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1. Introduction

In the last hundred years or so, there has been an explosion of new results and
applications of special functions in various areas of mathematics and related fields, such
as engineering, quantum physics, astronomy and combinatorics. In this paper, we offer a
study dealing with binomial, central binomial coefficients, and harmonic numbers that also
include gamma and digamma functions and the classical Fibonacci and Lucas numbers. In
1981, Rockett [1] proved the following elegant identity: for any non-negative integer n,

oy s 1
k;k @

In fact, as stated in [2], the history of this identity goes back to 1947. This identity is entry
(2.25) in Gould’s collection [3], where a paper of Staver [4] is quoted. In 1997, Pla [5]
rediscovered this identity and gave a different proof using generating functions. Triff [6]
and Sury [7] provided new proofs of (1) using the gamma-beta integrals. Identity (1)
has received great interest and motivated further combinatorial investigations. In 2002,
Mansour [8] studied some finite sums involving reciprocal of the binomial coefficients and
deduced a generalization of (1) together with many other results. He proved that

T gkprk (n 4 1) (ab)" i (ak 4 bF) (a + b)K
p— . 2
L @b B Kby @

In the same paper, Mansour proved the following identity:

ii_n(Zn—i—l)z”H 2k 3
=0 ) 22 =kl

We note that this formula is not correct, and our Example 3 gives a correct form of this
identity. Note that setting x = 7 in (2) yields
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i B n+1) n+l n+1 (xk—l—l)(x—i—l)k

x+1)n+2 = fexk (4)

In 2004, Sury et al. [9] rediscovered (4). In the literature, there exist many other finite sums
involving the reciprocals of the binomial coefficients. As examples, we may recall

©)

1 ka (-0 ((n+1)H, m+1—n m+1
2 o (s )~ e

where m,n € N with n < m; see [10], and

i ka (=1)"H, 11 +"+1 (—DF
= n+1 =y’

see ([11] Id. 12). We note that identity (5) has been recorded as an exercise in ([12] Ex. 53,
p- 315). For many interesting finite sums related to inverses of the binomial and central
binomial coefficients, we refer the interested readers to the important papers [9,13-15].

s)

Fors € Cand n € N, a generalized harmonic number Hr(, of order s is defined by

n
HY =Y kls and HY =H, H =0,
k=1

where Hy =1+ 1+ + % are the familiar harmonic numbers. Throughout this paper,
weletNg = NU {0} and Z~ = {---,—3, -2, —1}. The special binomial coefficients (")
are known as the central binomial coefficients. Let I be the classical gamma function of
Euler, and ¢(x) = I"(x)/T(x) (x > 0) be the digamma function. We may recall some basic
properties of these important functions, which will be used extensively in this paper. The
gamma function satisfies the reflection formula

I(s)T(1—s) = (s € C\Z). ©6)

sin(7ts)

see ([16] p. 253). Another important functional equation satisfied by the gamma function is
the duplication formula

1\ (k)7
r (" + z) = 4k @
see ([16] p. 252). The binomial coefficients (}) (s,t € C\Z™) can be defined in terms of the
gamma function and
s\ I'(s+1) ®)
t) TH+DI(s—t+1)

Making use of formula (6) for s = 1/2 — k and (7), we obtain

1 (= 1)FT(1/2)k12%
r(z-0) - ©

We shall intensively use the following form of the binomial coefficients, which can be
shown using the expressions (7)—(9).

B0 Q-0 o

The following simple but useful identities will be used intensively in our ongoing analysis:

n+1 n+1l/ n
< k ):k(kl)’ a
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I'(x
I'(x)

N

The digamma function (x) = (x > 0) and harmonic numbers H, are related to

p(n+1)=—y+H, (neNy); (13)

see ([17] p. 31), where v = 0.57721 - - - is the Euler-Mascheroni constant. The digamma
function ¢ satisfies a reflection formula and a duplication formula similar to that of the
gamma function:

P(s) — (1 —s) = —mcot(rts) (s € C\Z), (14)
and

1[](5 + ;) — 2p(25) — p(s) —21og2 (s € C\Z™); (15)

see ([17] p. 25). Using (13)—(15), we obtain, for k € Ny,

¢G—k> —¢<;+k> = 2Hy — Hy +9(1/2). (16)

The Fibonacci sequence (Fy,),>o is given by Fy = 0, F; = 1, and for n > 2, it satisfies
the recursion relation F,, = F,_1 + F,_5. The Lucas sequence (L, ),>0 satisfies the same
recursion relation with the initial values Ly = 2 and L; = 1, where n € N. The Binet
formulas for the Fibonacci numbers and Lucas numbers are given by

where & = # and g = 1%\/5

The aim of this paper is to generalize identity (4), and to prove formulas (20) and (21)
noted below. Differentiating our formula with respect to s and x, and setting particular
values for s and x, we discover many interesting identities involving the reciprocals of the
binomial coefficients and harmonic numbers, as well as Fibonacci and Lucas numbers. Our
results also contain identities (4) and (5) and some others as special cases. We continue
with the following lemma, which plays a key role in the proofs of our main results.

