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Abstract. In this paper we establish some trapezoid type inequalities
for the Riemann-Liouville fractional integrals of functions of bounded
variation and of Holder continuous functions. Applications for the g-
mean of two numbers are provided as well. Some particular cases for
Hadamard fractional integrals are also provided.

1 Introduction

Let (a,b) with —oo < a < b < 0o be a finite or infinite interval of the real line
R and « a complex number with Re () > 0. Also let g be a strictly increasing
function on (a,b), having a continuous derivative g’ on (a,b). Following [18,
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p. 100], we introduce the generalized left- and right-sided Riemann-Liouville
fractional integrals of a function f with respect to another function g on [a, b]
by

« 1 g mf(r)adt
Ia+,gf(x) =T L 9 () —g(t)]h"" a<x<b
d
h Iy f(x):= 1 Jb g’ (t)f(t)dt <x<b
T T @ gy g™ T

For g (t) =t we have the classical Riemann-Liouville fractional integrals

« 1 *f(t)dt

Jai f(x) = Mo L (x—t)lf‘x’ a<x<b
and 1T (° f(t)d
N B t) dt

Jo—f(x) == Mo L P a<x<b,

while for the logarithmic function g (t) = Int we have the Hadamard fractional
integrals [18, p. 111]

HE_f(x) = 1r n (X)) FAt Y cx<b

() Jq t t
and . ]
1 t\ 1% f(t)dt
HY f(x) = —— In( — —, 0 b.
s [ [m(3)] T 0
One can consider the function g(t) = —t~' and define the “Harmonic frac-

tional integrals” by

X7 f(t)dt
R% f(x) := <b
arfx) I (o) L (x —t) " tact?’ sxs
and 1 b
x f(t)dt
RY¥ f(x) := J , 0<a<x<b.
° Mo Jx (t—x)' > got]

Also, for g (t) = exp (Bt), B > 0, we can consider the “f-Exponential fractional
integrals”

a<x<b

ES, 4f(x) = J exp (Bt) f (1) dt

I"(ed) Ja [exp (Bx) —exp([&t)]]_“)
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and

<x<b.

x B (" exp(Bt)f(t)at
Ebpf) =7 () J lexp (Bt) — exp (Bx)]*

In the recent paper [14] we obtained the following Ostrowski type inequali-
ties for functions of bounded variation:

Theorem 1 Letf: [a,b] — C be a function of bounded variation on [a,b] and
g be a strictly increasing function on (a,b), having a continuous derivative g’
on (a,b). For any x € (a,b) we have the inequalities

&4, T00) + 186 f00) — mrpy (19 () — g (@)l +[g (b) — g (x)]%) £ (x)
1 |[F dmVihdt (" gV, (fdt
<
NG Ua [g(x) —g (1] ™" +L 9 (th(X)]l"‘}
1 x b
< F g1 |19 (XJ—Q(a)]“\a/(f)Hg (b)—g(X)]“\X/(f)]
[3(9(6) — g (a)) + g (x) — 2B9® [T /2 (1)
1/
T ) (e —g (@)™ + (g (b)—g 6N™) P ((Va (0) T+ (V) )
Mlat1) with p, q > 1, %+é:1;
((9(x) =g (@) +(g(®) =g (x)%) [ V& (A + Vi =VE @],
and

Flat1) (lg(x) =g (a)]* +1g(b) — g (x)I%) f (x)

(
1 UX g () VX (f) dt +Jb gtV (f)dt]
M) [Jalgt)—g(a)]l™™ Jx[gb)—gt)] =

1
r

[3(9(0) = g (@) + |g (x)— L@ 7/ ()
(

1/
(9099 (@)™ + (g (b)—g ()™ P (V2 (1) + (Ve 0)*)
with p, q > 1, é—&—é:l;

((9(x) =g (@) +(g(®) =g (x)%) [3 V& (F) +
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If g is a function which maps an interval I of the real line to the real numbers,
and is both continuous and injective then we can define the g-mean of two
numbers a, b € I as

Mg (a,b) == g_] (W) .

