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Silvestru Sever Dragomir

Abstract

In this paper we establish some natural consequences of the Wirtinger inte-
gral inequality. Applications related to the trapezoid unweighted and weighted
inequalities, of Fejér’s inequality for convex functions and of Griiss’ type in-
equalities are also provided.
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1 Introduction

It is well known that, see for instance [4], or [7], if u € C([a,b],R) satisfies u(a) =
u(b) = 0, then

(1) /bu2 (t)dt < (ba)z/b [ (1)) dt

2
with the equality holding if and only if u(t) = K sin {%} for some constant

K eR.
If u € C*([a, b],R) satisfies the condition u(a) = 0, then also

b —a? b
(2) /u2 (t)dt§4(b7T2)/ [ ()] dt

and the equality holds if and only if u (t) = Lsin [g((lf:z;] for some constant L € R.
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38 S. S. Dragomir

If h € CY([a,b],C) is a function with complex values and h(a) = h(b) = 0, then
Reh(a) = Reh(b) = 0 and Imh(a) = Imh(b) = 0 and by writing (1) for Reh and
Im A and adding the obtained inequalities, we get

3 INCRE o) [P

2

with the equality holding if and only if
h(t) = K sin [M}

for some complex constant K € C.
Similarly, if h € C([a,b],C) with h(a) = 0, then by (2) we have

b _a)? b
(1) [ < 2ES j a

and the equality holds if and only if

for some complex constant L € C.
For some related Wirtinger type integral inequalities see [1], [2], [4] and [6]-[10].
Motivated by the above results, in this paper we establish some natural conse-
quences of the Wirtinger integral inequality above. Applications related to the trape-
zoid unweighted and weighted inequalities, of Fejér’s inequality for convex functions
and of Griiss’ type inequalities are also provided.

2 Some Applications

If g € C'([a,b],C), then by taking

ht) ::g(t)+g(2a+b—t) _9(@)39(6)7 € [a, )

we have h (a) = h(b) = 0 and by (3) we have
b 2
5

g +gla+b=1) g@+g®)|

5 —

_(-ap
= 42

b
/ g/ (t) — ¢/ (a +b— )| dt.
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By the Cauchy-Bunyakovsky-Schwarz integral inequality we have

Ylgt) +glatb—t) gla)+g )]
oo [ . ol s O,
"lgt)+gla+b—1) g@+g®] |
A e

which implies that

b
gt)+gla+b—1t) g(a)+g(b)

2 b—
1 b
< _
_b—a/a 2

By utilising (5) and (6) we can state the following result:
Proposition 1 Let g € C'([a,b],C). Then

(7) ‘g(a)+g(b)_ 1 /abg(t)dt'

2
dt.

2 b—a

( : |
< /
“\b—a,

gt) +glatb—1t) g(a)+g(b)
2

If g € C'([a,b],C), then by taking
h(t) =g (1) - LD =D~ 0)

t b
b—a R
we have h (a) = h (b) = 0 and by (3) we have
b 2
gla)(b—t)+g)(t—a
© [loo-2@e=tronear,
a —a
(b—a)2/b / g(b) —g(a)|*
< t) — —————=| dt.
- 72 a 90 b—a
By the Cauchy-Bunyakovsky-Schwarz integral inequality we also have
2
gla)+g() 1 /b
9 — t)dt
o [HOe o [
b _ N2
<L [aig- 2000 o0l e 0,
b—a J, b—a

By using (8) and (9) we can state the following result:
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Proposition 2 Let g € C'([a,b],C). Then

(10) ’g(a);-g(b) B bia/abg(t)dt‘

. 5 N\ 1/2
§<bia/a g9(t) — — dt)
< Ve (/b g (1)~ 209t th>1/2.

Assume that g : [a,b] — C is continuous, then by taking

t—a

¢ b
h(t) ::/g(s)ds—b_a/ g(s)ds, t € [a,b]

we have h (a) = h (b) = 0, h € C*([a,b],C) and by (3) we get

(11) AbLE@ijjZLZ@MS

Observe that, integrating by parts, we have

b t ‘_ b b t b— b
/ (/ g(s)ds— 2 a/ g(s)ds> dt:/ </ g(s)ds) dt — 2a/ g(s)ds
a a —aJgq a a a
b b b b b
b— b
:b/ g(s)ds—/ tg (t)dt — 2a/g(s)ds: ;a/g(s)ds—/ tg (t)dt.
By the Cauchy-Bunyakovsky-Schwarz integral inequality we have
b| pt f—a [P
12) 6-a) [ |[aas— =2 [ g(s)as
a a —aJg

/ab (/atg(s)ds— Z:Z/abg(s)ds> dtr - ‘b;a/abg(s)ds_/abtg(t)dt

Proposition 3 Let g € C([a,b],C). Then

(13) ’b;a/abg(s)ds—/abtg(t)dt‘

< ((b—a)/ab /atg(s)ds—Z:Z/abg(s)ds

2
dt

2
dt

2
>
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The proof follows by the inequalities (11) and (12) and by observing that

1t S DR L A B B
= == [ lawla = 7= ["gas

3 Composite Inequalities

2

b
9) -5 [ 9()ds

We have:

Theorem 1 Let g: [a,b] — [g(a),g(b)] be a continuous strictly increasing function
that is of class C* on (a,b).

