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Abstract: Let f be an operator monotonic function on I and A, B € SA; (H), the class of all selfadjoint op-
erators with spectra in I. Assume that p : [0, 1] — R is non-decreasing on [0, 1]. In this paper we obtained,
among others, that for A < B and f an operator monotonic function on I,

1 1 1
0< [pt)f(1-H)A+tB)dt- [ pO)dt | f((1-t)A+tB)dt
/ [rox]
= %[p(l)-p(o)][f(B)-f(A)]

in the operator order.
Several other similar inequalities for either p or f is differentiable, are also provided. Applications for power
function and logarithm are given as well.

Keywords: Operator monotonic functions, Integral inequalities, CebySev inequality, Griiss inequality, Os-
trowski inequality

MSC: 47A63, 26D15, 26D10.

1 Introduction

Consider a complex Hilbert space (H, (-, -)). An operator T is said to be positive (denoted by T = 0)if (Tx, x) = 0
for all x € H and also an operator T is said to be strictly positive (denoted by T > 0) if T is positive and
invertible. A real valued continuous function f(t) on (0, o) is said to be operator monotone if f(4) > f(B)
holds forany A = B > 0.

In 1934, K. Lowner [7] had given a definitive characterization of operator monotone functions as follows:

Theorem 1. A function f : (0, oo) — R is operator monotone in (0, oo) if and only if it has the representation

[

f(t)=a+bt+/%dm(s)

0

where a € R and b = 0 and a positive measure m on (0, oo) such that

]odm(s) ‘o
t+s ’
0
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We recall the important fact proved by Lowner and Heinz that states that the power function f : (0, o) — R,
f (t) = t* is an operator monotone function for any « € [0, 1] .
In [3], T. Furuta observed that for o; € [0, 1], j = 1, ..., n the functions

-1

gt := i Y and h (t) = i (1 + t‘l)_a}
j=1

j=1

are operator monotone in (0, o).

Let f(t) be a continuous function (0, o) — (0, o). It is known that f(t) is operator monotone if and only
if g(t) = t/f(t) =: f*(t) is also operator monotone, see for instance [3] or [8].

Consider the family of functions defined on (0, =) and p € [-1, 2]\ {0, 1} by

p-1/(t-1
fo () := ) <m>

fo (f) = L Int,

and

fi(t) = — (logarlthmlc mean).

We also have the functions of interest
faa= % (harmonic mean), f; , (t) = V't (geometric mean).

In [2] the authors showed that f, is operator monotone for 1 < p < 2.
In the same category, we observe that the function

gp (1) := tp__ 1

is an operator monotone function for p € (0, 1], [3].
It is well known that the logarithmic function In is operator monotone and in [3] the author obtained that
the functions

1 1
fO=tA+tIn <1+ ?> » 80 = m

are also operator monotone functions on (0, o).

Let f be an operator monotonic function on an interval of real numbers I and A, B € 8A; (H), the class
of all selfadjoint operators with spectra in I. Assume that p : [0, 1] — R is non-decreasing on [0, 1]. In this
paper we obtain, among others, that for A < B and f an operator monotonic function on I,

1 1
/p(t)f((l—t)A+tB)dt—/p(t)dt/f((1—t)A+tB)dt
0 0
%[p(l) pO]I[f(B)-f(A)]

in the operator order.
Several other similar inequalities for either p or f is differentiable, are also provided. Applications for
power function and logarithm are given as well.

2 Main Results

For two Lebesgue integrable functions h, g : [a, b] — R, consider the Cebysev functional:

b
Clhg)= 5 / h(Dg(Odt - / (t)dt. 1)
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It is well known that, if h and g have the same monotonicity on [a, b], then

b b b
— / hog(Odt = / r(odt, L / ()t 22)

which is known in the literature as Cebysev’s inequality.
In 1935, Griiss [4] showed that

1
Ch.g) = 7 M-m)N-n), 23)
provided that there exists the real numbers m, M, n, N such that
ms<h({)<M and n<g(t)<sN forae.tec]a,b]. (2.4)

The constant % is best possible in (2.1) in the sense that it cannot be replaced by a smaller quantity.

Let f be a continuous function on I. If (4, B) € 8A; (H), the class of all selfadjoint operators with spectra
inITandt € [0, 1], then the convex combination (1 — t) A + tB is a selfadjoint operator with the spectrum in I
showing that SA; (H) is a convex set in the Banach algebra B (H) of all bounded linear operators on H. By the
continuous functional calculus of selfadjoint operator we also conclude that f ((1 - t) A + tB) is a selfadjoint
operator in B (H).

