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Abstract
In this paper we establish some two point weighted Taylor’s expan-
sions for analytic functions f : D C C — C defined on a convex domain
D. Some error bounds for these expansions are also provided. Examples
for the complex logarithm and the complex exponential are also given.

1 Introduction

Let f: D C C — C be an analytic function on the convex domain D and z,
v € D, then we have the following Taylor expansion with integral remainder

)= P ) - o)
k=0 """

1

i / FO (1= s v+ s (1—8)"ds (1)
: 0

for n > 0, see for instance [13].

In this paper we establish some two point weighted Taylor expansions for
analytic functions f : D C C — C defined on a convex domain D. Some error
bounds for these expansions are also provided. Examples for the complex
logarithm and the complex exponential are given as well.
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TWO POINTS TAYLOR’S TYPE REPRESENTATION 132

Consider the function f (z) = Log (z) where Log (2) = In|z|+7 Arg (z) and
Arg(z) is such that —m < Arg(z) < m. Log is called the "principal branch”
of the complex logarithmic function. The function f is analytic on all of
Cr:=C\{z+iy:z <0, y=0} and

(=) (k —1)!

f®(2) = o , k>1, z€ Cy.

Using the representation (1) we then have

n — k
zZ—v
Log (z) = Log (v) + E < ” )

k=1

(1—5)"ds
1—s)v+sz]"t @)

(1) (2 — o) / g

for all z, v € Cp with (1 — s)v + sz € C; for s € [0,1].
Consider the complex exponential function f (z) = exp (z), then by (1) we
get

n
1
exp (z :ZE z—0) exp(v)
=0

1
+ % (Z — U)n+1 /0 (1 — 5)" exp [(1 — S) v+ sz} ds (3)

for all z, v € C.

For various inequalities related to Taylor expansions for real functions see
[1)-[12].

2 Two Points Taylor Expansions

We have the following two points Taylor expansion with integral remainder:

Theorem 1. Let f : D C C— C be an analytic function on the convex
domain D and z, v, w € D, then for all A € C we have

F) = 1=0F(0)+ M (W) @)
+ g_j;, (=0 @) (2= )" + (DA (w) (w - 2)']
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where the remainder Sy, x (z,v,w) is given by

S (2,0, W) (5)

-1 [(1 — ) (z—v)" /0 FOY1 = s)v 4 s2] (1 —5)"ds

n!

+(=D)" A (w—2)"! /1 FOHY (1 = 5) 2 + sw] s"ds | .
0

Proof. Tf we replace in (1) v by w, then we get

D=3 oM @) (o - w)
k=0 """

1
e /0 Fr = s)w+sz] (1—5)"ds (6)

k=0
o n+1 1
+ % (w — z)n+1/0 f(n+1) [(1 _ s)w + sz] (1 . S)n ds
Z k" (k) w) (w— Z)k
+ % (u) — z)TH»l‘/0 f(n-i—l) [(1 _ s) z+ sw] $ds.

Assume that A # 1,0. If we multiply (1) by 1 — X and (6) by A we get the
desired representation (4) with the remainder S, » (2, v, w) given by (5).

If either A =1 or A = 0, then the theorem also holds by the use of Taylor
usual expansion. O

Remark 1. We observe that for n = 0 the representation from Theorem 1
becomes

f(Z) =0 =2 +Af (w) + S\ (z,0,w), (7)

where the remainder Sy (z,v,w) is given by
1
Sz i= (1= N (=0) [ F((1=9)vts2)ds
0

—)\(w—z)/o F (1 —5s)z+sw)ds. (8)
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Remark 2. If we take in (6) z = “"‘Tw, with v, w € D, then we have for any
A € C that

F(5) = a-nrearw )

+ ﬁ [(1 —N) P () + (=1)FAf® (w)] (w — v)"
k=1 :

+ Sn,)\ (Ua ’lU) 9
where the remainder S, x (v, w) is given by

S (v, w) (10)
:2n-31n' (’LU*UnJrl |: / fn+1)( S)U+5v+2w) (l—s)nds

" )\/ foty ((1 ) ! J; Yt sw) snds] .
0

In particular, for A = % in (9) we have

f(v;w):f(v);f(w) (11)

