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Abstract: Synovial joints are unique biological tribo-systems that allow for efficient mobility. Most
of the synovial joint activities in the human body are accomplished due to the presence of synovial
fluid. As a biological lubricant, synovial fluid lubricates the articular cartilage to minimize wear
and friction. The key components of synovial fluid that give it its lubricating ability are lubricin,
hyaluronic acid (HA), and surface-active phospholipids. Due to age and activities, synovial fluid and
articular cartilages lose their properties, restricting synovial joint mobility and resulting in articular
cartilage degradation, leading to the pathological synovial joint, which is a major cause of disability.
In this context, synovial joint research remains significant. Even though synovial joint lubrication has
been investigated, several problems linked to squeeze film lubrication need greater attention. The
Newtonian model of squeeze film lubrication in synovial joints must be studied more extensively.
This work aims to investigate squeeze film lubrication in diseased synovial joints. The lubrication
and other properties of synovial fluid and the flow of synovial fluid in a diseased human knee
joint are investigated theoretically in this work. We have investigated the effect of the synovial
fluid viscosity and the effects of permeability and thickness of articular cartilage on squeeze film
properties. Moreover, we have also investigated the effect of squeeze velocity and film thickness on
the characteristics of the squeeze film formed between the articular cartilages of a diseased human
knee joint. In this work, the articular cartilages were treated as a rough, porous material, and the
geometry was approximated as parallel rectangular plates, while the synovial fluid flow is modeled
as a viscous, incompressible, and Newtonian fluid. The modified Reynolds equation is obtained using
the principles of hydrodynamic lubrication and continuum mechanics, and it is solved using the
appropriate boundary conditions. The expressions for pressure distribution, load-bearing capacity,
and squeezing time are then determined, and theoretical analysis for various parameters is conducted.
Pressure is increased by squeeze velocity and viscosity, while it is decreased by permeability and
film thickness, leading to an unhealthy knee joint and a reduction in knee joint mobility. The load
capacity of the knee joint decreases with permeability and increases with viscosity and squeezing
velocity, resulting in a reduction in the load-carrying capacity of the knee joint in diseased conditions.
Synovial knee joint illness is indicated by increased pressure and squeeze time. The squeeze film
properties of synovial joints are important for maintaining joint health and function. Joint diseases
such as osteoarthritis, rheumatoid arthritis, and gout can affect the composition and production of
synovial fluid, leading to changes in squeeze film properties and potentially causing joint damage
and pain. Understanding these relationships can help in the development of effective treatments for
joint diseases.
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1. Introduction

The synovial joint is a specific type of joint in the human body and has an extremely
complicated structure. This joint is very important and responsible for the movement of
the human body. Synovial joints are the anatomical structures in charge of mobility, which
is one of the essential functions of the human body. These weight-bearing joints are made
up of two mating bones that have a round shape and are covered by layers of a sponge-like
poroelastic substance that is known as articular cartilage. There is a cavity that can be
noticed in the gap between these articular cartilages, and this cavity is filled with a clear
fluid that resembles egg white or has a yellowish tint to it. This fluid is known as synovial
fluid. Synovial fluid is responsible for nearly every aspect of the functioning of a synovial
joint, but it is primarily responsible for three key aspects of that functioning. It performs
the functions of a lubricant, a shock absorber under situations of instantaneous loading,
and a transport medium for nutrients. Synovial fluid provides lubrication to the synovial
joint to reduce the wear and friction between the mating bones and both articular cartilages
during motion. This helps to enhance the mechanical functioning of the synovial joint.
Additionally, synovial fluid is responsible for transporting nutrients and waste products to
the avascular articular cartilage and subchondral bone cells, which do not have a direct
blood supply. Synovial fluid is a polymeric fluid that is an ultra-filtrate of blood plasma
and is modified by the contents that are produced by the tissues that make up a significant
part of the synovial joint [1-5]. In its most basic form, synovial fluid may be described as a
dialysate of blood plasma that also contains a long-chain polymer known as hyaluronic
acid. The viscosity of the synovial fluid is caused by hyaluronic acid, and if the whole of
the hyaluronic acid is removed from the fluid using acetic acid precipitation, the viscosity
of the fluid will be reduced to that of water [6]. The synovial fluid may be considered
a combination of viscous and ideal fluids that are incompressible. The viscous portion
of this combination is mostly composed of hyaluronic acid and macromolecular protein
complexes, whereas the remaining portion consists of water and small solutes. Only the
ideal part of the synovial fluid flows through the pores of the articular cartilage, forming a
synovial gel film. According to this asymptotic model, cartilage filtration is intense, the
fluid film is rapidly depleted, and a synovial gel layer forms over most of the contact area
in a step-loaded joint; this gel may function as a boundary lubricant [7-9].

Researchers have given substantial attention to the study of the mechanics of human
movement, such as the knee and hip joints [10]. Recent research on synovial joints has
concentrated on two areas: investigating the underlying lubricating mechanisms that occur
in natural joints and developing artificial, replacement joints. The purpose of mathematical
models of human joints is to predict parameters that are difficult to measure experimentally
and to mimic changes in physiological circumstances. Various researchers have been en-
gaged in the modelling of the mechanics of joint lubrication, with a focus on the synovial
joint, offering sophisticated models that use complicated numerical techniques to obtain the
required answer [11-13]. Cartilage is essentially a two-phase, elastic, porous substance that
may absorb or release fluid due to a pressure difference generated by either the squeeze film
action of synovial fluid or consolidation of the solid matrix by tissue deformation. Clarke [14],
Mow and Lai [15] have shown that cartilage is a three-layered porous medium with a su-
perficial tangential zone, a middle zone, and a deep zone. Nigam et al. [16] explored the
impact of the variation of porosity in the uppermost layer of cartilage, which, according to
them, plays a major part in the self-adjusting nature of the human joint, using a three-layered
porous medium. Tandon and Jaggi [17] investigated the process of lubrication in knee joint
replacements with limited movement. The squeeze film phenomenon is the result of two
lubricated surfaces approaching each other at a normal velocity and exhibiting a certain
behavior. Due to the film’s viscous lubricant resistance, it cannot be instantly squeezed
out. Conway and Lee [18] study the squeezing film characteristic between a spherical and
a flat plate. Bujurke et al. [19] investigated the influence of surface roughness on squeeze
film poroelastic bearings, with particular emphasis on synovial joints. Recent research by
Naduvinamani and Savitramma [20] examined the micropolar fluid squeeze film lubrication



