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ABSTRACT

In this paper we establish some Ostrowski type inequalities for double integral mean of absolutely continuous functions. An
application for special means is given as well.
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1. INTRODUCTION

In 1938, A. Ostrowski proved the following inequality concerning the distance between the integral
mean b%a fabf(t)dt and the value f(x), x € [a, b].

THEOREM 1.1 (Ostrowski, [12]). Let f : [a, b)] — R be continuous on [a, b] and differentiable on (a, b)
such that f/ : (a, b)) — R is bounded on (a, b), i.e., [f’[ := sup |f’(t)| < co. Then

te(a,b)
1 b
P(X)_ | o

1 x at+b 2
< |-+ 2 / -
<|3 < b4 ) If oo (b - a), (1.1)

for all x € [a, b] and the constant % is the best possible.

For various Ostrowski type inequalities see the recent papers [1]-[5], [7], [9]-[13], the survey
paper online [8] and the references therein.
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For the integrable function f : [a, b] — C, we consider the double integral mean defined by

(b—a)z/ / dtds

Motivated by Ostrowski’s inequality, it is thus natural to ask what is the distance between the
double integral mean and the value f(x), x € [a, b], in one side and the double integral mean and
the integral mean in the other side ?

Some answers for the absolutely continuous functions whose derivatives are essentially bounded
or p-Lebesgue integrable are provided below. An application for special means is given as well.

2. SOME PRELIMINARY RESULTS
We recall the function sign defined by

-1 ifx<0,
sgn(x) :=40 ifx=0,
1 ifx>0.

We start with the following simple lemma:
LEMMA 2.1. We have for any a < b, d € R and p > 0 that

b 1
/ |x - d|Pdx =
a p+1

[sen(b - d)|b - dP*! + sgn(d - a)|d - a*"]

X (2.1)

e, [(b-ad)|b-df +(d-a)|d-al].
Proof. If d < g, then

b b 1
/ |x - dPdx = / (x-dP dx=——[(b- d)P*! - (a- d)*]
a a p+1
= [sen(b - d)|b - dP* + sgn(d - a)|d - aP*!].
If d € [a, b], then
/ |x - d|Pdx = / (d - x)Pdx + / (x - d)P dx
p 1 [( _ a)p+1 + (b d)p+1]

-  [sen(b - d) b~ dP*! +sgn(d - @)|d - ]

If d = b, then
b b 1
/ Ix - d|Pdx = / (d-x)Pdx=——[-(d- b +(d - a)P"]
a a p+1
1

oy [sen(b - d)|b - dP*! +sgn(d - a)|d - a|*]

and the first equality in (2.1) is thus proved.
The second part follows by the fact that
x = sgn(x)|x| for x € R. O

Further, we have the following representation as well:
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LEMMA 2.2. We have for any a < b, s € [a, b] and p > 0 that

[] 4

P+ 1P +2)
In particular, we have

Prtxsy P borb X+ y\P op+l _q
- = - - - - _ \pt2
/a/a ( 2 a) dxdy A/a (b 2 ) dxdy 2P-1(p+1)(P+2)(b 9 @3)
and

p+2

xX+y a+b

2

P
-s| dxdy = s-

[(b - P2 -2

+(s- a)f”z] . (22

b b P
x+y a+b 1 2
- dxdy = ——————(b - a)P**. 24
l/a 2 e ZP‘I(p+1)(p+2)( Y @4
Proof. We denote
b rb p b b p
Ip(s)::// x;y_s dxdy:/ </ Xy dy)dx
a a a a

If we make the change of variable z = % (x + y), where y € [a, b], then we have

and
xX+y

=S

1 1 1
dz = Edy, zZ€ [E(X+ a),E(X+ b)]
b b P b L(x+b)
Ip(s) = / </ dy) dx = 2/ [ |z - s|P dz | dx. (2.5)
a a a 3 (x+a)
Using the representation (2.1) we have

L(x+b) 1 b
/2 |z - s|P dz = [(x+ —s)
1(x+a) p+1 2

for s, x € [a, b], and by (2.5) we get

x+b
2

=S

P ( x+a>‘ X+a
+(s- s—
2 2

P
| eo

2 b1/x+b x+b |P X+a x+all
Ip(s) = — — -5 -s +<s— )s— dx
p+1 ), 2 2 2 2
for s € [a, b].
We consider ,
b |P b
Il,p(s)::/a x;— -s (x;— —s)dx
and )
x+all xX+a
IZ,P(s)::/a s- 5 (s— 5 )dx
for s € [a, b].
a)Forse[a,%b],wehave
x+b a+b

s> -s=0forx€ab],
2 2

brx+b P lx+b brx+b Pl
Il)p(s)=/a < 5 —s) ( 5 —s)dx=/a< 5 —s) dx
_ 2 (b - 5)P*? - atbh o
p+2 2
forse[a,%b].

