VICTORIA UNIVERSITY

MELBOURNE AUSTRALIA

Post-quantum trapezoid type inequalities

This is the Published version of the following publication

Latif, MA, Kunt, Mehmet, Dragomir, Sever S and Iscan, Imdat (2020) Post-
quantum trapezoid type inequalities. AIMS Mathematics, 5 (4). pp. 4011-4026.
ISSN 2473-6988

The publisher’s official version can be found at
http://www.aimspress.com/article/10.3934/math.2020258
Note that access to this version may require subscription.

Downloaded from VU Research Repository https://vuir.vu.edu.au/41570/



AIMS Mathematics, 5(4): 4011-4026.
AIMS Mathematics DOI:10.3934/math.2020258
% : Received: 17 October 2019
o Accepted: 16 April 2020
http://www.aimspress.com/journal/Math Published: 27 April 2020

Research article

Post-quantum trapezoid type inequalities

Muhammad Amer Latif', Mehmet Kunt?, Sever Silvestru Dragomir>* and Imdat Iscan®*

! Department of Basic Sciences, Deanship of Preparatory Year, King Faisal University, Hofuf 31982,

Al-Hasa, Saudi Arabia

Department of Mathematics, Faculty of Sciences, Karadeniz Technical University, 61080, Trabzon,
Turkey

Mathematics, College of Engineering & Science, Victoria University, PO Box 14428, Melbourne
City, MC 8001, Australia

School of Computer Science & Applied Mathematics, University of the Witwatersrand, Private Bag
3, Johannesburg 2050, South Africa

Department of Mathematics, Faculty of Sciences and Arts, Giresun University, 28200, Giresun,
Turkey

* Correspondence: Email: m_amer_latif @hotmail.com; Tel: +966565329016.

Abstract: In this study, the assumption of being differentiable for the convex function f in the
(p, 9)-Hermite-Hadamard inequality is removed. A new identity for the right-hand part of (p, g)-
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1. Introduction

Quantum calculus or briefly g-calculus is a study of calculus without limits. Post-quantum or
(p, q)-calculus is a generalization of g-calculus and it is the next step ahead of the g-calculus.
Quantum Calculus is considered an incorporative subject between mathematics and physics, and
many researchers have a particular interest in this subject. Quantum calculus has many applications in
various mathematical fields such as orthogonal polynomials, combinatorics, hypergeometric
functions, number theory and theory of differential equations etc. Many scholars researching in the
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field of inequalities have started to take interest in quantum calculus during the recent years and the
active readers are referred to the articles [2,3,7-9,11,12,16,17,21,24,25,27-29] and the references
cited in them for more information on this topic. The authors explore various integral inequalities in
all of the papers mentioned above by using g-calculus and (p, g)-calculus for certain classes of convex
functions.

In this paper, the main motivation is to study trapezoid type (p, g)-integral inequalities for convex
and quasi-convex functions. In fact, we prove that the assumption of the differentiability of the
mapping in the (p, g)-Hermite-Hadamard type integral inequalities given in [12] can be eliminated.
The relaxation of the differentiability of the mapping in the (p, g)-Hermite-Hadamard type integral
inequalities proved in [12] also indicates the originality of results established in our research and these
findings have some relationships with those results proved in earlier works.

2. Preliminaries

The basic concepts and findings which will be used in order to prove our results are addressed in
this section.
Let I C R be an interval of the set of real numbers. A function f : I — R is called as a convex on 1,
if the inequality
fax+(A -y <tf )+ A -0 f)
holds for every x,y € I and ¢ € [0, 1].
A f : I — R known to be a quasi-convex function, if the inequality

flx+ =0y <sup{f(x),fO}

holds for every x,y € I and ¢ € [0, 1].
The following properties of convex functions are very useful to obtain our results.

Definition 2.1. [19] A function f defined on I has a support at x, € I if there exists an affine function
A (x) = f(x9) + m(x — xo) such that A (x) < f(x) for all x € 1. The graph of the support function A is
called a line of support for f at x.

