) jf(x)dx + —

- 1
T jf(x)dx <+ ¥ 75 JB (0 = YOS OMK(0dA,

which is equivalent to the second part of (4.1).

Corollary 4.2. With the assumptions of Theorem 4.1, we have

V(lB) jf(x)dx % Z V_l j(Xk - XB,0fOnK(x)dA.
k= oB
Proof. From (4.2) we have

n

1 1 —
T jf(x)dx () 4 T L T | e TR 0dA.
oB

Since 1
6B < 555 l!f(x)dx,

we obtain

1 2 V@) V(B) I (i = X )fOni(x)dA

k=1

n

! Jf(X)dH ) . j(xk—m)ﬂx)nk(x)dA.

V(B)

By (4.7) and (4.8), we get

1 1 1 &1 .
V(B) Jf(x)dx =n+1V®B) Jf( tor1 1;1 W(J (X = XB,I)f(X)nK(x)dA,
B B

which is equivalent to (4.6).

Corollary 4.3. With the assumptions of Theorem 4.1 and for (X3pf,1,- .., XoB,f>n) € B, we have

of(y)
OXk

fXoB,fs15 s XoB,fon) + Z

(XB,k = XoB,f>k ) < fodx <
P Bl ton V(B>j

The proof follows by (4.1) observing that

o1
Y 7@ [ 60— xan o fo0omi0da - o.
= oB
We also have the following result.

Corollary 4.4. With the assumptions of Theorem 4.1, if we define

1
mjykds, ke{l,...,n},
oB

SoB,k =

where A(0B) is the area of the surface 0B, then we have the inequality

of(y)
1G5 jf(y) ZA(aB) j S (G ~yids

Jf(X)dx
B

1
“n+1 A(aB)

V(B)

A

[ s+ 25 3 g [ - Samnfeonicoda.

n+1
3B k=1 3B

— 75

(4.6)

(4.7)

(4.8)

1
XOB.fsls«-+sXOB.fon ).
+1f( OB,f>1 OB,f>n)

(4.9

(4.10)
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Proof. If we take the integral mean
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aB) .[bB( )dS over the variable y € 0B, then we get

1 - of(y)
A(aB) Jf(y) A(0B) aL ( Oxx - (XBk —J'k)>dS
= V(B) j fodx
1 n
TS A(aB) Jf(y) n+1 A(aB) J g V— J(Xk —J'k)f(x)nk(x)dA) . (4.11)

Now, observe that

) -0 )dS = ). o | f(y)(ka_yk)ds

A©B) ) \ & “ox & AGB) )
and
(Y [ o= yoreonnda )as
A(0B) = V(B
OB OB
L1 1
= 1;1 mm J ( I(Xk - J/k)f(X)"k(X)dA>dS
dB 0B
= i L J( X J yde)f(x)nk(x)dA (by Fubini’s theorem)
&= V(B) iB (0B)
L |
=Y 75 [ - samsomnda (by (4.9)).
k=1 oB
By making use of inequality (4.11), we then obtain the desired result (4.10). O

Remark. By taking n = 2 in the above inequalities, we recapture some results from [9], while for n = 3 we
obtain results from [10]. The details are omitted.
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