2. Main Results
Lemma 1. Let x € C\{—1}, n € Ny, and s € C\Z~. We define

n k
falw) = Y- =
= (")
Then, f, satisfies
fa(r) = 5 MESE2 gy : 17)

R S + .
x+1 n+s+1 (x+1)(":ﬂ1) x+1

Proof. We, clearly, have

n+1 xk n

k
fra1(x) = fulx) = Z sty Z nx+s

= ") =0 (k)

1 1 n+1
= Z ((n+;+l) - (11+S) ) x* + (71x+s+1) :

k=0
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By (11) and (12), we can easily show that

1 1 k
— = — . (18)
") (n+s+1)(")
Hence,
n+1 xk n xk n kxk A+l
Z n+s+1y Z (YH-S) == Z ( 4 +1) n+s + n+s+1y\ "
P T G B e = (m+s+ D) ()

Dividing both sides of this equation by x and then integrating over the interval [0, u] and
replacing u = x, we obtain

nil xk i xk xn+1 i xk
=k SO e+ )T S s+ D)

By (11), this can be written as follows:

1 n+1 xk 1 n xk 1 n xk
1’l+S+1 Z n+s _n—i—s Z n+s—1 :_Tl+S+1 Z n—+s
=1 (k1) = (") = (%)
xn+1
e
(m+s+1)(")

Letting k — 1 = k' in the sums on the left-hand side, and then dropping the prime, we
obtain, after a short computation,

x n xk x n—1 xk 1 n xk
EEEn Y (") nts R s D ("%
k=0 \ k k=0 (k) k=11 k
xn+1
(n+s+1)("7)
or
(4D fa(x)  xfa1(x) 1 !
- = + e (19)
n+s+1 n+s n+s+1  (n4+s+1)(")°)

If we replace n by n + 1 and take x # —1, we see that this is equivalent to (17). O
Setting x = —1in (19), and replacing n by n + 1, we obtain

Corollary 1. Let s € C\Z~, and n € Ny. Then,

(-1 n4s+1((-1)"
k;) (") T nts+2 ((”;ﬁl) - 1)' @0)

In particular, replacing s by s — n here yields for s € C\Z~ and n < s if s € Ny

Lo(-DF s 1/(=1)"
Lo = (e )

(n+1)

The main theorem now follows.
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Theorem 1. Let n € No, s € C\Z~, and x € C\{—1}. Then,

toxk 0 x \'/ x & (x + 1)k
X~ () (G B e

1 ¢ 1 x+1
+x+1k¥(’)k+s+l( x )) @)

Proof. We prove by mathematical induction. Clearly, (21) is true for n = 0,1. We assume
that it is also true for n. So, by the inductive hypothesis and Lemma 1, we have

fra) = 2R (s ()

x+1ln+s+1 x+1
)k 1 ¢ 1 x+1\F
(le k+1(k+5+1)+x+1,;0k+s+1< x >>)
n+2 1

+ .
(x + 1>(n+s+1) + x+1
Simplifying this identity leads to

n

_(x " x (x+ D
i) = () ("+S+2)<x+1 5 e D

1 ¢ 1 x+1 X112 1
+ Y. + =+ .
x—i—lk:Ok—i—s—i—l x (x+1)(”+5+) x+1

Some algebraic computations lead to

x+1 =0 (k+ 1)
L1 ”il 1 <x+1>k_ x (x4 1)1
x+1 5 k+s+1 x x+1(n+s+2)(":j§1)

1 1 x+1 x"+2 N 1
x+1n+s+2\ «x (x+1)(ﬂ+5+1) x+1

This can be simplified to

x n+1 n+1 x+1)
= 2

L1 il 1 (x+1)>_< x >”+2(x+1)”+1
x+1 = k+s+1\ x x+1 (”:_Sgl)