Theorem 2.1. [19] A function f : (a,b) — R is a convex function if and only if there is at least one
line of support for f at each x, € (a, b).

Theorem 2.2. [4]If f : [a,b] — R is a convex function, then f is continuous on (a, b).

Perhaps the most famous integral inequalities for convex functions are known as Hermite-Hadamard
inequalities and are expressed as follows:

b
f(a+b)stf(t)dts M’ (2.1)
b—a 2

2

where the function f : I — R is convex and a,b € [ witha < b.

By using the following identity, Pearce and Pecari¢ proved trapezoid type inequalities related to the
convex functions in [18] and [6]. Some trapezoid type inequalities related to quasi-convex functions
are proved in [1] and [9].
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Lemma 2.3. [6] Let f : I° C R — R be a differentiable mapping on I° (I° is the interior of I), a,b € I°
witha < b. If f' € L|a, b), then the following equality holds:

fl@+fb)
2

b 1
! ff(t)dt:bif(l—2t)f’(ta+(1—t)b)dt. (2.2)
b-a 2
a 0

Some definitions and results for (p,g)-differentiation and (p, g)-integration of the function
f :la,b] — R in the papers [12,22,23].

Definition 2.2. Let f : [a,b] — R be a continuous function and 0 < g < p < 1, then (p, q)-derivative
of f att € [a, b] is characterized by the expression

1_ j— 1_
Dt 0 =T é?;Jﬁy( 29

The function f is said to be (p, q)-differentiable on [a, b), if .D,,f (t) existsforallt € [a,b]. It should
be noted that

# a. 2.3)

aDp,qf (@) = 11_1;1;11 aDp,qf @ .
It is clear that if p = 1 in (2.3), then

_ 1 —
D, f (1) = AU, (1f_(qqt);(_a) DD sa (2.4)

aqu (@) = 111_{12 aqu (@)
the g-derivative of the function f defined on [a, b] (see [16,21, 25, 26]).
Remark 2.1. If one takes a = 0 in (2.3), then oD, f (t) = D,,f (t) , where D, f (¢) is the (p,q)-
derivative of f att € [0, b] (see [5, 10,20]) defined by the expression

D,.f () = W, r#0. (2.5)

Remark 2.2. If fora = 0 and p = 1 in (2.3), then oD,f(x) = D,f(t) , where D,f (t) is the
g-derivative of f at ¢ € [0, b] (see [15]) given by the expression

D,f (1) = f((?:—i;)(t‘m, £ #0. (2.6)

Definition 2.3. Let f : [a,b] — R be a continuous function and 0 < g < p < 1. The definite
(p, q)-integral of the function f on [a, b] is defined as

b
q' q' q"
ff(t) adpgt =(p—q)(b—a) ZO p,mf(pn+1 b+ (1 - pn+1)a) (2.7)

If c € (a, b), then the definite (p, q)-integral of the function f on [c,b] is defined as

b b c
ff(t) adp,qt = ff(t) adp,qt _ff(t) adp,qt . (28)

AIMS Mathematics Volume 5, Issue 4, 4011-4026.



4014

Remark 2.3. Let p =1 be in (2.7), then

b
f F@) dt == (b-0) Y ¢'f @b+ (1~ q")a) (2.9)
n=0

the definite g-integral of the function f defined on [a, b] (see [16,21,25,26]).

Remark 2.4. Suppose that a = 0 in (2.7), then

b b
f F@) odpgt = f F) dypgt =(p—q)bz;,{+1f(pzﬂb) (2.10)
0 0 n=0

the definite (p, g)-integral of f on [0, b] (see [20,22,23]). We notice that fora = 0 and p = 1 in (2.7),
then

b b
[ 10wt = [ 70 dt =-0bY ¢ ) @1
0 0 n=0

is the definite g-integral of f over the interval [0, b] (see [15]).
Remark 2.5. When we take a = 0 and p = 1, then the existing definitions in the literature are obtained,
hence the Definition 2.2 and Definition 2.3 are well defined.