Mathematics 2023, 11, 1468

30f23

between rough anisotropic poroelastic rectangular plates, with a focus on synovial joint lubri-
cation. Tichy et al. [21] sought to investigate inertial concerns in parallel circular squeeze film
bearings. Qvale et al. [22] observed that the coefficient of friction might be greatly decreased
or increased for a given geometry, load, and film thickness if the viscosity changes in the
direction perpendicular to the direction of motion. Shukla et al. [23] developed an extended
version of the Reynolds equation for fluid lubrication by considering the effects of viscosity
fluctuation in the film and slip at the bearing surfaces. Additionally, they introduced the
notion of multi-layer lubrication. Tandon et al. [24] examined temperature control in synovial
joints and found that the increase in temperature is greater in diseased synovial joints than in
healthy ones. Naduvinamani et al. [25] examined the combined impact of unidirectional sur-
face roughness and lubricant additives on the performance parameters of porous squeeze film
lubrication between two rectangular plates with limited dimensions. Bali and Sharma [26]
presented a realistic model to understand the temperature distribution and its relation to the
viscosity of synovial fluid and lubrication mechanism in knee joints. Bali et al. [27] suggested
a non-linear model for lubrication in synovial joints, modeling cartilage as a combination
of two separate constituents, namely an incompressible fluid phase and an incompressible
porous solid phase for the evaluation of static and dynamic features of porous bearings.
Betdowski et al. [28] studied the bonding between phospholipids and glycosaminoglycan
present in the synovial fluid by performing molecular dynamic simulations to understand
the lubrication mechanism at the nanoscale level. Fathima et al. [29] developed a generic
dynamic Reynolds equation for sliding-squeezing surfaces with coupled stress fluids. Their
research indicated that the impacts of pair stresses increase both steady-state and dynamic
stiffness and damping properties. Savitramma and Naduvinamani [30] studied the effects
of surface roughness and poroelasticity on the micropolar squeeze film behavior between
rectangular plates and discovered that the influence of surface roughness has significant
implications on the synovial joint lubrication mechanism. Al Atawi et al. [31] presented a
synovial joint study recently and investigated the effect of different parameters such as the
porosity and viscoelasticity of articular cartilages on the flow of steady convective diffusion
in synovial joint by utilizing the finite volume method combined with the Beavers and Joseph
conditions. Kumar et al. [32] developed a mathematical model to examine the effect of
magnetic fields on cartilaginous cells of synovial joint and nutrient flow to articular cartilage
to establish the importance of cartilage nutrition in joint mobility.

Research has been conducted on lubrication in human synovial joints, particularly the
knee joint, which is essential for weight bearing and movement. The knee joint plays a criti-
cal role in maintaining balance and performing basic physical activities such as standing,
walking, and playing sports. Therefore, understanding the process of joint lubrication is
important. Lubrication in the synovial knee joint is responsible for reducing friction and
wear between articular cartilage surfaces during movement. Synovial fluid is crucial for the
lubrication process as it creates a protective film that separates and smooths the surfaces
of the cartilage. The absence of proper lubrication would result in the surfaces rubbing
against each other, leading to joint damage. In studies on the lubrication of synovial joints,
the hydrodynamic lubrication mechanism is the squeeze film lubrication mechanism. The
process of squeeze film lubrication occurs when two lubricating surfaces approach each
other vertically to generate pressure and support the load. The viscous lubricant existing
between the surfaces cannot be instantly squeezed out as they move toward each other,
creating a cushioning effect. In the case of synovial joints, squeezing film lubrication
produces a fluid film by the movement of the synovial fluid between the surfaces of the
articular cartilage. The viscosity and movement of the synovial fluid affect frictional forces
in hydrodynamic lubrication. The pressure created by the flow of synovial fluid between
the articular cartilages defines squeeze film lubrication and impacts the joint’s ability to
support the weight. Hays [33] conducted a theoretical analysis of the squeeze films between
rectangular plates and studied the effect of surface curvature on the squeeze film generation
and its properties. Using load capacity curves and pressure distributions, a theoretical
study was performed on the conventional method of flat and curved rectangular plates
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separated by a thin layer of lubricant. Gould [34] explored the parallel surface squeeze
films and studied high-pressure squeeze films between constant-velocity flat discs with the
lubricant’s viscosity depending on fluid temperature and pressure. Wu [35] theoretically
analyzed the squeeze films between rough, porous rectangular plates and derived the
modified Reynolds equation to investigate the squeeze film between two rectangular plates,
one of which had a porous face. He discovered that the influence of porous facing on
squeeze film properties is substantial. Bali et al. [36] investigated the theoretical articular
contact mechanics of an artificial knee joint with biphasic cartilage layers under restricted
motion during normal walking and suggested that porous implants with a viscoelastic
fluid lubricant may provide better implantation in comparison to cement or rigid materials,
as the load-carrying capacity increases with increasing viscoelastic parameters, similar to
the concentration of hyaluronic acid molecules in synovial fluid. Bali and Sharma [37]
presented a two-region flow model for the investigation of lubrication mechanism in the
synovial joint in the presence of the magnetic field by considering two porous cartilage
surfaces separated by a non-Newtonian lubricant. This study explored the possibility of
the improvement in the efficiency of joint lubrication with the help of magnetic fields.
Naduvinamanni et al. [38] investigated the effect of surface roughness on the squeeze film
lubrication of finite poroelastic partial journal bearings lubricated with a couple stress fluid
with a focus on the lubrication mechanism of the human hip joint. They developed a simple
mathematical model to understand the combined effect of surface roughness and couple
stress on the squeeze film behavior of the hip joint as a particular case by considering
articular cartilage as a poroelastic biphasic material and synovial fluid as a couple stress
fluid. Using the deterministic theory of hydrodynamic lubrication, Kumar et al. [39] devel-
oped a theoretical model to examine the influence of surface roughness on the squeezing
film of spherical bearings. Radulescue et al. [40] investigated the properties of squeeze
film between non-parallel circular surfaces by evaluating the performance of Newtonian
fluid from a theoretical and experimental standpoint using the two-dimensional modified
Reynolds equation. Hanumagowda et al. [41] conducted a theoretical investigation of the
combined influence of couple stress, convective inertial forces, and magnetohydrodynamics
on squeeze film characteristics.