We have s - 24 = 0 for x = 25 - a € [a, b]. Then

Ig,p(s)=/ab p(s—x;a)dx

then

x+a
2

S —
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2s-a x+a\p xX+a b i x+a P xX+a

_/a (s_ 2 ) (s_ 2 )d’”/zH( 2 _s) (s_ 2 )dx
2s-a x + a\p+l b i x+a p+1

= - dx - - d

L) e [ () e

-t (Beos)™

N p+2 p+2
2 p+2

= %s—@m2—<b+a—s) l

p+2
for s € [a, %b]
In conclusion, for s € [a, %b] we get
p+2 p+2
() - 2 2 » SVQ__<a+b_s> AQZ,(S ®m2_<b+a_s> ll
p+1(p+2 2 2 2
(2.7)
p+2
.+ (b—s)p+2—2<a+b—s> +(s—a)f*?|.
(p+D(p+2) 2

x+b

b) Assume that s € [%b, b].We have %5° - s = 0 for x = 25 - b € [a, b]. Then
b
x+b |P/x+b
Il)p(s):/a 5 -s ( 5 —s) dx
2s-b x+b\ [x+b b/ x+b P/x+b
=/ s— -5 dx+/ -5 -s|dx
a 2 2 2s-b 2 2
2s-b b p+1 b b p+1
:—/ <s—x+ ) dx+/ <x+ —s) dx
a 2s-b 2
p+2
S s—a+b +L(b—s)p+2
p+2 2 p+2
92 b p+2
= (b—s)P+2—(s—a+) }
p+2
forse[%b,b].
Ifse [%b b],then we have
x+a a+b x+a b-x
s - - = >0
2 2 2 2
for x € [a, b] and then
b P
xX+a xX+a
Dp(s) = - (— )d
2.0(8) /as 5 s x
b+a\P+2
s
a 2 p+2 p+2
2 b p+2
= (s—a)f”z—(s— +a>
p+2

forse [%b, b].
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Therefore,
2 | 2 p\P? 2 b+a)\P*?
Ip(s) = (b-s)P*2 - <s— ar > + (s—a)pJrz <s— +a>
p+1l(p+2 2 p+2 2
N (2.8)
4
= |(b-s)P*? -2 s- 4 +(s - a)P*?
(p+1)(p+2) 2
for s e [%b, b].
By utilising (2.7) and (2.8) we get the desired result (2.2). O
COROLLARY 2.3. With the assumptions of Lemma 2.2 we have
b rb b P p+2 _
xX+y 2 1 +3
-s| dxdyds=— (b - a)P*>. (2.9)
/// YET T D ()
Proof. We observe that
b b b - q)P*3
/ (b - 5)P*2ds = / (s—ap2ds= =9
a a p+3
and )
b b p+2 b b p* 1
/ S_a+ ds=2/ <s—a+ ) ds=27(b—a)p+3,
a ash 2 2P%3(p +3)
therefore
b a+blP?
/ [(b—s)P*z-z s - +(s-a)P*?| ds
a 2
3
B L P
p+3 2P*2(p +3) 2P+1(p + 3)
Now, by taking the integral over s € [a, b] in the identity (2.2) we get (2.9). o
REMARK 2.4. The case p = 1 is of interest in applications and produces the following equalities
b 3
/ / x+y—sdxdy—[(b—s) 2s—a+ +(s—a)3]. (2.10)
In particular, we have
x +y
/ / -a dxdy / / b - dxdy = f(b - a)’, (2.11)
x+y a+b 3
- dxdy = f(b - a) (2.12)
a Ja 6
and s b b
1
/ / / ‘m ~ s\ dxdyds = ~ (b - a)*. (2.13)
a a a 2 8
3. MAIN RESULTS
If f is absolutely continuous on [a b] then for any ¢, s € [a, b], s # t, one has, see [6]
90 e -
s—t _s—t f/(wydu = f (1 -N)s+ At]d
showing that
1
fls)=f@)+(s- t)/ F/ 11 - A)s + At] dA (3.1)
0

for any t, s € [a, b].
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Now, if we take the double integral mean over ¢ on [a, b] in the identity (3.1) we get the following
equality of interest

“ra [ [ ()
(b—a)z_/ / x+y (/Olf/[(l—l)s+/1<x

Y )] d)t) dxdy
for any s € [a, b].