Quantum trapezoid type inequalities are obtained by Noor et al. [16] and Sudsutad [21] by applying
the definition convex and quasi-convex functions on the absolute values of the g-derivative over the
finite interval of the set of real numbers.

Lemma 24. Let f : [a,b] C R — R be a continuous function and 0 < g < 1. If ,D,f isa
g-integrable function on (a, b), then the equality holds:

b
1 qf @ + f (b)
— f F@ adgt === -
1
b —
:‘Q(an)f(l—(uq)t) oDgf Wb+ 1 =Db) odyt .
0

The (p, g)-Hermite-Hadamard type inequalities were proved in [12].

Theorem 2.5. Let f : [a,b] — R be a convex differentiable function on [a,b] and 0 < g < p < 1. Then

we have
b e f(a) + pf (b)
qa+p qf (@) +p
< (x) dp,x < —.
f(P+CI) p(b—a) / P p+q

a

(2.13)

In this paper, we remove the (p, ¢g)-differentiability assumption of the function f in Theorem 2.5
and establish (p, g)-analog of the Lemma 2.4 and Lemma 2.3. We obtain (p, g)-analog of the trapezoid
type integral inequalities by applying the established identity, which generalize the inequalities given
in [1,6,9,16,18,21].
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3. Main results

Throughout this section let I C R be an interval, a, b € I° (I° is the interior of /) with a < b (in other
words [a,b] € I°) and 0 < g < p < 1 are constants. Let us start proving the inequalities (2.13), with
the lighter conditions for the function f.

Theorem 3.1. Let f : I — R be a convex function on I and a,b € I° with a < b, then the following
inequalities hold:

pb+(1-p)a
g4+ pb 1 qf (@) + pf (b)
f(,,+q)5p(b_a) FO) alpgx < =2

a

(3.1)

Proof. Since f is convex function on the interval /, by Theorem 2.2 f is continuous on /° and [a, b] C
I°, the function f is continuous on [a, b]. By using Theorem 2.1, there is at least one line of support

for f at each x; € (a, b). Since xy = % € (a, b), using Definition 2.1
+ pb + pb
14u):f(W’ p)+n%x—qa P )sf@j (3.2)
P+ p+q

For all x € [a, b] and some m € [ f (%)  fh (%)]. In the proof of the Theorem 2.5 the authors
used the tangent line at the point of xy = %. Similarly, using the inequality (3.2) and a similar
method with the proof of the Theorem 2.5 we have (3.1) but we omit the details. Thus the proof is
accomplished. O

We will use the following identity to prove trapezoid type (p, g)-integral inequalities for convex and
quasi-convex functions.

Lemma 3.2. Let f : I° C R — R be a continuous function on I° and a,b € I° witha < b. If ,D,,f
is continuous on |a, b, then the equality:

e £ +af @
p +qj(a
p(b—a) F ) adpgx = p+q

a

(3.3)

_qb-a

1
o Of (L= (p+ Q1) aDyuf (th+(1=1)a) odyyt

holds.

Proof. Since f is continuous on /° and a, b € I°, the function f is continuous on [a, b]. Hence, clearly
a<pb+(1-pla<bfor0< p < 1and]apb+(1-p)a] C [a,b]. Hence f is continuous on
[a, pb + (1 — p) a] and hence according to the condition of the Definition 2.3, the function f is (p, q)-
integrable on [a, pb + (1 — p) a]. This means that the (p, g)-integral

pb+(1-p)a

f (X) adp,qx
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is well defined and exists.
Since f is continuous on [a, b]. Hence from Definition 2.2, f is (p, g)-differentiable on [a, b]. Thus
the (p, g)-derivative of f given by the expression