+ 3 g [ 0+ (0" )] (@ -

+ 8 (v,0),
where the remainder S, (v,w) is given by

S, (v, w) (12)
1
= ﬁ (w— )"t {/O fntD) ((1 —8)v+ s— _g w) (1—s)"ds

1
+ (—1)7l+1/ fotn ((1 —5) Y —; Yy sw) s"ds} .
0

Now, by the change of variable in (12) we also get the following represen-
tation for the remainder Sy, (v,w) as a single integral

S ( ) 2.,L+2n| (’LU - v)n+1
(n+1) v+w _\ntl p(n1) _avtw n
/ sv +(1-3s) 3 ) +(=1)"" f ((1 s) 5 + sw)} s"ds,

(13)
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forn > 0.
Corollary 2. With the assumptions in Theorem 1 we have for each distinct
z, v, w € D withw #v

F2) = 2 (w—2) (o) + (2 —v) f ()] + 2D ETD gy

xi,j,{ — ) () 4 (1) (- 2 O ()]
+ L, (z,0,w),
where
Lo (20, w) = W [(z ) /1 FOED (1= s) v+ 52) (1 — )" ds
+ (=)™ / FFD(( s)z+sw)s"ds}
and
f<z>=wiy[(z—v>f<v>+<w—z>f<w>] (15)
b LS L 0 )+ (1 = 29 ()
+ P, (z,s,ul))
where
Pa (o) = s (e "”/ FOHD (1= s)u + 52) (1— )" ds
+ (1) (w - 2 "*2/ FU((1 = 5) 2 + sw) ™ds |
respectively.
The proof is obvious, by choosing A = (z—wv)/(w—v) and

A= (w—2z)/(w—v), respectively, in Theorem 1. The details are omitted.

Corollary 3. With the assumption in Theorem 1 we have for each X\ € [0,1]
and any distinct v, w € D that

FA=XNov+dw)=0=X)f(v)+Af(w)+A(1 =)

3 B ) 4 (1) 0 0 @)] (- )+ S (0,),
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where the remainder Sy x (v, w) is given by

Spa (v, w)

= 0= NAw o) [A" / O (1= sX) v+ sxw) (1 - 5)" ds

+ (=)@ =" /1 FO (1—s=A+sA) v+ A+s—s\)w)s"ds| .
0
(17)

We also have

I=MNw+)=(1=X)f(v)+Af(w)

~

#30 E = 79 () (1) XS )] (- 0)F + Pa (v00),
(18)
where the remainder P, » (v,w) is given by
P (v, w)

= (w— o) {(1 - / SO (1= s 4 As) v+ (1— A) sw) (1 — 5)" ds
. 0

+(—1)"“)\"+2/1f("“) (=) M+ (1 —=A+As)w)s"ds|. (19)
0

The case n = 0 produces the following simple identities for each distinct
z,v,w € Dand A € C

f(Z) =0 =2 +Af (w) + S\ (z,v,w), (20)

where the remainder Sy (z,v,w) is given by (8).
We then have for each distinct z, v, w € D

f(z) = . [(w=2) f(v) +(z=v) f(w)] + L(z,0,w), (21)

w—v

where
L(z,v,w) (22)

S DCD g ssyas = [ 7152+ swds

w v
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and )
)= (-0 F@) + - f@)) + Plevw),  (23)
where
P (z,v,w)
::wl—v {(z—v)2/0 f’((l—s)v-l—sz)ds—(w—z)Q/O f (1 =5s)z+ sw)ds| .
(24)

We also have for A € [0, 1]
FIA=XNv+Aw) = (1 =) f(0) + Af (w) + Sx (v, w), (25)
where the remainder S (v, w) is given by
1
Sx (v,w) == (1= X)X (w —v) {/ I (1= sA\) v+ s w)ds (26)
0
/1f'((1s)\+s)\)v+()\+ss)\)w)ds
0
and