X n+1 1 x+1 n+1 n+2 1
_(x—|—1> x+1< x ) +(x+1)(”+5+1)+x+1

or

n+1 n+1 Y41 k
funa(0) = (n+3+2) (37 (xil > (kjl?(kgﬂl)

1 = x+1
+ Y + )
x+1 /= k+s+1\ x
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This reveals that (21) is valid for n + 1, and the proof is complete. [J

Corollary 2. Setting x = 1in (21), we obtain, for n € Noand s € C\Z™,

LI | n+s+1/[& 2k n 2k
- . 22
LEm T am <,§<k+1><szﬁl>+,§)k+s+l )

Corollary 3. Setting s = 0in (22), we obtain, for x # —1,

i(i"{)_(”H)(xil)n(xﬂ,i 1111

k=0
1 & 1 x+1
+x+1k§)k+1( x )) @3
which is equivalent to (4).
Corollary 4. Setting s = —1 in (21), we obtain, for n € Ng and x € C\{-1,0},

5 (%) _<2n+1><2:>x<i 4k (x + ¥

S @OFG) ) S 2k + 1) (3
1& 1 [x+1)\F
x = 2k+1\ x
Example 1. Setting x = 1in (23), we obtain

n
ITLEE
k=0 k

3. Examples

1g 2
Yy . (24)
i k+1

Example 2. Setting s = 0 in (20) and replacing n by 2n, we obtain

LD (D)4 (=D)M)
) n+2 ' (25)

Summing the Equations (24) and (25) side by side and replacing n by 2#, one obtains
the following identity, which recovers (3).

Example 3. For n € Ny, we have

n 1 27’[ + 1 2n+1 Zk

= . 26
Lo~ w bR )
Example 4. For x € C\{—1,1}, we have
i ka B (2n + 1)x2n (x 2n <x+ 1)k—2n71 _ (1 _ x)kfznfl
=0 Gh 2 =0 (k+1)
2n k—2n—-1 k—2n—1
1 —(x—1
+y et 1) ) 27)
= (k+1)x
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Proof. Replacing x by —x in (23), we obtain, for x # 1,
x \" (1 —x)k
_(n+1)(x—1) (x—lz k+1
1 & 1 (x-1\F
+1x¥k+1( x >) @8

If we replace n by 2n and sum the Equations (27) and (28) side by side, the result follows
after a simple computation. [

n

Example 5. For n € Ny, we have

k=1 e -
0 arcyeen g (V) en(BER)
=N T N

2 = 4k(2n — 4k + 1)
% _1)k LanJ (_1)k
; 4k(2n — 4k + 3) * ; 4k(2n—4k)> (30)

where | - | is the greatest integer function.

Proof. Setting x =i € Cin (27), we obtain

n (_1)k _ (—l)”(2n+1) ) 2n (1 _i_i)k—anl o (1 _ i)kfznfl
D (21 2 <1k20 k+1

n (1 4 i)k—Zn—l _ (i _ 1)k—2n—1
Y (k+1)ik ) ey

k=0

An easy computation shows that

(1+4i)k2-1 Z_k (i —1)k=2n-1 _ (_1);11.((1 ikl (g i)k—zn—l).

Thus, we have

n (_1)k ) 2n (1 + i)k—anl _ (1 _ i)k72n71
= (D" @n+1)i ) : (32)
k; (o) k=0 k+1
The proof of (29) follows from
k—2n—1 _
(142 - i) =o(v2) sin<(2n ’f 1>”>.
After some computations, we see that
n (1 4 i)kunfl _ (1 _ Z-)kunfl % _1)k
= k+1 = 2%k (2n — 4k +1)
LnT“J (_1)k L%l] (
-2 —_— —_ 33
k; PK(on—4k13) ; (2n—4k) (33)

Hence, from (32) and (33), we see that (30) is valid. O
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Remark 1. From (30), we conclude
2n+1 (_1)k
=0 (%)
and
2n k -
-1 1 4 1) 2 1
Z(4n) - S Z(4k 1 4k+3 & 1>(_4)k'
=1 (o) k=0 \FF + +
Example 6. Forall x € Cwith x # —1, and all non-negative integers n, we have
k
D A S G 71 N Gl i €9
= x+1 (2 Sk 2k - 1) (x +1F(E)
1 &1 x \F
_x+1,§02k—1<x+1> ‘ G4
Proof. Settings = —% — 1 in (21), we obtain
i k < x >n+1 i (x+ 1)k
=0 () x+1 =0 (k+1) ()
X" 1 x+1\"
+(x+1)n+1k£§)12n+2k( x > (35)