[f(pltb+ (1 -0al+ (1 -p)a)- f(qltb+ (1 -1)al+ (1 -q)a)]
p-@ltb+(1-ta-ad]
_ fptb+ (A - ptya) - fgrb + (1 ~ gt a) 120
t(p—q)(b-a)

aDpgf b+ (1 -1t)a) =

(3.4)

is well defined and exists.
Since (1 — (p + g) t) is continuous on [0, 1] and ,D,,f is continuous on [a, b], then

A=(p+1 Dpyf b+ (1-1)a)
is continuous on [0, 1] and from Definition 2.3. Thus (1 —=(p +q)t) D,.f @b+ (1 —-1)a) is (p,q)-
integrable on [0, 1] and the (p, ¢)-integral

1

f(l — P+t Dy, fb+(1-0Da) od,,t

0

is well defined and exists.
By using (2.7) and (3.4), we get

(b a)

f(l—(p+q)t) aDpgf b+ (1 =1)a) od,4t

:q(b—a)fl(l_(p+q)t)f<ptb+<1—pt)a)—f(qrbm—qr)a)

p+q t(p—q)(b-a oyt
q f(ptb+(1—pt)a) f(gtb + (1 —qt)a)
Odp,q
p +q (p q) t
(p+q)

- ff(ptb+(1—pt)a)—f(qtb+(l—qt)a) odpqt
P—q )

1 1
Sf(ptb+(1-pt)a) flgtb+(1-gt)a)
q f% Odﬁaqt - f% Odp,qt

= —_ 1 1
PHOW=D| (i) [fpib+ (1= pya) odyyt 40 [ Flab (1 -a00) o
0

Sof (Gb+ (1= %)a) = 2o f (b + (1 - L) a)
~(p+ ) Tl n+1f(qb+(l—p—:)a)
+(p+ ) Nig L f (Lb+ (1 - £5)a)

__ 4
(r+q

AIMS Mathematics Volume 5, Issue 4, 4011-4026.
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_q |[ro-r@- <"+‘”zno;f( b+ (1-%)a)
(p+9 D e (iiilb+(1—;§iiii)a)

“Gral - f()‘(pwf“’) (pW)Zq—f(—n +(1‘q—n)”)
pt ptA\p V4
(p+q) ( +(1_q"“ .

n_len+1 n+1 pn+1
_ g —f(a)—§f(b) B S0 (550 + ( —q—Z)a)]
(p+q) I (Zb+(1—;§—2)a
(p+9q) (p+q))°° q" (61" ( q"))
—~=f(b) - Ll =b+(1-%
(p+q) @ f() ( p q Z{ i p)e
P+ (p+o) T
p pt+q ptq
= — _ = b— —_ ad
vra| PP ( g )(p—q)(b—a) &) ”x}
e £ () +qf @)
+ a
pGmp ) O e - T
This completes the proof. O

Remark 3.1. The subsequent observations are important to note from the result of Lemma 3.2:

1. If p = 1, we recapture Lemma 2.4,
2. If p=1and g — 17, we recapture Lemma 2.3.

We can now prove some quantum estimates of (p, g)-trapezoidal integral inequalities by using
convexity and quasi-convexity of the absolute values of the (p, g)-derivatives.

Theorem 3.3. Let f : I° C R — R be a continuous function on I° and a,b € I° with a < b such that
aDpqf is continuous on |a,

aDpgf |r is a convex function on |a, b] for

r>1, then
P ) +af @
pfb)+qf(a
— oy gx — 1 3.5
p(b-a T adpar p+q )
1
q(b-a) 2(p+q—1)]1‘r .
< V1P D | aDpaf B) | +72(p, @) | aDpyof
p+qa | (p+q’ i raf ®) | +7: P4 |
holds, where
q[(p3—2+2p)+(2p2+2)q+pq2]+2p2—2p
Y1 (p,q) =
(p+ 9’ (P> + pg+q?)
and
q|(5p° - 4p* - 2p +2) + (6p> —4p - 2) g + 5p - 2) ¢* + 2¢°| + (2p* - 2p* - 2p* + 2p)
Y2 (P»q) = .