If =R and g (t) =t is the identity function, then My (a,b) = A (a,b) :=
%b, the arithmetic mean. If I = (0,00) and g(t) = Int, then Mg (a,b) =
G (a,b) := Vab, the geometric mean. If I = (0,00) and g(t) = %, then

Mg (a,b) =H(a,b) = czli%, the harmonic mean. If I = (0,00) and g (t) = tP,
p # 0, then Mg (a,b) = M, (a,b) == (apzﬂ)]/p, the power mean with expo-

nent p. Finally, if I =R and g (t) = expt, then

M, (a,b) = LME (a,b) == In (eXPaJreXPb> |

2

the LogMeanFExp function.
The following particular case for g-mean is of interest [14].

Corollary 1 With the assumptions of Theorem 1 we have
[g(b) — g (a)]*
20717 (o + 1)

o1 UMg(a,b) g (1) V! fdt Jb g/ (1) Vi, (o) (1) dt ]
I (o) [g(M g(a,b))—g( )] Mq(a,b)g (t)—g (Mg (a, b)

[0
Ia+,g

f(Mg (a,b)) + Iﬁi,gf(Mg (a,b)) —

and

b _ 04
IaMg(ﬂ»b) '9 fla )+IM9 (a,b)+, gf(b)_w
[t g vt ma o g Vilna
T “ o o= )
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Remark 1 If we take in Theorem 1 x = a+b , then we obtain similar mid-point
inequalities, however the details are not presented here. Some applications for
the Hadamard fractional integrals are also provided in [14].

For several Ostrowski type inequalities for Riemann-Liouville fractional in-
tegrals see [1]-[5], [16]-[27] and the references therein.

Motivated by the above results, in this paper we establish some trapezoid
type inequalities for the generalized Riemann-Liouville fractional integrals of
functions of bounded variation and of Holder continuous functions. Applica-
tions for the g-mean of two numbers are provided as well. Some particular
cases for Hadamard fractional integrals are also provided.

2 Some identities
We have:

Lemma 1 Let f: [a,b] — C be Lebesgue integrable on [a,bl, g be a strictly
increasing function on (a,b), having a continuous derivative ¢’ on (a,b) and
A, L some complex parameters:

(i) For any x € (a,b) we have the representation

1 N i
o Mo —gla)l®+ulg(b) =g (X))

b o/
[ A]dt+J g (t)[f(t)—u]dt] O

19, of0x) + I8 f(x) =

g™ U [gt)—g(x))*

T | (Mg @) —Aldt (g (t)[f(t)—puldt
2
T Ua [g(t) — g ()™ +L 9 (b)—g(t)]]“] )
(ii) We have
g ofla) +1g, 4f(b) 1 A+
J 7 —r(“+1)[9(b)_9(0)] 5
1 P () [fF(t)—Adt | (O g () [f(t) —pldt
3
+2r(0¢) Ua [g(b) —g(t)] L [g(t)—g(a)'” “] ®)
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Proof. (i) We observe that

1T (g (t)[f(t)— A dt
@, 900 —g (1] @
o 1 r g’ (t)dt
= 1§, of(x) 7\r o L ) — g ("
— 13,0 - SRS gy g - L9,

for a < x < b and, similarly,
1 (Pgwlf)—wdt _lg(b)—g(x)”
I («) J g(t)—g ()" Togf(x) Max+1) (5)

for a <x < b.

If x € (a,b), then by adding the equalities (4) and (5) we get the represen-
tation (1).

By the definition of fractional integrals we have

o 1 " Jf(at
5 of(b) = o) L 9 (b) —g(t)]P“) a<x<b
" ¢ aftal = s | S IICE o csy
O () Ja [g(t) — g () =
e L G lg(b) — g (x)
g (If(t)—Aldt g —gx“?\
M (o) L g(b)—g®)]'™ o () Mo+ 1) (6)
for a <x < b and
T (g W) —pldt lgx) —g(a)®
I (o) Ja [g(t)—g(a)'™™ = hgfla) I+ 1) " @)

for a<x <b.

If x € (a,b), then by adding the equalities (6) and (7) we get the represen-
tation (1).