If we take in this equality the integral mean over s on [a, b] we also get

S
L o
y (/0 I% [(1 s A (X )] d)t) dxdyds.

If ¢ < d and the function g is essentially bounded on [c, d], namely g € Lo[c, d], then we use the
notations

(3.2)

lgle,dp,c0 := €SSUPepc.q) 18(1)] < 00 and |g[a,cc0 = — €SSUPe[c 47 1§(E)] > —c0.
We have:
THEOREM3.1. Let f : [a, b] — C be an absolutely continuous function on [a, b]. If f’ € Le[a, b], then

ot [ 15
o [

[( )’ -

x+y oo‘ dxdy (34)

+(s-a)®

1 lta, b0

a+bP
s—— =
2

= 3(b 3(b- a)?

for any s € [a, b].
We also have

1 [ 1552

- XV e . (3.5)
iy = “|Lf I[s 23] | d¥dyds
1
< guf/"[a,b],oo(b_ a).
Proof. From (3.2) we have for any s € [a, b] that
1 b b xX+y
‘f<s>-(b_a)2llf( *2) axdy
R AL TH Y ’[(1—)[) /l(x+y)]d/1d d
o, [ oo we D 5

s-x;y‘x/olp/[u-)t)

i y)H dAdxdy

“wal |
 AGs)
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Since f’ € Leo[a, b], then

1 X 1
/OLN [(1—/1)3+/1( y)“d/ls/o ‘|[f’||[s’%],m‘d/1 .
’ [.52 0| = I lrab,e0
for any s, x, y € [a, b].
Therefore, by (3.6) we get
x+y
A(s) < (b— )2/ / s - ’Ty]’w)dxdy
RS
T [ ;- y

a+bP
2

S —

- ﬁ'tf/||[a;b],w [(b —s)’ -2 +(s- a)3] ,

3(b

which proves the inequality (3.4).
From the equality (3.3), the inequality (3.7) and the representation (2.13) we get

/bf<s>ds—fz L[ (552 sy
At w a-neea(152)]| ) asavas

< — XA (3.8)
" (- a)3 / / / = 5 W1z o] dxdyas
1 b b b vy
= W”f,”[a,b]po/a /a /a s- = dxdyds
1 / 1 a_ 1
- m“f ltapre0g (b= @) = Clf lfap)eo(b -~ a).
which proves (3.5). O
COROLLARY 3.2. With the assumptions of Theorem 3.1 we have
N
< . (3.9)
b// ) F |52 iy
s *(b = OIf lrable00
Pb (b—a)Z// ) dxy
(3.10)

ol (b—x2y>

1
E(b - Of a5 00

', x50y

IA
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and

w;b)-;z [ [ (522 aray
=7 / (PN

< *( - O lap)c0

The constant % is best in both inequalities (3.9) and (3.10) while % is best possible in (3.11).

The equality is realized in (3.9) for the function f(x) = x — a, in the equality (3.10) for f(x) = b-x
and in (3.11) for f(x) = )x - %b‘ where x € [a, b].

For an interval [c, d] with ¢ < d we consider the Lebesgue p-norm with p > 1 for g € Ly[c, d] the

finite quantity
18lied)p i (/ gt PdQ

1p d p
lelearp = (/|g|?m) :'/|mowm
C

So, for the real numbers ¢, d we can introduce he notation

dxdy (3.11)

a+b x+y‘

If ¢ > d then

d 1/
MmmmﬂA:='/ﬂLﬂant
c

We have the following result:

THEOREM33. Let f : [a, b] — C be an absolutely continuous function on [a, b]. If f/ € Lyla, b], with
p>1andl+l=1,then

‘S<ww// ) dedy

l/q

) 1 Ips ) | dxdy (312

a+b 1/q+2

x [(b—s)l/fﬁz —2‘3—

< _ \1/g+2 /
T (1/g+1)(1/q + 2) (b - a)? +(s-a) ] U an1,p

for any s € [a, b].
We also have

‘bfjﬁﬂgw—flz/ﬁjwf (2 dxay
_a///

21/q+2
= U1 (1/g+1) (1/q +2)(1/q +3)

X+
ST y‘ “V I ,Ty],p‘dxdyds (3.13)

(b= @) N p),p-

Proof. For p > 1 we have the inequality

/L‘ 1—/1)s+,1 ’dk(/p 1—,1)s+,1 )]’pda>l/p (3.14)

for any s, x, y € [a, b].
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Now, suppose that s # % Then

/Olp’[(l—,mw(x

namely

(/01 ’f’ [(I—A)s+/1<x;y)]’pd}t>l/p=‘S_

From the inequality (3.14) we get

=222 [l fa-msea (522)]

1-1/p s Up
S‘S_x+y / Lf/(u)‘p‘ :‘ ~
x+y
2
for any s, x, y € [a, b].