(p+9)° (P*+ pg+q?)

AIMS Mathematics Volume 5, Issue 4, 4011-4026.
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Proof. Taking absolute value on both sides of (3.3), applying the power-mean inequality and by using
aDp,qfr for r > 1, we obtain

| pb+(1-pla b
o FO adpex _W (3.6)

Dpof Wb+ (1=1)a) | od

1 1
-7 /1 ¥

q(b—a) r !
p+qa [fll—(p+q)tl odpqt] [ Dyof b+ (1 -1a) | od,,,qt]
0

(b-a)
_"p+q“ [f|1—<p+q)t| ody gt ]

1
Dpaf @ | f (L=D11 = (p+tl odpyt
0

1
1=

1
r

P9

1
Dyt B | f
0

We evaluate the definite (p, g)-integrals as follows

1

f L=+l odpyt = f (U= (p+@)D) odpgt — f A=(p+@D odpgt  BT)
0 0 1

2 -1
:zf(l—(lH'CI)l) odp 4t —f(l—(p+q)t) odp gt :(l”—qZ)
0 0 (p+q
1 ] 1

fr|1—<p+q>r| oyt :2f”“’r<1—<p+q>t> ot —fr(1—<p+q>t> odpgt  (3.8)
0

0 0

_2p°+2pq+2¢° -2p-2q -p4q
P+’ (P +pg+q?) P+ (P> +pg+4q?)
_Pa+2p°¢ +pq’ +2p” +2pq + 2¢° — 2p — 2
P+ (P*+pg+q°)

~ q[(p3—2+2p)+(2p2+2)q+pq2]+2p2—2p _
) (p+a)* (p? + g +q?) “rn

AIMS Mathematics Volume 5, Issue 4, 4011-4026.
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and
1 1 1
[a-oi-0ran = [1-Grad s - [1-Gron dpt 69
0 0 0
2(p+q-1) |Pa+20°¢ + pg +2p7 +2pg + 247 - 2p - 24|
Y (P +9’ (P + pg + )
q|(5P° —4p* —2p+2) + (6> - 4p - 2) g + 5p - 2) ¢* + 2¢°| + (2p* - 2p* - 2p* + 2p)
- (p+a) (P*+ pg+ q*)
=7 (P.q9.
Making use of (3.7), (3.8) and (3.9) in (3.6), gives us the desired result (3.5). The proof is thus
accomplished. O

Corollary 3.1. We can get the following subsequent results from (3.5) proved in Theorem 3.3:

(1). Suppose p = 1 and r = 1, then we acquire the inequality proved in [21, Theorem 4.1] (see
also [13, inequality (5)]):

b= e (3.10)

b
atq

g (b-a)
S+ (l+g+q)
(2). Letting p = 1, provides the inequality established in [16, Theorem 3.2] (see
also [14], [21, Theorem 4.2] and [13]):

[1+4g+@*|| aDuf ®) | +|1 434> +26°|| uDyf (@ |].

1=-1

2q
(1+¢g)*

b
1 qf (@) + f (b)
e R R v

{ q[l+4q+q2] q[1+3q2+2q3]

Sqw—m
1+¢

(3.11)

r
+

aDqf ()

aDqf (a)

1+ (1+q+¢ 1+ (1+g+¢
(3). Taking p = 1 and letting ¢ — 17, gives the inequality proved in [18, Theorem 1]:

b
1‘fﬂww_f@+f®

1
-
-

. (b — a) [|f’ (@I +|f’ (b)|r]r‘ (3.12)

(b—a) 2 4 2

(4). Suppose r = 1, p = 1 and letting ¢ — 1~, we obtain the inequality proved in [6, Theorem 2.2]:

b
wimffmwFf@+ﬂmS®—@WWM+V®M

8

> (3.13)