If we take x = b in (4) we get

1 Jb g (Of(t)—Aldt
M) Jo [gb)—g(r)] > 9
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while from x = a in (5) we get

1 ("gFt) —wdt _ _lg(b)—g(a)*
M (o) J 000 —gag el ey e @)
If we add (8) with (9) and divide by 2 we get (3). O

Remark 2 If we take in (1) and (2) x = Mg (a,b) = g~ (M) , then

we get

Ia1of(Mg (a,b)) +I5  f(Mg (a, b))

g (b) — g ()] (””)

b
a+J o' (1)[F(t) — ldt “]

—~ —_ =

T 21T (1)
JW“»") g (1) [f(t) —Ald
«  [g(Mg(a,b))—g

()’

1 A
g (007 (8) + T a,014,6F(0) = Samrp gy 19 (b) — g (a))® <>

ng(a,b) g (V)[f (t) ~Aldt Jb g (1) [f(t) — dt]
a [g(t)—g ()™  IMgaw [g(b)—gt)]

1
T

The above lemma provides various identities of interest by taking particular
values for the parameters A and W, out of which we give only a few:

Corollary 2 With the assumptions of Lemma 1 we have:
(i) For any x € (a,b),

1
MNo+1)

1 g W) IF)—fldt [P g (D) [f (1) —f(x)]dt
@) U lg(x)—g )] +J

1%, S0 + I8 f(x) =

(lg (x) — g (a)]*+[g (b) — g (x)]%) f(x)

and

Ig_’gf(a) + I%_;’_’gf(b) = m
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1 g () () —f(x)]dt [P g (1) [F(t) —f(x)]dt
T Ua ) +J ] . (1)

M [g(t)—g(a)™ ) [g(b)—g(0)'™™
(ii) For any x € [a,b],

I¢ fla) + 1%, 4f(b) 1

.  Ters i JOREICIRIS

(
1 g () IF(t)—f(x)ldt [P g (t)[f(t)—f(x)]dt
TPy U +J ) ] . (12)

« lg)—g@I™ Jo [g(t)—g(a)'™®
The proof is obvious by taking A = u = f(x) in Lemma 1. These identities
were obtained in [14]. If we take in (10)-(12) x = Mg (a,b) =g (M) ,

then we get the corresponding identities were obtained in [14].

Corollary 3 With the assumptions of Lemma 1 we have:

Igﬁngf(x) + I{;‘,’gf(x)
1

(lg (%) — g (a)]*f(a) +[g (b) — g (x)]*f (b))

Mo+ 1)
T (g (O)FE) —f(a)dt  [°g (t)[f(t)—F(b)]dt
13
T L [g(x) —g (1) +L [g(t) —g(x)]' ™ ] (13)

1 [ g (00— f(aldt [ g (1) (1)~ f(b)]dt
T o “ (0 —g ()" v z ] 14)

for any x € (a,b)
(il) We also have

I of(0) + I8 f0) 1 t0)+f(a)

1 g () [F(t) —f(b)dt (° g (t)[f(t)—f(a)ldt
+2NM!L [g(b) —g(t)] ™ +L ].um
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The proof of (13) and (14) are obvious by taking A = f(a), p = f(b) in
Lemma 1. The proof of (15) follows by Lemma 1 on taking A = f(b) and
w="(a).

Remark 3 If we take in (13) and (14) x = Mg (a,b) =g~ (M) , then
we get

15, of(Mg (a,b)) + I§_ ;f(Mg (a, b))

o o« (Fla)+F(b)

L] “Mg(“’b) g (1) [f (t) — f ()] +Jb g (1) [f (t) — f(b)dt ]
_ - 1—x
Mo [Ja [g(Mg(a,b)—g(1)] Mg(ab) [g (t)—g (Mg (a,b))]

I“Mg(a,bhgf(a) + I%Ag(a,bH,gf(b)

| «
m[g (b) — g (a)] (
(

1 [MeleP g () [F (1) — f(a)ldt [P g’ (t)[f(t) —f(b)ldt
T U 90— +J ] '

( )l—oc

3 Inequalities for bounded functions

Now, for ¢, ® € C and [a,b] an interval of real numbers, define the sets of
complex-valued functions, see for instance [15]

apl (§, D)
= {f: [a,b] — C|Re [(CD —1(t)) (ﬁ—@)] > 0 for almost every t € [a, b]}

and

A[a’b} (b, D) := {f: [a,b] — C] ’f(t) — d);@’g;@—qﬂ for a.e. t € [a,b]}.