FA=Nw+ )= (1= f(v)+Af(w)+ Py (v,w), (27)

where the remainder Py (v, w) is given by
1
Py (v,w) = (w — ) {(1 —)\)2/ F(T=s+As)v+ (1= X)) sw)ds
0

—)\2/1f'((1—s))\v+(1—)\—i—/\s)w)ds . (28)
0

Moreover, if we take in (20) z = “£* for each distinct v, w € D and A € C,
then we have

() = a= 0 £+ A7 )+ 5 ), (29)
where the remainder S (v, w) is given by
S\ (v, w) = % (w—v)

x [(1—)\)/01]‘"((l—s)v+sv;w>d5—)\/01f'((l—s)vgw+sw)d3].
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In particular, for A = % we have

() L0 g, a1

where

S (v, w) ::i(w—v)

x [/Olf'((1—s)v+sv—gw>ds—/01f/((1—s)v+w+sw)d8]. (32)

Now, assume that z, v, w € D C Cy, with D a convex set, then for all
A € C we have by Theorem 1 for the function f (z) = Log (z) that

Log (z) = (1 — X\) Log (v) + A Log (w) (33)
"1 w1 (z— )" (w— 2)"
+ZE (1_)‘)(_1) vk —A wk
k=1
+ Spa (z,0,w),

where the remainder A, 5 (z,v,w) is given by

1 _ 5"
Apx (z,0,w) := (1= X) (z —0)"! (71)”/ (1=s) ds  (34)

o (1—s)v+4s2)"™!

Sn

1
- wfznﬂ/ ds
( ) o ((1—s8)z+sw)" ™
for n > 0.

Consider the function f:C — C, f(z) = exp z, then for z, v, w € C we
have by Theorem 1 that

expz = (1 —A)expv + Aexpw (35)
— 1
D O
=1

+ @7L,>\ (Zv v, ’LU) )
where the remainder ©,, ) (z,v,w) is given by
On (2,0, W) (36)
1 1
= — {(1 —A) (z —v)" ! / exp ((1 —s)v+sz)(1—s)"ds
0

!

+(=D" A (w—2)"! /0 exp ((1—s)z+ sw)s"ds| .
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for n > 0 and for all A € C.

3 Some Inequalities

We can state now some results concerning error bounds in approximating an
analytic function by two points Taylor expansion:

Theorem 4. Let f : D C C— C be an analytic function on the convex
domain D and z, v, w € D, then for all A\ € C we have

f(2)=(1=X)f(v)+Af(w) (37)
£ [0 59 ) =) + () AR () (- 2)*]
k=1
+ Sn,)\ (Z, v, 'U}) )
and the remainder Sy x (z,v,w) satisfies the inequalities

|Sn (2,0, w)]

1 1

< L= M=o (= sy s)| (- 9" ds
: 0

s"ds

1 1
+H|)\\|w—z|n+1/ ‘f("+1)((1—s)z+sw)
' 0

74T SUPse0,1) | F D (1= s) v+ s2)|

1 ntl ) —L (fl {f("ﬂ) (I—-s)v+ sz)|p ds)l/p
< 1= Az =l (gn+1)t/ \JO
n wherep,q>1with%+$:1

fol |f(n+1) (1—=s)v+ sz)] ds
n%q SUDP4¢[0,1] |f(n+1) (I—-s)z+ sw)|
1 n 1/p
n+l W (fo |f( +1)((1*5)z+sw)|pds) (38)

1
A e — 2] T
n. wherep,q>1wzth5+5:1

fol |f D (1= 5) 2 + sw)| ds

forn > 0.
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Proof. Taking the modulus in the representation (5), we get
|SH,A (Z,U,U))| (39)

< Llla-ne—o [ @-sorsa-ora
+ ‘)\(w —z)"t! /01 FOHD (1= ) 2 4 sw) s™ds }

1
<= Al]s — o™ / 70 (1 = 8ot 52)| (1= )" ds
0

s"ds.