For A, B € 8A; (H), we consider the auxiliary function ¢4 g : [0, 1] — B (H) defined by

o () =f((1-t)A+tB). (2.5)

For x € H we can also consider the auxiliary function ¢4 ) : [0, 1] — R defined by
e,Byx () := (e, O X, x) = (f (1 - ) A+ tB) X, X) . (2.6)
Theorem 2. Let A, B € 8A;(H) with A < B and f an operator monotonic functionon I. If p : [0,1] — Ris

monotonic nondecreasing on [0, 1], then

1

1 1
Os/p(t)f((l—t)A+tB)dt—0/p(t)dt0/f((l—t)A+tB)dt .7)

0
< 2P -pO)If B)-f (A)].

Ifp : [0, 1] — R is monotonic nonincreasing on [0, 1], then

1 1 1
0< [p@ydt [ F(1-HA+tB)dt- [ p(OF(1-t)A+tB)dt (2.8)
[ro] /
< 2 PO -p (]I (B) - £ (A)].

Proof. Let0O<t; <t <1andA < B. Then
1-t)A+t,B-(1-t1))A-t1B=(t, -t1)(B-A) =0
and by operator monotonicity of f we get
f(A-6)A+6B) = f(1-t1)A+tB),
which is equivalent to

w@,Bx (t2) = F(1 - ) A+ t2B)x, X)
> (f(1-t1) A+ t1B)X, X) = pa,pyx (t1)
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that shows that the scalar function ¢4 gy : [0, 1] — R is monotonic nondecreasing for A < B and for any
xeH.
If we write the inequality (2.2) for the functions p and ¢4 p),x we get

1 1 1

/p(t)(f((l—t)A+tB)x,x)dt2/p(t)dt/(f((l—t)A+tB)x,x)dt,
0

0 0

which can be written as

1 1 1
<(/p(t)f((l—t)A+tB)dt) x,x> z<(/p(t)dt/f((1—t)A+tB)) dtx,x>
0

0 0

for x € H, and the first inequality in (2.7) is obtained.
We also have that

(F(A)x, x)

©,B);x (0) < v,y () = (fF (1 - A+ tB)x, X)
w@,Bx (1) = (f (B) x, x)

IN

and
pO)=p®)=sp)

forallt € [0, 1].
By writing Griiss’ inequality for the functions o4 p),x and p, we get

1 1 1

0s'/p(t)(f((l—t)A+tB)x,x>dt—/p(t)dt0/(f((l—t)A+tB)x,x>dt

0 0
1
<2 P () =p OIS (B)x, x) = (f (A) x, x)]

for x € H and the second inequality in (2.7) is obtained. O
A continuous function g : SA;(H) — B (H) is said to be Gdteaux differentiable in A € SA;(H) along the
direction B € B (H) if the following limit exists in the strong topology of B (H)

Vea (B) = lim $AFSB =8 5y 2.9)

s—0 S

If the limit (2.9) exists for all B € B (H), then we say that g is Gdteaux differentiable in A and we can write
g € G(A). If this is true for any A in an open set 8 from S.A; (H) we write that g € §(8).

If g is a continuous function on I, by utilising the continuous functional calculus the corresponding
function of operators will be denoted in the same way.

For two distinct operators A, B € 8.A; (H) we consider the segment of selfadjoint operators

[A,B]:={(1-t)A+tB|te[0,1]}.
We observe that A, B € [A, B]and [4, B] C 8A; (H).

Lemmal. Let f be a continuous function on I and A, B € 8A;(H), with A # B. Iff € G([A, B)), then the
auxiliary function ¢4 p) is differentiable on (0, 1) and
@) () = Vfa-nases (B - A). (2.10)
In particular,
©a,p) (0+) = Vfa (B - A) (2.11)

and
¢a,p (1-) = Vfg (B-A). .12
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Proof. Lett € (0, 1) and h # O small enough such that t + h € (0, 1). Then
e E+h) —oup @) _ f(1-t-h)A+({t+h)B)-f((1-t)A+tB)

h h (2.13)
_f(A-HA+tB+h(B-A)-f(1-t)A+tB)
= " .
Since f € G ([4, B]), hence by taking the limit over h — 0 in (2.13) we get
. @, (E+h) =@ B (6
eap ) = }{12}) @5 h @5
. f(Q1-t)A+tB+h(B-A)-f(1-t)A+tB)
= lim
h—0 h
= Vfa-naws (B-4),
which proves (2.10).
Also, we have
. ¢4, (h) = ¢a,p) (0)
(ap) (0+) = Jim @5 n @B

im F(L=M)A+hB)~f(4)

h—0+ h

i FA+RB-4)-f(4)

h—0+ h

= Vfa(B-A4)
since f is assumed to be Gateaux differentiable in A. This proves (2.11).