The following representation result may be stated.

Proposition 1 For any ¢, @ € C, ¢ # @, we have that ﬂ[a’b] (b, D) and
Arqp) (b, @) are nonempty, convex and closed sets and

a,b] (d)) (D) = A[a,b} ((l), (D) . (16)
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Proof. We observe that for any z € C we have the equivalence

Z_d)—i-(l)
2

1
< - |0—
‘_2| ¢

if and only if
Rel[(®—1z)(z— )] > 0.

This follows by the equality

1 + o
Yool - |z - 222 _Re((0—2) (- )
4 2
that holds for any z € C.
The equality (16) is thus a simple consequence of this fact. ]

On making use of the complex numbers field properties we can also state
that:

Corollary 4 For any &, ® € C, ¢ # O,we have that

ﬂ[a’b] (p,®) ={f:[a,b] 2 C | (Re® — Ref(t)) (Ref(t) —Red)
+(Im® —Imf (t)) (Imf (t) —Imd¢) > 0 fora.e. t € [a, bl}.
Now, if we assume that Re (®) > Re (¢) and Im (®) > Im (), then we can
define the following set of functions as well:
g[a)b] (b, D) :={f:[a,b] = C| Re(®) > Ref (t) > Re ()
and Im (@) > Imf (t) > Im (¢) for a.e. t € [a,b]}.

One can easily observe that S [a,b) (@, @) is closed, convex and

0 7é g[a,b] (Cb) d)) c u[a,b} (‘b) CD) .
We have:

Theorem 2 Let f: [a,b] — C be a complex valued Lebesque integrable func-
tion on the real interval [a,b], g be a strictly increasing function on (a,b),
having a continuous derivative g’ on (a,b) and ¢, ® € C, & # @ such that
feAgy (d,0).

(i) For any x € (a,b),

b+

> S
M (a+1)

% of00) + B 4f(x) (lg () — g ()l +[g (b) — g ()I*)| (17)
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1 1
< 310 =0l s 9 %) — g [al)* + [g (b) = g (<)
and
@ 04 [0 4
I3 gfla) + L gf(0) = 5 (g () — g (@) + g (6] — g (x| (18)
1 1
<510 -l HCES)] [lg (x) — g (a)]* +[g (b) — g (x)]°].
(ii) We have
Ig_ofla) +Ig 4f(b) 1 Wb+ @
o e -e@ e )
310 = ¢l L 10— 0llg (b) — g ()™

Proof. Using the identity (1) for A = p = ¢’+(D, we have

Ig—&- gf( ) + I%_’gf(x)
1
r((X—i— ]) ([9 (X) —Jg ((1)]“—1— [g (b) _ (X)](x) d) '12‘ )]
/ ¢

for any x € (a,b).
Taking the modulus in (20), then we get

[as,gf(X) +T5 gf(x) — ([g (x) = g (a)l*+ (g (b) — g (x)I%)

Mo+ 1)

2

dt dt
+
a [gx)—g)™ L[M%MH“

11 [ gdwat P gyt
S“DMNMUmm%ww“+LWWwMV4

)f o+@

for any x € (a,b), which proves (17).
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The inequality (18) follows in a similar manner from the identity (2).
The inequality (19) follows by (3) for A = pu = w. O

Corollary 5 With the assumptions of Theorem 2 we have

I3 of (Mg(a,b))+1§‘gf(Mg(mb))—mm (®)— g (a)®
] x
< 20—l s Tg ()~ g o)
and
I(X gla,b)— f( )+Itx ab)ngf(b)_ZOc]({)(—;f]) (b)_g(a)](x
1 1 .
§27|®—¢|m[9() g(a)l

Remark 4 If the function f : [a,b] — R is measurable and there exists the
constants m, M such that m < f(t) < M for a.e. t € [a,b], then for any
x € (a,b) we have by (17) and (18) that

m+M
2 (e +1)

[lg(x) —g(a)]*+[g(b) — g (x)]]