After reviewing the relevant literature, we have determined that there is no mathe-
matical formulation describing the effect of synovial fluid parameters on the squeeze film
characteristics of the synovial knee joint. In addition, squeeze film characteristics have
not been examined in relation to articular cartilage properties. There is some research on
the squeeze film properties, although the majority is limited to journal bearings. In these
investigations, the behavior of synovial fluid was modeled as a non-Newtonian fluid, a
micropolar fluid, or a couple stress fluid, and the influence of the factors linked to the fluid’s
micropolar and couple stress nature was explored. In the existing research, the effects of the
viscosity of synovial fluids, the permeability of articular cartilage, the thickness of the fluid
film, and the squeeze velocity have not been studied. The behavior of the synovial fluid is
Newtonian in pathological conditions, and most of the existing studies are based on the
consideration of the synovial fluid as a non-Newtonian fluid. In relation to the properties
of the synovial fluid and articular cartilage, it is still necessary to gain insight into the
pathological conditions of the synovial joints. In this study, the effect of synovial fluid and
articular cartilage properties on the characteristics of the squeeze film of synovial joints has
been investigated. The viscosity of the synovial fluid and the permeability of the articular
cartilage influence the behavior of the synovial joint’s squeeze film; consequently, it is
essential to examine these effects. In addition to the viscosity of the synovial fluid and the
permeability of the articular cartilage, the squeezing velocity and fluid film thickness also
affect these properties. The synovial joint system is very complicated, and it is challenging
to consider all the components involved in the synovial joint all at once. As a result, this
study only considers the most basic physical situations, and the squeezing of cartilage
surfaces lubricated by synovial fluid has been modeled mathematically. Articular cartilage
has been investigated with a scenario in which the upper cartilage is moving toward the
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lower cartilage, treating the synovial fluid as a Newtonian fluid, and treating the articular
cartilage as a porous material. The purpose of this study is to construct a mathematical
model for investigating the properties of the squeezing film in the synovial joint and how
these properties are impacted by the changes in the synovial fluid and articular cartilage.
The primary objective of our work is to establish a relation between the properties of
the synovial fluid and articular cartilage with squeeze film characteristics in pathological
conditions. This aim is accomplished by deriving an analytical expression for the pressure
distribution, load-bearing capacity, and squeezing time. The most essential aspect of our
work is establishing a relationship between these characteristics, the parameters of the
synovial fluid and articular cartilage, and how these changes affect the status of the syn-
ovial joint. Our objective is to identify the characteristics that might lead to synovial joint
disease. Pressure, load-bearing capacity, and squeeze time are important parameters of the
synovial joint squeeze film and are helpful for comprehending diseased synovial joints by
considering synovial fluid and articular cartilage properties. This article can contribute to
the early identification of synovial joint disease and implant development with the help of
the presented model. Therefore, this study has academic and practical significance. The
current article has four sections. The first section contains the problem’s context, intro-
duction, literature review, and limitations. In the second section, the mathematical model
has been presented in detail. In section three, we have reviewed the model’s outcomes.
This part contains the results in the form of graphs and their conclusions. In this part, we
have described in detail what we have achieved, why it was important to undertake this
research, and what its outcomes would be. Section four reports the conclusion of this study.