AIMS Mathematics Volume 5, Issue 4, 4011-4026.
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Theorem 3.4. Let f : I° C R — R be a continuous function on I° and a,b € I° witha < b. If ,D,,f
vaf |r is a convex function on [a, b] for r > 1, then

e Fb) +qf @
p +qj (a
s | 00 e S G
q(b—a) C il aPoaf @) [ +(p+q
< p+q [')’3(17’%5)] ( p+q s
where )

%@%@=]ﬁ—@+@ﬁo%ﬂ

0

and % + % =1
Proof. Taking absolute value on both sides of (3.3), applying the Holder inequality and using the

aDpyf |r for r > 1, we get

I ®) + 4f @
+
P fﬂ f@)ﬂhﬂ?—pf<p+zfa (3.15)

“

L4b-a
= p+q {fll_(p'i'Q)t' pq J

1 1
oDpgf ) | f Dpuf @ | f (1-1) Od,,,qr}
0 0

1
Dyaf ) | f
0

We evaluate the definite (p, ¢)-integrals as follows

1

1
t od,,t =
J‘Opg P+q

1
ptg-1
1-1¢ d,,t = —.
.[( ) 0pa p+q

By using the values of the above definite (p, g)-integrals in (3.15), we get what is required

Volume 5, Issue 4, 4011-4026.

1
-

P9

7

_qb-a
ptq

P.q

1
l)n%f(a)|r\fﬁ(l-—t) od, gt
0

(y3 (D, ¢ 9)°

and

O

AIMS Mathematics
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Corollary 3.2. In Theorem 3.4;

(1). If we take p = 1, then

ff( wr _qf@+f®) (3.16)
1+¢g
q(b - a) ol Duf @ Y
l+g vs (1 g 9)] [ l1+g '
(2). If we take p = 1 and letting ¢ — 17, then
fa+f®))_ G-a [lf' @ +1f” (b)l']l
dx — . 3.17
(b - )ff() 2 2(s+1) 2 (3.17)

Remark 3.2. The inequality (3.17) has been established in [6, Theorem 2.3].

Theorem 3.5. Let f : I° C R — R be a continuous function on I° and a,b € I° with a < b. Suppose
that ,D,,f is continuous on [a,b], 0 < g <

aDpqf |r is a convex function on |a, b] for

r> 1, then
1 pb+(1-pa F)+ af @
P
p(b—-a) J Q) adpgx - T (3.18)
b-a)2 NE , 1
< q;+qa) (Z:rqq)z )] [ @) Dyaf @ + 72, e

where y1 (p, q), v> (p, q) are defined as in Theorem 3.3 and % + % =1

Proof. Taking absolute value on both sides of (3.3), applying the Holder inequality and using the
aDpof |r for r > 1, we have that

L £ ) +af @
P +qj(a
Sb-a ) adpgx TV (3.19)
b 1
= q; +_qa) f (I=(p+q@1) Dpyf @b+ —-1)a) odp,t
_ 40 1 1 D b+ (1 d
= p+q A=p+@D L=+ Dpof th+(1=1Da) od,,t
L4~ 5 "

Dy f b+ (1 =0a) | odpgt

I-(p+qtl od
p+q fl (p Q)|0pq

-

AIMS Mathematics Volume 5, Issue 4, 4011-4026.
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@l

b —
469 “)Uu—(pwm od
pt+tq

1
Dyaf @ [ f A=D1l = P+l odyyt
0

=

1
Dyaf ) | f =+l odygt +
0

Making use of (3.7), (3.8) and (3.9) in (3.19), gives us the desired result (3.18). The proof is thus
accomplished. 0

Corollary 3.3. The following results are the consequences of Theorem 3.5:

(1). Taking p = 1, we obtain the inequality proved in [16, Theorem 3.3] (see also [14, inequality (8)]):

b
1 qf @+ f®B)| _qb-a)| 29 |
- ff(x) adgX — T+q < +q lisar (3.20)
q[1+4q+q2] q[1+3q2+2q3] r7
1+@°(1+q+4) A+’ (1+q+¢) ’
(2). Taking p = 1 and letting ¢ — 17, we obtain the inequality proved in [18, Theorem 1]:
b
1 f@+f®)|_G-allff O +1f @l
m ff(.X) dx — 5 S T [ 4 ] (321)

Some results related for quasi-convexity are presented in the following theorems.