Applying the first identity in (10) and

n+k> _ Gt EDEN®

(k+1)< A /
k+1 #C)

we obtain from (35)

n (_4x)k B 1 x n+l n 1)k4k(x+1) (Zziik)
k; (%) NGD) (x+1> k; (1—2n+2k)(})
)y

1 " x+1\F
x+1 x+1 2n—2k—1 X ’

Changing the index k to n — k in the sums on the right-hand side yields the desired
result. [

Remark 2. Applying the operator (x%) " 1o both sides of (34) enables us to find formulas for the
family of sums
n ( -1 ) k4kkm

= G

Example 7. Setting x = 1 in (34), we obtain

181
kgo @20 kg()S"(Zk—l)(Z) ‘E,Eom'

L4k () & (D)REY
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Example 8. Setting x = zli in (34), we obtain

n (_1)k _ (_1)n n (_1)k+1(2kk) _% n #
kgo CH 50 &5k 5,§05k(2k71)'

Example 9. Setting x = —% in (34), we obtain

L1 1 (DR e (DF
Lo T bim nm 35F@ o0

Example 10. Forall s € C, which is not a negative integer, and n € Ny, we have

(1) (p(n+s+1) —p(nt+s—k+1))

= (H;CFS)

B 1 (="

S (ns+2)2 0 (s +2)2("ET

Cnts+1 (=D)"(p(n+s+2) —y(s+1)) (36)
n+s+2 (et '

Proof. The proof follows from (20) by differentiating both sides with respect tos. [

Example 11. Settings = —1 — n in (36), we obtain by (13)

L AN(2Hy — Hy) 4 2(n+1)4"(6Hy, — 3H, —2)
Z 2k - § + 9(271) ’

k=0 (k) n

Remark 3. The odd harmonic numbers O,, = 1+ % + % 4+ + 2;11771 and the harmonic numbers
are connected with O, = Hp, — %Hn. Therefore, Example 11 can be rewritten in the following
elegant form:

ii@ok_2+2m+1mwxh—n

-k _ 2 > _

= G0 9()
This formula, it is acknowledged, is included in the preprint [18], sent as a private communication
to the first author. Some other harmonic number identities may be seen in [19-21].

Example 12. For all non-negative integers n, we have

L(-DFHy  (-1D)"(n+1)Hy,—1 1+ (=1)"
g% @)k_' n+2 +(n+2)2‘

(37)

Proof. If we let s = 0 in (36), we obtain

D (1) —ygn—k+1) 14+ (=1)"

g% ") ~ (n+2)2
a4l ()" +2) — p(1)
n+2 (ri1) '

From the relation ¢(n + 1) = ¢(1) 4+ Hy, it follows that

S(-D S (G Hyg 14 (D) (D)4 1) Hy

Hy, ). +)

= G = () (n+2)? n+2

Using (25) and changing the index k to n — k in the second sum, the conclusion follows. [
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Remark 4. Formula (37) corrects the corresponding identity in [22] (p. 2).
Example 13. For all non-negative integers n, we have

" 1+ (m+)H,"E2F a1 H2kH, 17 2
; (Z - on+1 k_Zl Kk ont2 k; k on+2 k;l 2 (38)

Proof. Differentiating both sides of (21) with respect to s, we obtain

") (x 1)+l ,g)s+k+1

i(lp(s—l—n—k+l)—1/}(s+n+l))xk_ x" n (Xxil)
k=0

x \"E (k1) (s+n+1)x" (L;rl)
+(erl) k;)(k“)(s;ﬁl)_ (x 4+ 1)+l ,g(s+k+1)2

n+1l n r
" _x (W(s+1) — (s +k+2))(x+1)
+(s+ +1)(x+1> k;) G DCTTY : (39)

Putting s = 0 and x = 1in (39) and using (13), we find

" H H, 1 2k w4 1"EH 2% H, a1
k_y oty -y o 40
; Z) k;') (7;) + 2n+1 k:zl k 2n+2 k:zi 2n+2 Z k2 ( )
Now, the proof follows from (24). O
Example 14. Setting s = —% — n in (20), we obtain, for all non-negative integers n
o4k 2(n41)4t 1
e I (41)

k=0 ( k) 3( n )
Remark 5. Identity 14 is not new and can be found in [14] (Equation (1.6)).
Example 15. Setting s = 5 — n in (20), we obtain by (10) for n € Ny

i (2k—1)4 22 ' (m4+1)(2n—1)