Lagf(x) + 15 gf(x) — ([g(x) — g (a)]* + [g (b) — g (x)I%)

(M —m)

N\—‘

Mo+ 1)

and

1&g fla) + I3, ,f(b) —

1 1
s M=mIe )

In particular,

IOC

a+gf (Mg (a,b)) + I (f(Mg (a,b)) —

<—(M—m)7r(cx+”
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4 Trapezoid inequalities for functions of bounded
variation

We have:

Theorem 3 Let f: [a,b] — C be a complex valued function of bounded varia-
tion on the real interval [a,b], and g be a strictly increasing function on (a,b),
having a continuous derivative g’ on (a,b). Then we have the inequalities

I, of00) + 1§ 4 f(x) —

[g (x) — g (a)]*f(a) +[g(b) — (X)]“f(b)‘
MNa+1)
) dt

1| [F g 1)V (fat VY (f
I («) Ua [g(x)—g(t)]“"+L [g (1) —g (X)) “]

X b
—g(@)*\/ (N +(gd)—g(x)*V (f)]

X

IN

[1(g(b)—g(a)+[g (0 -2 @ 7V (6);

<1 (g t0—g @)+ (0)=g ()*) (V3 (1) "+ (V2 (1))
with p, q > 1, %—I—é =1
((9(x)=g (@) *+(g (0)=g (x)*) [3 V& ()+3

1/q

Vi (O=V5 (7))
(21)

12 fla )+1§+)gf(b)_[9(X)—g(a)] f(ra()“i[i;)(b)—g(x)] f(b)‘

1 [ gwvimdt g mVy (f)dt]
<
=T () Ua g(t)—g(a)' ™™ +L [g(b)—g(t)]' ™™
r x b
FoasT (g(x)—g(a))“\a/(f)+(g(b)—g(xn“\!(f)l

[3 10— (@) + g (x) — 213272 (1),

1/
<1 J(9t0-g (@)™ +(g (0)=g 6N " (Vi) + (Vi) )
with p, q > 1, %—&-é:l;

((9(x)=g (@)™ + (g (b)=g (x)*) [F V& (1) + 3

for any x € (a,b)
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(ii) We also have

[ gfla) +1a 4f(b) 1 (g (b) — g (a))" f(b) +f(a)
2

Jb g’ (t) V4 (f) dt +Jb g'(t)\/fl(f)dt]
T—x
a [g(t)—gl(a)l

Proof. Using the identity (13) and the properties of the modulus, we have
[g(x) —g(a)]*f(a) +[g(b) — g (x)]*f(b)
Ma+1)

T | (Mg @)If)—f(a)ldt  (°g (t)[f(t)—f(b)ldt
=B
I («) Ua [g(x)—g )™ +L [g(t)—g(x)] ™ ] ™)

Lo of(x) + T gf(x) —

<

for any x € (a,b).
Since f is of bounded variation on [a, b], then we have

t X
f(t)—flal <\ (H<\ () fora<t<x

and

)—g ()] x [g(t)—g(x)]'™
1 g —gla)*y (g(b) —g(x)*\°
= o - \a/(f) + - \X/(f)]
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which proves the first two inequalities in (21).
The last part of (21) is obvious by making use of the elementary Hoélder
type inequalities for positive real numbers ¢, d, m, n > 0

max{m,n}(c+d);
mec+nd <
(mP +nP)"P (¢4 4+ d)V9 with p, q>1, 545 =1.

The inequality (22) follows in a similar way by utilising the equality (14).
From the equality (15) we have

Iy fla) + 13, of(b) 1 o f(b) +f(a)
g —r(a+1)[9(b)—9(aﬂ -

2
(b 1 b s
1 J g (t)f(t)—f(b)|dt+J g (t)|f(t)—f(?)Ldt]
i ( ( a lg(t)—g(a)
i / b / t
o] Jb g’ (t) VY (f) dt +Jb g (t)va(f)dt]
—g(t) g

alg(t)—g(a)™™

b g’ (t)dt
f
)L [g (t) —g(a)]‘“]

which proves (23). O

Corollary 6 With the assumptions of Theorem 3 we have

f(a) +f(b) «
T T (1) [g(b) —g(a)]