2. Mathematical Model

In the present study, we have considered the synovial fluid flow in diseased human
knee joints as they are being loaded. The schematic representation of the synovial joint is
shown in Figure 1. The foundation of this work is the concepts of biofluid dynamics and
lubrication theory. Walker et al. [42] noted that the load-carrying area of the knee joint is
minimal. Hence under high-loading situations, the two surfaces may be assumed to be
parallel. The parallel plate approximation is a simplification of the knee joint that assumes
the two articular surfaces of the joint are parallel to each other, like two plates. Figure 2
shows the simple geometrical representation of the synovial joint. This approximation
is commonly used in computational models of the knee joint because it simplifies the
complex geometry of the joint, making it easier to analyze and simulate. The parallel plate
approximation is preferred over a more complex representation for modeling the knee joint
for several reasons. It simplifies the geometry, allowing for more efficient computation, and
provides a good approximation for joint contact forces and pressures. Moreover, it can be
used to study a range of loading conditions and is useful for understanding the effects of
interventions. Overall, the parallel plate approximation is a useful tool for studying knee
joint mechanics and is widely used in the field of biomechanics. Therefore, it is proposed
that two rectangular parallel plates may model the shape of the knee joint. The shape of
the human knee joint is comparable to the parallel plate model, and articular cartilages
have been viewed as porous materials with substantially longer lengths in comparison
to the widths. The parallel plate representation of the synovial joint is shown in Figure 3.
Squeeze-film lubrication occurs when the bearing surfaces are moving perpendicular to
one another. The pressure in the fluid layer is generated by the movement of perpendicular
articular surfaces. As the opposing surfaces approach each other, the fluid film is squeezed
away from the point of approaching contact. The viscosity of the fluid in the space between
the surfaces generates pressure, forcing the lubricant out. The pressure resulting from the
viscosity of the fluid keeps the surface apart. This kind of lubrication is optimal for heavy
loads that are applied for a short period of time. This system is capable of transporting
heavy loads for short durations. We have assumed that the squeeze film lubrication occurs
in the synovial joint during loading conditions [43].
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We have taken into consideration that the human knee joint has two zones, the fluid
film, and articular cartilage. To find out the velocity in both regions, a symmetric case
of the human knee joint has been considered. This means that we have considered the
upper articular cartilage and upper half of the synovial cavity in which synovial fluid is
filled as our system of study. The governing equations for the flow of synovial fluid in the
fluid film region are derived from the well-known Navier-Stokes equations. The Navier—
Stokes equations for the flows of Newtonian fluids will be used to obtain the governing
equations for the flow of synovial fluid in the fluid film zone by applying restrictions
based on the physical environment. The fluid flow in porous materials is governed by
Darcy’s law for flow in the porous medium. The synovial fluid flow in articular cartilage
is governed by Brinkman’s equations, which is an extension of Darcy’s law [44]. The
viscous, incompressible, and Newtonian nature of the synovial fluid is well established,
and we also have considered this fact in this study. In most cases, synovial fluid’s shear
thinning behavior may be described as non-Newtonian. However, when subjected to high
shear rates, the viscosity of synovial fluid reaches a constant value that is not very much
greater than that of water [9]. As a result of this, a Newtonian lubricant model is often
used for simulating synovial fluid in lubrication modeling [45]. Viscosity is decreased in
osteoarthritis, especially at low shear rates, whereas it is lowered even more in rheumatoid
arthritis. This indicates that as disease severity increases, viscosity decreases and becomes
less reliant on shear rate. In light of the above studies, we can treat the synovial fluid as a
Newtonian fluid during the modeling of synovial joints. Therefore, in this investigation,
the synovial fluid was considered to be a Newtonian fluid. We have considered the usual
assumption of incompressible and viscous flow without external forces and the synovial
fluid is considered as a viscous, incompressible, and Newtonian fluid. The most general
form of the momentum balance equation in vector form can be written as follows,

=

o
pﬁ‘: = uV?V +0g = Vp (1)
where 17 is the velocity vector of the fluid, p is the density of the fluid, and y is the viscosity
of the synovial fluid. The expression Vp denotes the pressure gradient and 5: denotes the
material derivative. This derivative is the time derivative of a physical quantity. By using the
definition of the total derivative, the expression of material derivative can be written as follows,

DV v
— —

Now, putting the above expression in Equation (1), this equation takes the following form

N
1Y — —

—
o| 5p +(VVIV | =pV2V +pg — Vp 3)

The above equation is the momentum balance equation, by using which we will
find the equations governing the fluid flow in squeeze film by applying the suitable
assumptions. The following assumptions can be made for the derivation of the modified
Reynolds equation for hydrodynamic squeeze film lubrication.

The lubricant is considered to be incompressible, non-conducting, and non-magnetic
with constant density and viscosity. The flow of the fluid is laminar, and a moderate velocity
combined with a high kinematic viscosity gives rise to a low Reynolds number at which
flow essentially remains laminar. All the body forces are neglected, indicating that there
are no external forces acting on the fluid. However, external forces are always present, but
their effect is small in comparison to the viscous force, so these are neglected. The fluid
flow is considered steady, which means that the change in any property of the fluid with
respect to time is zero. The most important and fundamental assumption of hydrodynamic
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lubrication is that the thickness of the fluid film is very small, resulting in negligible inertia
and pressure variation along the fluid film. This assumption also leads to the fact that the
velocity gradient across the fluid film predominates in comparison to the plan. By applying
all these assumptions, we obtain the required equations governing the fluid flow.

2.1. Governing Equations

Most hydrodynamic lubrication may be represented quantitatively using an equation
developed by Reynolds and usually referred to as the Reynolds equation. This equation
may be derived using several different methods. As it is a simplification of the Navier—
Stokes momentum and continuity equation, it may be derived from it. It is often obtained,
however, by adopting a standard engineering technique and evaluating the equilibrium
of a liquid element exposed to viscous shear and the continuity of flow concept. Only
when two surfaces are moving relative to one another with sufficient velocity for a load-
carrying lubricating layer to be produced can hydrodynamic lubrication occur. In most
applications, governing processes are too complex to be precisely characterized by mathe-
matical equations. Several simplifying approximations must be made in hydrodynamics
prior to deriving a mathematical representation of the basic underlying processes. For
the calculation of the governing equations, all simplifying assumptions required for the
derivation of the modified Reynolds equation for squeezing film in a diseased synovial
joint are examined. It is assumed that synovial fluid is Newtonian, incompressible, and
has a constant density. Additionally, the body and other forces acting on the synovial fluid
are considered minimal. The synovial fluid flow is believed to be laminar, and no-slip is
assumed at the boundary of the articular cartilage. By considering the equilibrium of an
element and the continuity of flow, and the other assumptions of synovial fluid, the simpli-
fied version of the Navier—Stokes equation for deriving the modified Reynolds equation for
pressure distribution in the squeeze film of the pathological synovial joint is as follows:

Region I: Fluid Film Region0 < y < h

P _3p _
Py ~ax —
o%v;  dp
Mo ez 0 (4)
op
5 = °

The above Equation (4) is derived from the Navier-Stokes equation by applying the
assumptions we have mentioned. This equation gives the velocity of the synovial fluid in
the axial direction, and there is no change in pressure along the fluid film thickness.

Here, 1 and v; are the velocities of the synovial fluid in the fluid film region in the
x-direction and z-direction, respectively. The viscosity of the synovial fluid is denoted
by the symbol y, and p denotes the pressure in both the regions in the x-direction and
z-direction. The thickness of the fluid film is denoted by h.