= 503

Example 16. Repeated differentiation of both sides of (20) with respect to s gives

gl W

i(_l)k((w(s—kn—kl)—1p(s+n—k+1))2

=0 ("¢
_¢’(s+n+1)—lp’(s+n—k—|—1)>__ 2
("F) (n+s+2)3
B 2(=1)" C2(=D)"(yp(s+n+2) —p(s+1))
(n+s+2)3("=1 (n+s+2)2("=1h

L D" nts+)
(n+s+2)("3

—(lpl(n+5+2)—lp/(s+1))). (42)

((1,0(5 +n4+2)— (s +1))>
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Example 17. Let n € Ny. Then, we have

0 (—1)’<(H,§—H,£2)) - (—1)”(n+1)<H,%—H£,2))

k=0 () n+2
L 204 (C)"H) 2014 (1))
(1522 (142

Proof. The proof follows from (42) by setting s = 0, and using the relations ¢(n + 1) =
Y1)+ Hyand /(1) — ¢'(n+1) = HY. O

Example 18. Settings = % in (20), we obtain

L (DR kEDE) _2041) () (SD"@n+1)(20+3) ()
=0 4k - 2n+5 ( * 2(n+1)4n )

Example 19. Differentiating both sides of (21) with respect to x, and then setting x = 1, we obtain

"ok n+s+1(” (n+k+1)2k & (n—k—1)2k>
Y = Y +Yy — ) (43)
= 22 NS e+ stk

In particular, for s = 0, the result is

Z%: on+1 §k+1' (44)

Remark 6. In [23,24], the authors considered the alternating finite sums

n (_1)kkm
= @

and they provided many properties of them involving closed form evaluations. If we apply the

m
operator (x%) (m € N) to both sides of (21) and set s = 0, we can obtain a formula for the sum:

Lyl
Lo

Example 20. Settings = —5 m (20), we obtain for n € Ny
3o CDHE) _ 2004 D47 + (<120 + 1))
= 40 4"(2n+3) '

Example 21. Setting x = % in Corollary 2, for any non-negative integer n, we have

n () _ @+ DE) (4 5 n sk
; 5n+l(zzk+4k¥02k+1)‘

k=0 (2k+1)(%)

Example 22. Setting x = —% in Corollary 2, for any non-negative integer n, we have

= (= "(Zk) @+ 1)) (& (3)F ¢ 3t
; ‘ 3n+l <4k§)2k+l_z)(2kk)>'

= (2k+1
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Example 23. Let n be a non-negative integer. Then,

n n

Fuik Fi1 + Fok—

e (45)

=k =k
and

i Lovk _ i L1 + Lok (46)

Sk =k

Proof. Multiply both sides of (23) by x (x+1) and then evaluate the resulting equation
atx =a = 155 and x = B = 155, This gives

n n+k+2 n “Zk—i—l n (xk
L = ( Xt ety )

and

n Bn+k+2 B n ‘BZk-‘rl n Lk
L oo (G L)

If we divide both sides of these two equations by # + 1 and then use (11), we find

n an+k+2 n [sz+1 n k

24
= + ,
k=0 (k‘i‘l)(ﬁb im0 k+1 ngk‘H

and

n ‘Bn+k+2 _ i ‘BZk—&-l +i ‘Bk

= k+D)) Skl Skt

Letting k + 1 = k’ (and k’ = k) and replacing n by n — 1, we obtain

n n+k kf n k-1

n o
Lyt 47
Lim L tL “)

and

n 'Bn+k n '821(71 n ﬁkfl .
= . 8
RIS P 4

Now, the proof immediately follows from combining the Equations (47) and (48) according
to the Binnet’s formulas for F, and L,. In this example, we can see the symmetrical
properties of the Fibonacci and Lucas numbers which may be further exploited to obtain
other finite sum identities. [

4. Concluding Remarks

We have considered a generalization of a finite sum with parameters and analyzed
its numerous consequences in relation to the representation of new identities. We have
featured some identities involving central binomial coefficients, harmonic numbers, and
Fibonacci and Lucas numbers. It is envisaged that further work could be undertaken
involving a study of Cauchy numbers, Apery’s constant, and other special numbers.

Author Contributions: Writing—original draft, N.B.; writing—review and editing, A.S. and N.B. All
authors have read and agreed to the published version of the manuscript.
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