1 [ ng(a,b) g’ (t) V() dt Jb g'(t) Vy (f) dt ]
< +
T Ja [g(Mg(a,0)—g (O] Imglap) [g (1) —g (Mg (a,b))]'™

Ig+»9f(M9 (a,b)) + Ig—,gf(Mg (a,b))

1 N
Sm(g(b)—g(a)) \a/(f)
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and

Mg a0),gT(@) + T, (a,0)1,6T(0) —

1 [Meled) g vEipat [ g' (1) V¢ () dt
=T U 9 (t)—g(an”‘+J

5 Inequalities for Holder’s continuous functions

We say that the function f : [a, b] — C is r-H-Hélder continuous on [a, b] with
re (0,1 and H> 0 if

[f(t) —f(s)l < Hlt—s[" (24)

for any t, s € [a,b]. If r =1 and H = L we call the function L-Lipschitzian on
la,b].

Theorem 4 Assume that T : [a,b] — C is r-H-Holder continuous on [a,b]
with v € (0,1] and H > 0, and g be a strictly increasing function on (a,b),
having a continuous derivative g’ on (a,b). Then

Ig‘+‘gf(x) + Ig‘,’gf(x) —

[g(x) —g(a)]*f(a)+[g(b) —g(x)]*f(b)
Ma+1)

H r g (t) (t—a)" dt +Jb g (t) (b—1)"dt
T Jalg) =gk lgt) —g ()"
H
< oy (900 = 9(a)* (x= @)+ (g (b) = g (x))* (b~ )"
[1(g(b) = g(a) +]g(x) — L9807 ((x— )T + (b= )75
<M g0)—g(a)™+(g(b)—g (x)™)"P ((x — @)+ (b —x)")"/

Mo+1) | with p, q>1, %+é:1;

((g(x) = g(a)®+(g(b) =g (x)*) [} (b—a) + [x — <[]
(25)
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and

13_,gf(a)+1,‘2‘+,gf(b)—[9 () —g(a)] f(ra();[?)(b)—g(x)] f(b)'

J* g (t)(t—a) dt Jb gt (b—t) dt]
algt)—g(a)™™ JIgb)—g®)] ™

Fra (900 = 9 (@) (x—a)"+ (g (b) — g (x))" (b —x]"

H

[3(g(b) =g (@) +]g (x) — L8O % (x — )7 + (b — )75

(g (x)—g(@)*+(g (b)—g (x))*)"/P ((x — @)™+ (b — x)™)"/
Mo+1) | with p, q> 1, %—1—%:1;

((g(x)—g(a)™+(g(b)— g (x)™) [} (b—a)+[x— 2$2[]"

(26)
for any x € (a,b)
(ii) We also have
I fla) + 1%, of(b) 1 o F(b) +f(a)
J 7 —r(“+1)[9(b)_9(0)] -
H Y )(b—t)dt (® g (t)(t—a)dt
< 27
2N (o) Ja (g (b)—g(t)]]_“+J lg (t)—g(a)]]_“] 27
H o T
< O lg(b)—g(a)l®(b—a)".

Proof. Using the identity (13) and the properties of the modulus, we have

13,100+ 1 gf(y) - SISO 2o B =9 PP T)
1 [ (g WIf()—f(a)ldt  (° g (D)If(t) —f(b)ldt

< =C

=T («) Ua [g(x)—g(t) +L [g(t)—g(x)]"™ ] (x)

for any x € (a,b).

Since f : [a,b] — C is r-H-Hdélder continuous on [a,b] with v € (0,1] and
H > 0, hence

J" g (t)(t—a) dt r g (1) (b—1t) dt]
+ T—x
a x [gt)—g(x)]
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M [t [P dwat
< e [0, g —gr =Y | [g(t)g(xn‘“]
S [(x o @ =gla)” (8 () —g(x))"‘}
I () x [0d
H
= m[(X_a)r(g(x)_9(0))“+(b—x)r(g(b)—g(x))“])

for any x € (a,b), which proves the first two inequalities in (25). The rest is
obvious.
The inequality (26) follows in a similar way by utilising the equality (14).
The inequality (27) follows by utilising the equality (15). O