Region II: Cartilage Region h <y < h+ H

The Brinkman equation attempts to describe low Reynolds number flow in the porous
medium with non-zero velocity gradients. The equation entails transforming the usual
Darcy law by adding a viscosity component whose coefficient is normally linked with pure
fluid viscosity. The Darcy-Brinkman equation, often known as the Brinkman equation, is a
governing equation for flow through a porous medium that contains an extra Laplacian
known as viscous or Brinkman factor. The equation has been widely used to evaluate
porous media with high porosity. The equation is as follows:

2
Uy 0P

y: ¢ dx
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The above Equation (5) is an extended version of the well-known Darcy law, and these
equations give the velocity of the synovial fluid in articular cartilages of the synovial joint
in axial directions.

Here, u; and v, are the velocities of the synovial fluid in articular cartilage in the
x-direction and z-direction, respectively. The symbol u’ denotes the apparent viscosity of
the synovial fluid, whereas ¢; and ¢, and are the permeability of the articular cartilage in
the x-direction and z-direction. The thickness of the articular cartilage is denoted by H.

2.2. Boundary and Matching Conditions

The boundary conditions for the flow of synovial fluid in the fluid film region and
articular cartilage are defined by,

3
%:0 at y=0 ©)
%:0 at y=0

u =0 at y=h+H @

=0 at y=h+H

Equation (6) gives the boundary conditions for the fluid film region, whereas Equation (7)
gives them for articular cartilage.

Considering our assumption of no-slip boundary condition, the velocity of synovial
fluid in the fluid film and articular cartilage at the interface, where the articular cartilage
and the fluid film meet, must be identical. Thus, the matching condition for velocities at
the interface may be described as follows:

U = up = Vi and vy ==V, at y=nh 8)

where V, and V; are the interface velocity in the x-direction and z-direction, respectively.
Shear stresses at the interface are also the same. Therefore, the following matching
condition applies to shear stresses at the interface

82141 o 327)1 .
Har T H 52 at y=nh ©)
2 2
a uz o ‘u,a Z)z at y _ h (10)

¥ a2 " oy?

2.3. Solution of the Problem

Now, solving Equation (4) with the help of the boundary condition given in Equation (6)
and the matching condition given in (8), we obtain the velocity of synovial fluid in the fluid
film region in both the x-direction and z-direction.

The velocity of synovial fluid in the fluid film region in the x-direction and z-direction
is given by,

_lapss 2
_1lap/, 2
vl—ﬂg(y — 1) +V; (12)

We solve Equation (5) using boundary condition (7) and matching condition (8) to obtain
the velocity of synovial fluid in articular cartilage in the x-direction and z-direction, respectively.
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The velocity of synovial fluid in articular cartilage in the x-direction and z-direction is

given by,
2 = (% 3 s (Sinh(Mx(h + H =) —sinhlMs (1 —y)] = sioh{M:H]))
Vysinh [ My (h+H—y)]
+( Sil’lh[MxH] )
0y (%%ﬁsmhﬁwzm (sinh[M, (h + H — )] — sinh[M, (h — y)] — sinh[MzH])) (14)
+( sinh[M H] )

The velocity at the interface, the region at which fluid film and articular cartilage
meet each other, can be found by using the matching conditions for shear stress given in
Equations (9) and (10).

The velocity at the interface in the x- and z-directions are given by,

V, = (q;lg;?tanh[MxHo <tanh{M;H} - Mxh> (15)
_ (9297 MH
V, = ( " a2 tanh[MZH]> (tanh{ > } Mzh> (16)

The expressions for My and M, are given by,

M, = (ﬂ) and M, = (f‘) (17)
K1 w2

The flow of volume of a fluid per unit of time through a surface, known as the
volumetric flow rate, can be calculated by integrating the velocity over the maximum
thickness of the fluid film and the thickness of the articular cartilage. Therefore, the
synovial fluid flux in both directions can be calculated by integration of velocity with
respect to i from 0 to (7 + H). Synovial fluid flux in the x-direction is given by,

h h+H
Qx = / uy dy + / up dy (18)
0 h

h hH, -
Oy = {(ﬁ%(ﬁ 7h2) +Vx)d]/ + hf (VXSIHS%FSXLI}{ y)])dy

h+H (19)

+ hf (213 i (SInh[M (7 + H — y)] — sinh[My (h — y)]

—sinh[M,H]))dy

ap| 1 M HT\? M H K’
Oy = 3y lMxBV/ (tanh[MxH} (Mxh — tanh{ > ]) + MH + 2tanh[ 5 }) + @ (20)
3
) 1)

where Qy is the synovial fluid flux in the x-direction in the synovial cavity and articular cartilage.
The expression for Fy is given by,

2 3
<tanh[MxH] <Mxh — tanh[M;H]> + M,H + 2tanh |:MxH:|> n h

Fx: 2 @

(22)

_
Mx?)‘u/
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The synovial fluid flux in the z-direction is given by,
h h+H
Q:= [ordy+ [ vy (23)
0 h
h h+-H
0 Vsinh[M, (h+H—
Qo= [(F 7 —w) + ve)ay+ (=5 )y
WH o . _ (24)
+ hf (7—2m(smh[Mz(h + H —y)] —sinh[M;(h — )]
—sinh[M, HJ))dy
op| 1 M.H]\? M.H &
Q, = —3, []\W <tanh[MZH] (Mzh — tanh[ > }) + M,H + 2tanh[ > }) + @ (25)
)
Q. = —3L (k) 26)

0z
where Q; is the synovial fluid flux in the z-direction in synovial cavity and articular cartilage.
The expression for F; is given by,

1 M.HT\? M.H n®
F, = [Mﬁy’ (tanh[MZH} <Mzh tanh[ > ]) + M;H + 2tanh{ > ]) + 3 (27)
The general continuity equation is given by,
ou dv oJw
Fra vl 0 (28)

where u,v, w are the velocity of the fluid in axial directions. This means that u, v, w are the
velocity of the fluid in x, y, and z directions, respectively. The above continuity equation
in integrated form can be written in the following manner,