Theorem 3.6. Let f : I° C R — R be a continuous function on I° and a,b € I° witha < b. If ,D,,f

. . ro. . .
is continuous on |a, aDpyf | is a quasi-convex function on [a,b] r > 1,

then
e F®) +af (@)
P
p(b—-a) SO allpgx == (022)
qgb-a)|2(p+qg-1)
STova | prar ]S { Pral @ |}

Proof. Taking absolute value on both sides of (3.3), applying the power mean inequality and using the
aDMf|r on [a, b] for r > 1, we have that

pb+(1-p)a

1 pfb)+4qf(a)
po-a ) T T
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Dpaf b+ =0a) | odygt

) f
1- d, t
= P+gq [ | (P"‘C])ﬂ 04p.q ]
1
x[fu(pw)r odpgt sup{| oD

P"“]

1-1

r

}]

(b a)
q {fll_(p'i'Q)tl 0 t ]Sup{ aD aDp,qf(b) ”
From (3.7), we have
: 2(p+gq-1
1= (p+ @ tlgdpgt = —— =,
fo YT (p+g)?
Hence the inequality (3.22) is established. O

Corollary 3.4. In Theorem 3.6

(1). If we let p = 1, then:

b
qf (@) + f (D)
b —a) ff(x) adqx _T (3.23)
gb-—a)| 2q
< T+ g (1+q)2 sup{ «D, oDy f (b) |}
(2). If we take p = 1 and letting ¢ — 17, then:
b
f Fax- T TON LD ap i @iir o, 629

Remark 3.3. From the results of Corollary 3.4, we can observe the following consequences

(1). The result of the inequality (3.23) has also been obtained in [16, Theorem 3.4] (see also [14,
inequality (9)]),
(2). The result of the inequality (3.24) was established in [1, Theorem 6] and [9, Theorem 1].

Theorem 3.7. Let f : I° C R — R be a continuous function on I° and a,b € I° witha < b. If ,D,,f

aDpqf |r is a quasi-convex function on |[a, b] for

r > 1, then:
pb+(1-p)a

1 b
= £ adpygx %Zf(") (3.25)
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Lab-a
P+q
where y3 (p, q; s) is as defined in Theorem 3.4 and % + % =1.

Dpaf O}),

[y3 (P q: )] (sup {|.D

Proof. Taking absolute value on both sides of (3.3), applying the Holder inequality and using the

aDp’qf|r on [a, b] for r > 1, we have that

P e Fb) +qf (@
p +qj(a
poms ) O e T

Dpaf b+ (1 =1a) | odyyt

1

fll_(p'i_q)tl pq }

paf (b +(L=0a) | od,gt

q@ a)
- ptgq

=

1

<| 1.0

0

1
s

q(b -
S j\l—@+qﬂ| pa}smﬂ Dpaf @)}
qgb-a) 1
= 29| D D
s 73 (p.q: )] (sup {[. Dpf B)]})
The inequality (3.25) is proved.
Corollary 3.5. In Theorem 3.7;
(1). If p = 1, then we obtain the inequality proved in [9, Theorem 2]:
_qf@+f®)
adyx
(b - L[f() l+qg
q(b @ ol
L1 (Lg: 9] (sup{l.D D, f D))},

(2). If p =1 and letting ¢ — 17, then:

f@+ o)
ffmd— :

(b-a)
2(s+ )

(b —a)

T sup {|f (@I, 1f" (DI}

(3.26)

(3.27)
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