1
+ A Jw — 2" / ‘f("“) (1 —5) 2 + sw)
0

By Holder’s integral inequality we have

/01 ‘f(”“) (1—s)v+ sz)’ (1—s)"ds

n 1 n
SUDeio [0 (1= ) v+ s2)| [ (1— )" ds

(fol ‘f(n+1) (1—s)v+ SZ)|pds>1/p (fol (1- 5)‘1” ds) 1/q

Wherep,q>1with%+%:1

IN

n 1 n
supgcro ) {(1—9)"} fy |[F™TD((1 = s) v+ s2)| ds
n%rl SUD,¢[0,1] |f(n+1) (1—=s)v+ sz)|

1/p
- W (fol | FOFD (1= s) v+ s2)|” ds)

Wherep7q>1with%+%:1

fol |f("+1) (1 —s)v+ sz)| ds
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and
s"ds

/o1 ‘f(nﬂ) (1 =s)z+ sw)

1
SUD,e(0,1] ‘f("“) (1—s)z+ sw)| Jo s"ds

(fol |f(n+1) ((1 _ 5) 2+ 5w)|pd5)l/p (f01 Sq"ds) 1/q

wherep,q>1with%+%:1

IA

n 1 n
SUP,e(o1] 15 }fo |f( ((1-s)z+ sw)| ds

%H SUPsc[0,1] ’f(n+1) (I—=s)z+ sw)|

1 n p 1/P
— m (fo ’f( +1)((1—s)z+sw)‘ ds)
where p,¢ > 1 with L +1 =1

fol ‘f("H) (1—s)z+ sw)| ds,
which proves the second inequality in (38). O

Corollary 5. With the assumptions of Theorem 4 and if

£ = sup [ £ ()] < o0,
D,oco yeD

then we have the simple bound

1
|STL7)\ (Zv v, ’U))| <

< G 7 e (1= b =™ =)

(10)
forn > 0.

Remark 3. If we take z = ”;“’, with v, w € D, then we have for any A € C
that

v+ w . B v w
f< )—(1 A) F () + Af (w) (41)
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and if Hf("'*‘l)HDOO '= SUPyep | £ (y)| < o0, then by (40) we get

Sn)\

n n+1
)| < gy O (1A D = o

or any A € C.
In particular, if A = %, then we have

f(v+w):f@0+fW) (42)

2 2

n

Z 2k+1k' { (k) (v) + (_1)k f(k) (w)} (w - U)k

S( w),

and the remainder S, (v, w) satisfies the bound

Sy,

n+1) n+1
‘—-2n+1 (n+1)! Hf H — |

forn > 0.
Remark 4. The case n = 0 provides some simple inequalities as follows
|f(2) = (X =X) f(v) = Af (w)]
1 1
<=l [ 17 (= s)orsaldstN w2l [ 1 (1= )2+ sw)]ds
0 0
sup,ejo,1 |f ((1 = s) v+ s2)]

1 1/p
<l Azood (1 (@ =9)v+s)Pas)
where p > 1

Sy (1= 8) v+ 52)|ds
supgepo 1) [f' (1 —8) 2 + sw)

1/
+ A w = 2] (f01|fl((1—8)z+sw)|pds) ' (43)
where p > 1

SR (1= ) 2 + sw)| ds
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where f: D C C — C is an analytic function on the conver domain D, z, v,
weD and X € C.

If

11l p oo = sup [f (y)] < oo,
yeD
then we have the simple bound
1f (2) = (L=X) f () = Af ()| < 'l p e (11 = Allz = 0| + [AlJw — 2]) (44)

for z, v, we D and A € C.
If we take z = ”;w, with v, w € D, then we have for any \ € C that

£ (5) = =00 = A @) < 5 1 o (1= N+ ) = ol

(45)
which for A\ = % gives the simple inequality
vtw\ [+ fw)] _1
() - H ) < il -ol. 0

If n is even, namely n = 2m, m > 0, then by (11) we have the representation

p(25e) - L0 .
2m
+3° et £ 00+ (0 £ )] (- o)
k=1 ’
+ S'2rn (Ua ’U}) )
where the remainder Sy, (v, w) is given by (13) as
. 1 "
Som (v, w) := ST 2l (w — v)?m T+
1
X/o {f(2m+1) <sv +(1—3s) Y —g w> — f@m+1) ((1 —3) HTw + swﬂ s2mds,
(48)