0Qx | 0Q;  Jdwy

where w; is the velocity of the synovial fluid along the fluid film that means along the
y-direction. We integrate the above equation across the fluid film and using the boundary
condition w; = 0aty = 0and wy = V; aty = h. The symbol V; represents the squeezing
velocity which means the velocity by which the upper articular cartilage is moving toward
the lower cartilage and

From Equations (21) and (26), we have

Qy = ——x(Fx) and Q, = —a—p(Fz) (30)

Now, using the value of Q, and Q; from the above equation into Equation (29), we
obtain the following expression

o ( _ap\ o/ _op\
2 (—anx> v (—anz) _v, (31)

The above equation is the modified Reynolds equation for squeezing film between
articular cartilages to obtain the pressure in the fluid film. We have studied the flow of
synovial fluid in fluid film and articular cartilage in the z-direction and computed the
pressure and other parameters in the same direction. In this case, we have considered the
flow of synovial fluid in such a way that there is no change in pressure in the x-direction.
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Therefore, the rate of change of pressure in this direction will be zero, we have g—i =0, and
the modified Reynolds equation converts into the following equation,

J Iy _
&<—5&>——% (32)

The boundary condition for the pressure is given by

p=o0 at z=o
(33)

BSOS

=0 at z=1L,

where L, denotes the width of the articular cartilage.
Solving Equation (32) with the help of the above boundary conditions given in (33),
we obtain the following expression for the pressure

p(z) = 2L1_fz (Lzz - 22) (34)

The load capacity can be obtained by integrating the pressure given in the above
expression along with the breadth of articular cartilage,

L,
We= [ p(z) dz (35)
_ [V 2
W, —/0 E(Lzz—z ) dz (36)

The expression of load capacity in the squeeze film between the articular cartilages in
the z-direction is given by
Vs 13
= L
12F, *
Now, it is quite evident that the squeezing velocity is given by the rate of change of

film thickness with respect to time with a negative sign due to the movement of cartilages

in the negative direction. Therefore, we have V; = — (%) and the expression for the time

W

(37)

to reduce the film thickness from h; to h; is given by

'hl L 3
T, — / = ah (38)
27 Jn, 12EW,

where h1 and Ky denotes the initial and final fluid film thickness of the squeeze film and

(%) is the rate of change of fluid film thickness with respect to time.

To obtain the dimensionless expression for pressure, load capacity, and squeeze time,
we have the following dimensionless variables,

__ @2 : — ;t/z A V-Z
2= i (39)
F, = 5 W, = 5 T, = 7~

L3 - (&)
[ Wz
where the variables with over-bar are the dimensionless variables. Using the above dimen-
sionless variables, we can write down the expression of dimensionless pressure, dimen-

sionless load capacity, and dimensionless squeeze time. Therefore, dimensionless pressure,
dimensionless load capacity, and dimensionless squeeze time in the z-direction are given by:

p(z) = vsi‘ (z — 22) (40)
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— Vs "le
W, = — L 41
z 12F z (41)
_ h _
A L (42)
Jhy 12 F,
where F; and M; are given by,

E= L [tanh M; H] (ﬁﬁf tanh{ﬁzﬁbz +MH+2tanh[MzHH + ®

z —5 z z 2 z 2 3
{(Mz) M H} n (43)

- ()
L\ &

The functionality of the synovial joint is reliant upon its state. The performance of the
synovial joint depends on the condition of the synovial joint. It is better in normal conditions
in comparison to pathological conditions. There are a number of factors that affect the
performance of the synovial joint, but the most important are changes in the biochemistry
and biomechanics of the synovial joint. The best approach to investigate this effect is to
look at the synovial joint’s operative lubrication mechanism. The lubrication process in the
synovial joint is determined by the loading conditions and irregularities in the articular
cartilage, which traps hyaluronic acid and lubricin to form a fluid film across the articular
surfaces. The fluid film lubrication mechanism is an essential lubrication mechanism
in the synovial joint. A thin fluid film provides separation of joint surfaces in this sort
of lubrication mechanism. The synovial joint has several kinds of fluid film lubrication
mechanisms, but the most significant type of lubrication mechanism that happens in the
synovial joint under loading situations or during motion is squeeze film lubrication. The
squeeze film’s most important feature is the pressure produced in the fluid film by the
movement of the articular surfaces. This pressure is produced by the viscosity of the
synovial fluid and is responsible for articular cartilage separation. The load capacity and
squeezing time, which are both derived from the expression of pressure, are also important
properties of the squeeze film in the synovial joint. As a result, investigating the features of
the squeeze film in the synovial joint can aid in the early detection of pathological conditions.
The pressure in the squeeze film, load capacity of the squeeze film, and squeezing time are
key squeeze film parameters. All these properties are determined by the condition of the
synovial fluid and articular cartilage. Changes in synovial fluid and articular cartilages
cause changes in the characteristics of the squeezing film, which can lead to pathological
conditions in the synovial joint. Thus, the features of the synovial squeeze film are directly
connected to the state of the synovial joint. As a result, studying pressure, load capacity,
and squeezing duration can help you understand the state of the synovial joint.

3. Numerical Results and Discussions

In the present study, we looked at the properties of the squeezing film that forms
between the articular cartilages of the human knee joints in the diseased condition. We
have established the modified form of the Reynolds equation for squeeze films to examine
the properties of the squeeze film, from which we then determined the expressions for
pressure, load-bearing capacity, and squeezing time.