By utilising the notations from the proof of Theorem 3.1 we have

+y1/q

/;y Lf/ (u)‘p 1/p

l/q 1/p
o [ [} o o
, l/q
s(/v<u>|f’) 2//\
a - a)
and, since, by Lemma 2.2
b b 1/q 1/q+2
/ / ‘u—s dxdy=; (b—s)l/q+2—2‘s—a+b +(s— a2,
e Ja 2 (1/q+1)(1/q +2) 2

hence the inequality (3.12) is proved.
By (3.8) we also have

o ot [ [ 1(557)
S(b—la)3/b/b/b‘s‘x;y'x</1L"[(I—A)sm(x;y)]‘dA)dxdyds
(b—a)3/ / / ‘ o / If’ (u) \pl/dedyds
(b e /// y[*

21/q+2_1

dxdyds
(b )3 If’ Ita,5) P 51/g-1 (1/g+1)(1/q +2)(1/q + 3)

2l/q+2 _q . Vayer
T 2141 (1/q + 1) (1/q + 2) (1/q + 3)( RN A CUYE

(b _ a)l/q+3

which proves (3.13). O
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COROLLARY 3.4. With the assumption of Theorem 3.3 we have

P(a)—_lz/b/bf ) dxdy

x+ y
= (b— (b-a)P / / |[f ||[ X+y],dedy (3.15)

21/q+1 -1 b l/q ,
= 21/g-1 (l/q 4 1) (1/q + 2>( - a) ”f ”[a,b],p,

P(b)-_lsz/bf x+y dxdy

= (b— a)? / / - x+y |[f/||[g,b],pdxdy (3.16)

2L gy
< -a
2V 1(1/g + 1) (1/q + 2) [a.b)p

(%) [ [ 1 ()
5<b—a>2/ / N

= 2l 1(1/q+ 1)(1/q + 2)

and

a+b b X+ y dxdy (3.17)

"f/||[%b,¥],p
(b - a)"Uf' I,

4. AN APPLICATION

Consider the power function f : [a, b] < (0,00) — (0, ), f(x) = x", r # 0, and consider for r # -1, -2
the double integral mean

Dr(a, b) ::(b_layfab/ab(t;s)rdtds
b rel YTt
:(r+1)(2b—a)2/a [(t;b> _<t2a> 1] dt

4 r+2 a+b 2 r+2
= b’ -2 +a .
(r+1)(r+2)(b- a)? 2
For r = -1 we define

Doi(ab) := (b_la)z/ab/ab(t;s)1 dtds

4 a+b a+b
:(b_a)z[blnb—221n< 5 )+alna]
and for r = -2 we define

Dy(a b) : (b_a)Z/ / “s * drds
a+b
= (b—a)2 [lnb 21n< 5 >+lna]

For f : [a, b] c (0,00) — (0, ), f(x) = x", r # 0, we have
f/(x) = rx" Land f(x) = r(r - Dx"L, x € (0, 0).
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This shows that f/ is increasing on [a, b] for r € (-c0,0) u [1, ) and decreasing for r € (0, 1).
Therefore

brl f —00, ,00),
Ay(a,b) : ”f "ab {rarl ;f:ig(),l).O)U[l )

Consider the sharp inequality

P(“;b> i [ 5 (55 s = Lol

If we write this inequality for f : [a, b] < (0,00) — (0, ), f(x) = x", r # 0, then we get

(“;b> ~Dy(a,b)

We consider the integral mean for r # 0

1
6

< %(b _ a)A(a, b). 1)

br+1 a +1 .
~ T ifr # -1,
ot =t [ v {ﬁ:bfn:

Consider the inequality between means

ﬁ /a bf(s)ds / / dxdy |[f’|\[a)b]’m(b—a).

If we write this inequality forf : [a, b] € (0,00) — (0,00), f(x) = x", r # 0, then we get

IL(a, b) - Dy(a, b)| < é(b _ a)A(a, b). (4.2)

The interested reader may obtain other similar inequalities by using the rest of the general in-
equalities above or by applying them for other functions such as f(t) = In ¢, exp ¢ or the trigonometric
functions.
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