We also have the following result:

Theorem 6. Let f : D C C— C be an analytic function on the convex
domain D and v, w € D. Let m > 0 and assume that

f(2m+1) (z) — f(zm'H) (y)| < Lom+1 |z —y| forall z, y e D (49)
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for some Layi1 > 0, namely that fm+1) is Lipschitzian on D. Then we have
the representation (47) and the remainder Sop, (v, w) satisfies the bound

1 2m+2
_ Lo, 50
2m + 2) (2m)! [ = vl 2m+1 (50)

S (v w)| < 22m+2 (
Proof. By taking the modulus in (48), we have

|2m+1

~ 1
’SQm(’U,’LU)‘ S W w—v

1
X/
0

fEmEY (sv +(1—5s) v—|2—w> — f@mty ((1 ) v—|2—w + sw)

1 2m+1
< Sz gyt |V Y

v+ w v+ w

—(1-9)

sv+ (1 —s)

1
X L2m+1/
0
1 2m+2 Y oomtl
— _ m m+
= 22m+2 (2m)' |w ’U‘ L2m+1A S ds

T 2212 (2m + 2) (2m)!
which proves the desired result (50). O

Corollary 7. Let f : D C C— C be an analytic function on the convex
domain D and v, w € D. Assume that

[f'(2) = f Wl < Llz—y| forallz yeD (51)

for some L > 0. Then we have the inequality

() - T < S, (52)

4 Inequalities for Convex Derivatives in Absolute Value

We have:

Theorem 8. Let f : D C C— C be an analytic function on the convex
domain D and such that for a given n > 0, }f("“)’ is convex on D. If z, v,
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w € D, then for all A € C we have
()= (=X F (@) +Af (w) (53)
#3000 £ (0 = o) + (<1F A () 0 2]
+ Z‘i (2,0, w),

and the remainder Sy x (z,v,w) satisfies the inequality
S, ( )| < .

n z? v? w —
A nl(n+2)

L RN _ ot ‘ (n+1)
gy (Al =™ P e =20 )

[11= ALz = o™ £+ (o)

A w = 2" )] (54)
Proof. Using the representation (5), we get
|Sn,x (2,0, W) (55)

/1 FO (1= s)v4s2) (1 —s)"ds
0

|

1
<o [l = [ = vk s - s as
: 0

1 n
<[|1—>\|z—v +
n!

A Jw = 2"

1
/ FOD (1= 5) 2 4 sw) sds
0

1
+ A Jw — z|”+1/ ‘f(”ﬂ) ((1 —5) 2z + sw)
0

= A4, (\w)

s"ds}
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By the convexity of | f"+)]| we have
/ ‘f’”l) v—l—sz)‘(l—s)nds
< [ Ta-alre ool

‘f‘(n+1) ‘/ n+1 ds_i_’f(n-&-l) ‘/ (1—s)"ds

= | e+ ]/ (1) s™ds
- niQ £ )] 4700 @) <ni1 - ni?)
- - i | @) + m ‘f<n+1> (Z)‘
and
1 FOD (1 = 5) 2 4 sw)| s"ds
[
< /1 [(1 —s) ‘f(”“) (z)] +s ]f<"+1> (w)H sds
0
- ’f("“) (z)‘ /01 (1—s)s"ds + ‘f(”ﬂ) (w)‘ /1 s" s
v 1)1(n+2) 1|+ n+2 70 ).
Therefore,
A, (A w)
< 2 ot | [ ) + m e+ )

1

n+1
+ A Jw — 2"F {(n—i—l) nT )

£ (2)

tore n—|-2 ’f n+1) )‘H
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= m {1 — Az =" “f(n+l) (v)‘ +— (n — ‘f(n—O—l )H
e o]
= m [|1 =AMz — v|""’1 ‘f("H) (v)‘
+ ﬁ [ll “ Az =" M |w — Z|n+1} ‘f(n+1) (z)’
+ Al |w — z|”le ‘f(nﬂ) (w)H ’
which together with (55) produce the desired result (55). O