Corollary 7 With the assumptions of Theorem 4 we have

13 1My (0, 0)) + 15 T(My (0, b)) = S0 L0 g ) — g 1
< H JMQ(“"’) g'(t)(t-adt Jb g'(t) (b—t)"dt _ ]
M [Ja [g(Mg(a,0))—g ('™ IMy(am [g () —g (Mg (a,b))]'
H X T T
Sm(g(b)—g(a)) (Mg (a,b) —a)’ + (b —Mg(a,b))’]
and
I“Mg(a,b)—,gf(a)+I“Mg(a,b)+,gf( )—m[g( ) —g(a)]*
H | Mol@a®) g/ (t)(t—a)"dt [° g (t) (b—1t)"dt
<
= T(a) J [g(t)—g(an‘—”JMg(a,b) [g(b)—g(tn““]
H [0 4 T T
Sm(g(b)—g(a)) (Mg (a,b) —a)" + (b — Mg (a,b))"].

6 Applications for Hadamard fractional integrals

If we take g(t) =Int and 0 < a < x < b, then by Theorem 3 for Hadamard
fractional integrals HY, and H{_ we have for f : [a,b] — C, a function of
bounded variation on [a, b] that

I ()] (@) + [ (2)] “+(b)

Hy, f(x) + H_f(x) — e
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1 [ @] Vemar (Ve
Sr((X)UaHt)]t t+L[()]t ; t]
1 X\ b\ 1%\
<y | (G)] Y“H[l“(x)] \X/(f)]
Bln(%)* ln<G(§,b)> ](X o (0 ,
1 I (2))+ (1 (2))) (v ot (Ve ) )
< e (O] (e ()
((m(2)™+ @ (2)%) [FVa O +1|VaO -V
(28)
and

for any x € (a,b)
We also have

HY f(a) + HY, f(b) 1 b\ 1% f(b) +f(a)
2 ST (x+1) [ <a>] 2
1 bl ()] VB dt [P [In (] g (1) VE (F) dt
= W) L T +L t

1 b\ 1%,\°
S ot 1) {ln<a>] vin.
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If we take in (28) and (29) x = G (a,b), then we get

H%, £(G (a, b)) + HE_f(G (a, b)) — m [m (bﬂ

a
v [psaom (S Ve mar o (k)] V(R at
o[ e ) o

HE (o) (@) +HE g p), F(b) fla) +f(b) [ln <2>}

22T (o4 1)
0[S (] Ve (0ar e (9] Ve (7 dt
o) U *J

G(a,b) t

<

a

t
1 b\ 1%\
gw[l(ﬂ V.

Assume that f: [a,b] — C is r-H-Hdélder continuous on [a,b] with r € (0, 1]
and H > 0. If we take g(t) =Int and 0 < a < x < b in Theorem 4, then we
get

In (3)]%f (@) + [In (3)]"  (b)

Mo+ 1)
H [ ()] t—amdt (°[In ()] (b—1)"dt
SF(oc) L t +L t
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(i ()" + (1 (2)7) [2VE () + 1

(30)
for any x € (a,b).
We also have
HY f(a) + Hg, f(b) 1 | b\1* f(b) +f(a)
2 _F(oc—i-])[n(a)} 2
H [P ®)] b—tvrdt (o [In(1)]*" (t—a)dt
el +], t 3y
H N b\ 1"
<t (3)]
If we take in (30) and (31) x = G (a,b), then we get
« « f(a)+f(b) b\ 1%
Ha: f(G (a,b)) + Hy_f(G (a, b)) — 29T (at 1) [ln <a)]
a—1 a—1
_ H JG(a,b) [ln (@)} (t—a)rdt_’_Jb [ln (ﬁb))} (b—t)dt
- T O‘) a t G(a,b) t
1 b\ 1" N
= 29T (1 1) [m <a)] (b—a)
and

o o f +f(b b\ 1%
HG(a,b)*f(a) + HG(a,b)+f(b) - M [ln <a>}
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1 r(a,b) ()] t—a) at Jb m(2)]* " (b—1)dt
Mo |Ja t

1 b\ 1% .
Szrmn“ﬂ (b—al.

G(a,b) t
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