Moreover, we obtained the dimensionless equations for pressure, load capacity, and
squeeze time using the dimensionless variables. The squeeze time is the amount of time
needed to go from an initial value of film thickness to another specific value. In our case,
the squeeze time has been considered as the period of time needed to squeeze the film
thickness to zero so that the articular cartilages can rub against one another. We looked at
how different parameters affected the pressure distribution in the squeeze film, the load
capacity, and the squeeze time. The effects of permeability, viscosity, squeeze velocity,
and fluid film thickness on pressure variation are investigated. The effect of permeability,
squeeze velocity, and viscosity on the load capacity of squeeze film also have been explored.
On the other hand, we also have examined the role of viscosity, the sole parameter that
influences the squeeze time, in our problem. We have illustrated the fluctuations of the
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dimensionless with dimensionless axial distance for various values of fluid film thickness,
synovial fluid viscosity, articular cartilage permeability, and squeeze velocity. The variation
of dimensionless load capacity versus dimensionless fluid film thickness for different values
of articular cartilage permeability and synovial fluid viscosity has also been shown. Finally,
we have plotted the variation of the dimensionless squeeze time against the dimensionless
articular cartilage length and thickness for various values of synovial fluid viscosity. The
values of the expression for dimensionless pressure, dimensionless load capacity, and
dimensionless squeeze time are calculated using the computational software MATLAB,
and values of the parameters are taken from the available literature. The following Table 1
gives the values of the parameters that we have used in this study.

Table 1. Numerical values of the parameters.

Parameter Values
Viscosity (1) 1.0-3.5 poise
Apparent Viscosity (') 0.5-2.0 poise
Cartilage Thickness (H) 0.1-0.7 cm
Fluid Film Thickness (h) 0-5 x 1073 cm
Squeeze Velocity (Vs) 0.1-0.6 cm/s
Permeability in x-direction (1) 1-8 x 1071 cm/N-S
Permeability in z-direction (¢») 2-8 x 1071 cm/N-S
Cartilage Length (Ly) 3-5cm
Cartilage Width (L) 2-3.5 cm
Pressure Gradient <g—5> 0.02-0.774 Pas/cm

Figures 4-7 depict the relationship between dimensionless pressure p(z) and dimen-
sionless axial distance z. It demonstrates how dimensionless pressure varies in relation to
the dimensionless axial distance for different values of involved parameters. Figures 8-10
depict the relationship between dimensionless load capacity W, with dimensionless fluid
film thickness i, whereas Figures 11 and 12 depict the relationship between dimensionless
squeeze time T, with dimensionless cartilage thickness H for different values of earlier men-
tioned parameters which significantly affect the properties of squeeze film. The profile for
dimensionless pressure, denoted by 7(z), has a parabolic shape, and the value of pressure
increases up to a specific point before retreating to its starting position for all of the mod-
elling parameters. When the value of dimensionless permeability ¢, and dimensionless
fluid film thickness & increases, the pressure p(z) in the fluid film decreases. On the other
hand, the pressure p(z) in the synovial fluid film increases when the value of dimensionless
squeeze velocity V; and the viscosity p of the synovial fluid increases. In general, the
value of dimensionless load capacity W, decreases as the dimensionless fluid film thickness
h increases. On the other hand, the value of dimensionless load capacity W, increases
when the value of viscosity y, dimensionless squeezing velocity Vs and the dimensionless
permeability @, of the articular cartilage increases. The variation of dimensionless squeeze
time T, with dimensionless cartilage length L, and dimensionless cartilage thickness H is
shown in Figures 11 and 12 for various values of the viscosity y of synovial fluid. Both
the length and the thickness of the articular cartilage influence the squeeze time, which is
reduced as the cartilage becomes longer and wider. This indicates that the squeezing time
reduces when the thickness and length of the articular cartilage increase. When there is an
increase in the viscosity y of synovial fluid, there is a corresponding decrease in the value
of squeeze time.
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The figures for pressure variation show the relationship between dimensionless pres-
sure in the squeeze film and axial distance for various values of viscosity, dimensionless
permeability, dimensionless fluid film thickness, and dimensionless squeezing velocity.
The pressure in the fluid film rises during the first half of the axial distance and begins to
decline during the second half of the axial distance. It can also be seen from the same figures
that as the values of viscosity and dimensionless squeeze velocity increase, so does the
pressure in the fluid film, but whereas the dimensionless values of cartilage permeability
and dimensionless fluid film thickness increase, the pressure in the fluid film decreases
significantly. The figures depict the relationship between dimensionless fluid film thickness
and dimensionless load capacity for different values of viscosity, dimensionless permeabil-
ity, and dimensionless squeezing velocity. The load capacity has been shown to decrease as
the dimensionless fluid film thickness increases, as shown by the variation profile in the
figures. Additionally, it is evident from the same figures that as the viscosity and dimen-
sionless squeezing velocity increase, so does the load capacity. However, when the value
of dimensionless permeability increases, the load capacity decreases. Furthermore, it has
been shown that the thickness of the articular cartilages in the knee joint and the viscosity
of the synovial fluid affect the squeeze time significantly. The squeeze time decreases as
the articular cartilage length and width increase, but when the articular cartilage thickness
increases, the squeezing time increases as well. We may obtain important insights into
the diseased human knee joint based on the findings in this study. The human knee joint
goes through several biochemical and biomechanical changes when in a diseased condition.
In pathological situations, the viscosity of synovial fluid reduces, and the permeability of
articular cartilage increases. Exercise and disease-related situations result in higher squeeze
film pressure in the knee joint than in comparison to resting or under normal circumstances.
Elevated squeeze film pressure is a sign of chronic joint illness due to the fact that free
radicals are produced in the knee joint as a result of this increased pressure, and hypoxia
reperfusion damages articular cartilage tissue. The changes in the concentration of the
constituents of synovial fluid lead to pathological conditions and degraded articular car-
tilage by altering the cartilage properties [46]. The amount of hyaluronic acid, lubricin,
phospholipids, and proteoglycans present in the synovial fluid, responsible for lubrication,
is reduced in the pathological conditions [46]. The viscosity of the synovial fluid depends