Remark 5. Assume that for a given n > 0, |f(”+1)‘ is convex on D. If we
take in (58) z = “;w, with v, w € D, then we have for any A € C that

F(E) = =N w (56)

1
_— _ (k) ALV _ )
X g (=275 @) + (=D)F A ® ()] (w —v)
+ Sn,)\ (’U, ’LU) )
where the remainder S, x (v, w) satisfies the bound

Sh,

1 n+1 n+1
v )| < gy b o 1A )

v+ w

b gy I es (S5 [+ e @] 6

1
(n+1)

In particular, for A = % in (57) we have

f<v;w):f(v)4;f(w)

Z 2’€+1k' { £ () + (_1)k A (w)} (w— U)k

Sn (v,w),
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where the remainder S, (v, w) satisfies the bound

1

g nt1 [ 1] on
S (v,w)| < m@_ﬂ +1 [2‘f( +1) (U)‘

+(n—1|—1)‘f(n+1) (1“;“’)‘ ‘f<n+1> )H (59)

Corollary 9. With the assumption in Theorem 8 we have for each A € [0, 1]
and any distinct v, w € D that

FA=XNv+dw)=0=X)f()+Af(w)+ (1=

n

P @)+ ()P =N B )] (w0 = 0) + S (v,w),

I
|

bl
=

(60)

where the remainder Sy, x (v,w) satisfies the bound

1 n+1 n
< —
‘Sn,)\ (v,w)| S (n 2) ( /\)/\|w ’U| [)\

7o )

e i ) A"+ (1 =N (1= A v+ )\w)‘ + (1= N\)" | D (w)H :
(61)
We also have
FA=Nw+ )= (1N f(0)+Af (w)
£ 30 [0 N0 @)+ (C1)F N ()] (0 = )+ P (0,0),
k=1
(62)

where the remainder P, » (v,w) satisfies the bound

1 n n n
Pa (0,0 < ey o= ol (1002 [0 (o)
1 - n+2 n+2 (n+1) . w v n+2 (n+1) w
oD (1-A\) +)\+Hf D (1= A w + Ao)| +Am* ‘f +1) ( )H

(63)
For n = 0, namely if | /| is convex on D, then by (54) we get

f () == ) =Af(w)] <5 [Il—A\Iz—vl\f()I
1= Allz = o[+ [Al Iw—ZI]If () + IA[w =2 |f" ()], (64)
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for z, v, w € D and for all A\ € C.
From (57) we get

() - 0= @ = A )] < ool (L= A1 )

+ 1= AL+ A

()| i i e

for v, w € D and for all A € C.
In particular, for A = % we get

V<v2w>f00;fww

<

|w—w@f@ﬂ+2

()| | e

| =

for v, w € D.

5 Examples for Logarithm and Exponential

Consider the function f(z) = Log(z) where Log (z) = In|z| + ¢ Arg (z) and

Arg (z) is such that —m < Arg(z) < m. Log is called the "principal branch”

of the complex logarithmic function. The function f is analytic on all of

Cr:=C\{z+iy:z <0, y=0} and

(D" (k1)
ok

P (2) =

Let D be a convex domain in C, an assume that dp := inf,¢p |2] is a positive
and finite number. If z, v, w € D C Cy, then by the representation (17) and
the inequality (40)

, k>1, ze€ C,.

|Log (2) — (1 — A) Log (v) — ALog (w)

n k k
_ Z% [(1 — ) (—1)F L (= —kU> _ )\(w —kz) ] ‘
k=1

v

1

< Gy (1= Al = o™ e —2) (67
D

for n > 1 and for n = 0 we have

[Log (2) — (1 = A) Log (v) = ALog (w)| < —— (|1 = A[|z = v| + [A[ |w — 2]),

(68)

1
dp
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for all A € C.
If A\=17€10,1], then by (67) we get

|Log (z) — (1 — 7) Log (v) — 7 Log (w)

" — )" w— z)"
_Z;[(I—T)(—l)kl(z k) —7'( k)‘|
k=1

v w

1

1 1
S G (@l =)
D

S mmax{lz—v|n+l,|w_z‘n+l} (69)
D

1
and for 7 = 5 we get

_ Log (v) + Log (w)

Log (z) 5
11 (—1)*1 (z—v)" (w—2)"
2 k vk wk
k=1
1 n+1 n+1
< — _
S & <|z ot | — 2] ) (70)

for z, v, w € D C Cy.