The equality (2.12) follows in a similar way. O

Lemma 2. Let f be an operator monotonic function on I and A, B € SA;(H), with A < B, A # B.Iff €
S([A, B]), then
Vfa-ta+(B-A)20forallt € (0,1). (2.14)

Also
Vfa(B-A), Vfg(B-A)=0. (2.15)
Proof. Letx € H. The auxiliary function ¢4 p);, is monotonic nondecreasing in the usual sense on [0, 1] and
differentiable on (0, 1), and for t € (0, 1)
©a,B),x (E+ 1) =4 p) x (F)

0 < g4 gy () = %13}) h
t+h)- t
~ lim <<P(A,B)( )= ©@,p)( )x,x>
h—0 h

_ <lim o, (t+h) - ¢u,p) (t)x, x>
h—0 h

= (Vfa-pass B-A)X,X) .

This shows that
Via-oa+s(B-A)20

forallt € (0,1).
The inequalities (2.15) follow by (2.11) and (2.12). O

The following inequality obtained by Ostrowski in 1970, [9] also holds
1
Chg)lsgb-aM-mlg|.,. (2.16)

provided that h is Lebesgue integrable and satisfies (2.4) while g is absolutely continuous and g’ € Le [a, b] .
The constant  is best possible in (2.16).
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Theorem 3. Let A, B € 8A;(H) with A < B, f be an operator monotonic functionon I andp : [0,1] — R
monotonic nondecreasing on [0, 1] .

(i) If p is differentiable on (0, 1), then

1 1 1

/p(t)f( ~t)A+tB)dt - /p(t)dt/f((l—t)A+tB)dt 2.17)
0 0 0

1

§

p p "1 (B)-f A)].

(i) Iff € S([A, B]), then

1
P(Of (1-1)A +tB)dt - /p(t)dt/f((l—t A+ tB)dt (2.18)
0

<

| O\H

[p(1)-p©0)] sup |Vfa-naws(B-A)| 14
£€(0,1)

Proof. Let x € H. If we use the inequality (2.16) for g = p and h = ¢4 p);x, then

1

1
PO ((1-)A+tB)x, x)dt—/p(t)dt/(f((l—t)A+tB)x,x>dt
0

ox

<

oo\ - O\H

Sup P (OIS B)x, x) - (f (A) x, )],
te(0,1)

for any x € H, which is equivalent to (2.17).
If we use the inequality (2.16) for h = p and g = ¢4 p);x then by Lemmas 1 and 2

1 1 1
/p(t)(f((1—t)A+tB)x X) dt—/p(t)dt F((1-OA+tB)x,x)d (2.19)
0 0 0
<P (=P O s (VuonnB-4)x,x),

for any x € H, which is an inequality of interest in itself.
Observe that forall t € (0, 1),
(Vfa-nasts (B=A)X,X) < || Vfa-pasus (B - A |1x]I?

for any x € H, which implies that

tsz(l)p (Vfa-pare (B=A)x,Xx) < sup va(l _pa+ts (B - A)|| (1gx, x) (2.20)
€

forany x € H.
By making use of (2.19) and (2.20) we derive

1 1
pOf((1-A+tB)x, x)dt—/p(t)dt f((1-tHA+tB)x,x)dt
0 0

0<

| O\H

<

[p(1)-p0)] sup ||Vfa-pass(B-A) (1ax,x)
te(0,1)

for any x € H, which is equivalent to (2.18). O
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Another, however less known result, even though it was obtained by Ceby3ev in 1882, [1], states that

IC(h, 8)| Hh . lg]l. b -a), (2.21)

provided that h’, g’ exist and are continuous on [a bland ||W||_, = sup,cq.p) |1’ (£)| - The constant {; cannot
be improved in the general case.
The case of euclidean norms of the derivative was considered by A. Lupas in [5] in which he proved that

cthg)l < — W], ¢'],b-a), (222

provided that h, g are absolutely continuous and k', g’ € L, [a, b] . The constant % is the best possible.
Using the above inequalities (2.21) and (2.22) and a similar procedure to the one employed in the proof of
Theorem 3, we can also state the following result:

Theorem 4. Let A, B € 8A;(H) with A < B, f be an operator monotonic functiononIandp : [0,1] — R
monotonic nondecreasing on [0, 1]. If p is differentiable and f € G ([A, B]), then

1 1 1
< [por@-oasmya- [pod [F@a-oa+wa 02
0 0 0
1
12,558, 7 O Sb, [V Fa-own B M) 1
and
L 1 1
< [por@-nasmae- [pode [fa-oasma o)
0 1 1/2 10 ’ 1/2
- 7?12 (/ i3 (t)]zdt> (/va(lt)mw (B—A)szt> 1y,
0 0

provided the integrals in the second term are finite.

3 Some Examples

We consider the function f : (0, o0) — R, f (t) = -t~ which is operator monotone on (0, =) .
If0<A<Bandp: [0, 1] — R is monotonic nondecreasing on [0, 1], then by (2.7)

1

1 1
< /p(t)dt/((l—t)A+tB)‘1 dt—/p(t) (1-t)A+tB)tdt €X)
0 0

0
<7 lpM-pO](a1-B7).

Moreover, if p is differentiable on (0, 1), then by (2.17) we obtain

1

1
p(t)dt/( —~t)A+tB) dt—/p(t)((l—t)A+tB) dt (.2)
0 0

oo\ - O\,__

IN

sup p' (8) (A' - B‘l) .

te(0,1)
The function f () = -t ! is operator monotonic on (0, o), operator Gateaux differentiable and

Vfr(S)=T'sT!
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forT,S>0.

If p : [0, 1] — R is monotonic nondecreasing on [0, 1], then by (2.18) we get

1

1
p@®dt [ (1-0A+tB)y dt- [ pt)(1-)A+tB) ' dt
/ /

(3.3
0

oo\ - 0‘\,_.

[p (1) - p(0)] su H((l—t)A+tB) (B-A)((1-HA+tB) H1H
for0< A <B.

If p is monotonic nondecreasing and differentiable on (0, 1) , then by (2.23) and (2.24) we get
1

1 1
Os/p(t)dto/((l—t)A+tB)1 dt—o/p(t)((l—t)A+tB)1dt

(3.4)
0

<L sup p' () sup H((1 —HA+tB)  (B-A)(1-HA+ tB)‘lH 1y
12 (0,1 t€(0,1)
and

1

1 1
s/p(t)dt/((l—t)A+tB)_1 dt—/p(t)((l—t)A+tB)‘1dt
0 0

0

1 " 1/2
< (/ [P’(t)]zdt) (/H((l—f)AHB)l (B—A)((l—t)A”B)ledt)
) 0

for0< A <B.

(3.5

1y,

We note that the function f(t) = In ¢ is operator monotonic on (0, o)
If0<A<Bandp:[0,1] — R is monotonic nondecreasing on [0, 1], then by (2.7) we have

1

1 1
/p(t)ln((l—t)A+tB)dt—/p(t)dt In((1-0)A + tB) dt (36)
0 0 0
1

2P1)-p(O](nB-In4a).
Moreover, if p is differentiable on (0, 1), then by (2.17) we obtain

1
p(t)ln((l—t)A+tB)dt—/p(t)dt/1n((1—t YA + tB) dt (3.7
0

<

oo| - O\H

sup p' (t)(InB-1nA).
te(0,1)

The In function is operator Gateaux differentiable with the following explicit formula for the derivative
(cf. Pedersen [10, p. 155]):

Ving(S) = /(slH +T)1S(siy+T)tds

(3.8)
forT, S > 0.
If p : [0, 1] — R is monotonic nondecreasing on [0, 1], then by (2.18) we get
1 1 1
< /p(t)ln((l -t)A+tB)dt - /p(t)dt/ln((l -t)A + tB)dt (39
0 0 0

< 5P ()-p ()] sup
te(0,1

/(slH +(1-t)A+tBy ' (B-A)(sly+(1-t)A+tB) ' ds| 1y
)
0
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and if p is differentiable on (0, 1) , then

1 1 1

Os/p(t)ln((l—t)A+tB)dt—/p(t)dto/ln((l—t)A+tB)dt (3.10)

0 0

<l sup p’(t) sup /(slH+(1—t)A+tB)’1 (B-A)(sly+(1-t)A+tB) ds|| 1y
12 0,1 e )

forO< A <B.

Acknowledgement. The author would like to thank the anonymous referee for valuable suggestions that
have been implemented in the final version of the paper.
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