Mathematics 2023, 11, 1468

20 of 23

upon these components and is reduced during disease. Due to the reduced amount of these
components, the articular cartilage also loses some properties: particularly, its permeability
is increased. It has been established that the lubrication properties of the synovial fluid
are affected by the interaction of these components, particularly increased phospholipids
related to osteoarthritis [28]. The interaction of hyaluronic acid and phospholipids is
responsible for the repairment of the surfaces of articular cartilage. The modeling and
simulation of such interactions can be helpful in further understanding the pathological
conditions of the synovial joint, and the properties of the squeeze film in the synovial joint
are significant for the formulation of bio-tribological surgical advancements [28,47]. As
we have just seen in the results presented above, the pressure increases when activity and
disease states are present and when squeezing velocity and viscosity increase as well. We
already observed that pressure increases when squeezing velocity and viscosity increases,
which clearly shows that during movement and disease, pressure increases. On the other
hand, pressure decreases when film thickness and permeability increase, which also verifies
the diseased and mobility condition. Therefore, we can conclude that the mobility of the
human knee joint decreases in the diseased condition due to an increase in pressure. The
diseased and mobility condition is also confirmed by the fact that pressure decreases as
film thickness and permeability increase. As a result, we may draw the conclusion that an
increase in pressure causes the diseased situation, and the human knee joint becomes less
mobile. Additionally, it may be deduced that the human knee joint’s capacity to support
loads declines in diseased states and increases during activity, since diseased conditions
have higher permeability and lower viscosity, whereas activity has higher squeezing veloci-
ties. The squeeze time increases in diseased joints while decreasing with articular cartilage
thickness and synovial fluid viscosity, and both of these variables decrease in the diseased
state of the human knee joint. This suggests that the squeeze time is shorter in healthy joints
and greater in diseased joints because larger values of thickness and length of articular
cartilage result in a shorter squeeze time.

4. Conclusions

In the present paper, we have studied the synovial fluid flow in diseased human
knee joints. The modified Reynolds equation has been derived to study the characteristics
of the squeeze film formed between the articular cartilages of the diseased human knee
joint by considering the articular cartilages as parallel plates. Then, further, we have
studied the effect of some significant properties of synovial fluid and articular cartilage
on the squeeze film. We have investigated the effects of the viscosity of the synovial
fluid, the permeability of articular cartilages, and the thickness of the synovial fluid film
on the pressure distribution in fluid film, the load-carrying capacity of the squeeze film,
and the squeeze time. The synovial fluid viscosity, articular cartilage permeability, fluid
film thickness, and the squeezing velocity of articular cartilage significantly influence the
characteristics of the squeeze film. To better understand the squeeze film mechanism and
investigate the effect of model parameters on the characteristics of squeeze film, we have
shown the obtained results using graphs.

It has been shown that when the synovial fluid’s viscosity and the squeeze velocity of
articular cartilages increases, the pressure in the squeeze film also increases. On the other
hand, when the articular cartilage permeability and the thickness of the fluid layer between
cartilages increase, the pressure in the squeeze film is reduced. The load-carrying capacity
or capability to support/bear weight increases with synovial fluid viscosity and squeezing
velocity, and it decreases with an increase in articular cartilage permeability. The thickness
and length of the articular cartilage affect the amount of time it takes to squeeze. These
two properties of the articular cartilage have an inverse relationship with the squeezing
time. When the viscosity of the synovial fluid is higher, the squeezing time of the articular
cartilage is shorter.

The hydrodynamic squeeze plays an essential role in the load-carrying capacity and
time of approach. Each of them plays a major role in changing the value of film thickness.
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The squeeze film characteristics are the important parameters for the state of the synovial
joint. These characteristics might play a crucial role in the identification of the diseased
conditions of synovial joint. These squeeze film properties also may be helpful in the
development of artificial synovial fluid and implant. The correct and early diagnosis of
the pathological conditions in the synovial joint is necessary and through in vivo studies
of synovial fluid and articular cartilage, it is possible to validate these findings. Studying
the properties of synovial fluid and articular cartilage can aid in the early detection of joint
disease and help with the development of biomedical implants. Changes in squeeze film
properties can indicate joint disease, with decreased synovial fluid viscosity suggesting
osteoarthritis and changes in synovial fluid composition indicating rheumatoid arthritis.
Changes in these properties can affect squeeze film lubrication, leading to joint damage.
Biomedical implants are related to these properties, and researchers try to mimic them in
implant design to optimize performance. Studying normal and pathological synovial fluid
can help with artificial synovial fluid formation. Therefore, investigating these properties
can provide insight into joint disease and improve implant performance.

The current model is not unique and may be refined/changed by articulating new
hypotheses and assumptions. Due to the computational complexities, we have considered
the one-dimensional case of the modified Reynolds equation. As experience reveals, the
complexity of the initial data used in mathematical models does not necessarily lead
to a more accurate representation of the topic or modeling process, which is explained
by a lack of correct knowledge about their true state and change. The form of articular
surfaces, cartilage properties, and synovial fluid parameters vary greatly depending on
many conditions; therefore, the friction coefficient in synovial joints, measured in vivo,
cannot be identified in vitro.

This prohibits synovial joint models from being developed with specified precision.
The exact geometry of the synovial joint is not the same as the parallel plates. In an actual
scenario, the geometrical shape of the synovial joint may be approximated by considering
the articular cartilages as cylindrical surfaces rather than parallel plates. Assessments of
the interaction of the cylindrical geometry and synovial fluid as a biological lubricant on
the pressure distribution, load capacity of squeeze film, and squeezing time of the articular
cartilage become an important part of future studies.
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Nomenclature

uy, v1  Velocity of Synovial Fluid in Fluid Film
up vp  Velocity of Synovial Fluid in Cartilage
Vi, V2 Velocity of Synovial Fluid at Interface
@1, 92  Permeability of Articular Cartilage

Qx, Q;  Synovial Fluid Flux

x, ¥, z Cartesian Co-ordinate

P(2) Dimensionless Pressure

W, Dimensionless Load Capacity

T: Dimensionless Squeeze Time

h Fluid Film Thickness

H Articular Cartilage Thickness

w Velocity of Synovial Fluid along Film Thickness
Vs Squeeze Velocity

L, Width of Articular Cartilage
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