Moreover, if we take z = *L

5% in (70), then we get

’Log (”J;w> _ Log(v) J;Log (w)

Ies 1 [(-D)"' 1
_2;M[M_M1(w_v)k‘

1 n+1
< w— v 71
~2ntl (n4 1) dptt | | (71)

for v, w e D C Cy.
The case n = 0 gives that

Log <U;w> ~ Log(v) ;Log(w)‘ < L lw — v (72)

for v, w e D C Cy.
For f (z) = Log(z), z € D C Cy, we have

)= f (w)] = | 1\—'”‘”'< !

w — vl

2wl Rl S &
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showing that f’ is Lipschitzian on D with the constant L = -1

3"
By the inequality (52) we then get
vt w Log (v) 4+ Log (w) 1 2
L - < —|w— 73
Lox () d <gpl-df. @

for v, w € D C Cy.
Now consider the exponential function f (z) = exp z. Then

lexp z| = exp(Re z)
and
lexp ((1 —t) z + tw)| < (1 —t) |exp 2| + t |exp w|

for any z, w € C and ¢ € [0, 1], showing that f is convex in absolute value.
Now let D be a convex domain in C and assume that Ep := sup,cp [exp(Re z)] <
oo. If we use the representation (35) and the inequality (40), we have

lexpz — (1 — A expv — Aexpw
n

_ Z % [(1 —A)(z— U)k expv + (_Uk A(w — Z)k eXp’w:|
k=1""

1 " n
S L (1= A1z = o™ 4 A = 2") - (79)

forall z, v, we D C Cand n > 1.
For n = 0 we have the simpler inequality

lexpz — (1 — AN expv — Aexpw| < Ep (|1 = Al|z —v| + |\ Jlw—2z]) (75)

for all z, v, we D C C.
If A\=17€10,1], then by (74) we get

lexpz — (1 — 7)expv — Texpw

]. n n
s (=7l = o™ 47— 2™+

1 n n
S WEDII]&X{|Z—’U| +1,|'UJ—Z‘ +1} (76)

— Z % {(1 —7)(z—v) expv+ (—1)k 7(w— z)k expw]
k=1 "
<



TWO POINTS TAYLOR’S TYPE REPRESENTATION 152

forallz,v,weDC(CandforT:%Weget

exXp v + exp w

exp z — 5
1~ 1 K k 2
—izg{(z—v) expv + (—1)" (w — 2) expw]
k=1""
1 n+1 n+1
_2(n+1)!ED<|z—v| + w2 ) (77)

for all z, v, we D C C.

Moreover, if we take z = ”;“’ in (77), then we get

U+ w exXp v + expw
exp 5 — 5
I~ 1 K K
_§ZQTI€' {expv—i— (-1) expw} (w—wv)
k=1 ’

1
< _Eplw—o/" (18
S S (1] D |w— v (78)

for all v, w e D C C.
The case n = 0 gives that

v+ w exp v + exp w 1
exp< . )— but e ‘§2EDw—v| (79)

for all v, we D C C.
The function f (z) = exp z is Lipschitzian on D with the constant L = Ep,
then by (52) we get

v+ w exp v + expw
exp 5 — 5

1
< gEp lw—vf*. (80)

for all v, w e D C C.
By the convexity in modulus of the complex function and by (66) we also
have

v+ w exp v + expw
exp 5 — 5

v+ w

|w — v [exp(Reu) + 2exp <Re ( 5 )) —l—exp(Rew)} (81)

<

0| =

for all v, w € C.
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