(i) If f € C([a,b],C) is a function with complexr values and f(a) = f(b) = 0,
then

o s < 8O 9@ I OF
(19 [ sy @< LEZO [T

The equality holds in (14) iff

_ ksin | ™) —g(a)
ft)=K [g(b)—g(a) },KEC.
(ii) If f € C'([a,b],C) is a function with complex values and f(a) = 0, then
b —ala)® ro# 2
W) [uoryaaes 20200l FIEOL,,

The equality holds in (15) iff

f(t) = Ksin [;r(g(t)—g(a))}7 K e C.

Proof. (i) We write the inequality (3) for the function h = f o g~! on the interval
g (a), g (b)] to get

O p @) —g@) O s
16) [ l(rog ) P e < [ leay e

dz.
(a U (@)

If f:[c,d] — C is absolutely continuous on [c,d], then fog™':[g(c),g(d)] — Cis
absolutely continuous on [g (¢), ¢ (d)] and using the chain rule and the derivative of
inverse functions we have

(ffeg™) (2)

(17) (f Og_l)/ (2) = (f/ o 9_1) (2) (9_1) = m

for almost every (a.e.) z € [g(c), g (d)].
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Using the inequality (16) we then get

w0 (g ()= g(@)® [
(18) / (Fog™) (2)2dz < WO =910 /

(@) d

provided (fog™") (g(a)) = f(a) =0and (fog™")(g(b)) = f(b) =0.
Observe also that, by the change of variable t = g7 (2), 2
have z = g (t) that gives dz = ¢’ (t) dt and

g(b) b
(19) /() (Fog™) <z>\2dz=/ F P () dt

We also have
9(0) 2 b
=
g(a) a
By making use of (18) we get (14).
The equality holds in (18) provided

b
g (t)

o
g (t)

(flog™) (2)
(g og71)(2)

(fog_l)(z):Ksin[E)gg((cg))], KeC

for z € [g (a),g (b)]. If we take ¢ € [a,b] and z = g (t), we then get

e [ra) =g (@)
) =K [ M@_M@},KEC.

(ii) Follows in a similar way by (4). H

Some examples are as follows:

a) If we take g : [a,b] C (0,00) — R, g (t) = Int and assume that f € C*([a,b],C)
is a function with complex values and f(a) = f(b) = 0, then by (14) we get

2
(20) [ O gy < L

The equality holds in (20) iff

If f(a) =0, then

2
(1) / HIOE < 2D g
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with equality iff

mln (i)

t) = Ksi 2

7= xen| T8

b) If we take ¢ : [a,b] C R — (0,00), ¢g(t) = expt and assume that f €

C*([a,b],C) is a function with complex values and f(a) = f(b) = 0, then by (14) we
get

],KEC.

b 2 b
(22) / |f ()] exptdt < (eXpb;QeXpa) / |1 ()] exp (—t) dt.

The equality holds in (22) iff

7 (expt — expa)

f(t):Ksin[ ],KE(C.

expb—expa
If f(a) =0, then

b 2 b
I Y A TG

with equality iff
7 (expt —expa)

f(t):Ksin[ ],KE(C.

2(expb—expa)

c) If we take g : [a,b] C (0,00) = R, ¢g(t) = t", r > 0 and assume that f €
C*'([a,b],C) is a function with complex values and f(a) = f(b) = 0, then by (14) we
get

(24) /b If (@)t dt < W /b | (&) ¢ dt.
The equality holds in (24) iff

F(t) = K sin [”b T__aﬁr)] ,KeC
If f(a) =0, then
(25) / et < A0 o0 / I o orar
with equality iff

f(t) = Ksin [;H], K e C.

If w : [a,b] — R is continuous and positive on the interval [a, b] , then the function
W : [a,b] = [0,00), W (z) := ["w(s)ds is strictly increasing and differentiable on
(a,b). We have W' (z) = w (z) for any = € (a,b) .
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Corollary 1 Assume that w : [a,b] — (0,00) is continuous on [a,b] and f €
C1([a,b],C) is a function with complex values and f(a) = f(b) = 0, then

(26) /ablf(t)Qw(t) dt < % (/:w(s) ds>2/ab ’{;((i);dt.

The equality holds in (26) iff

a

f; w(s)ds

f(£) = K sin [ﬂftv(s)ds

If f(a) =0, then

(27) /ab If ()2 w () dt < % </abw(s) ds)z/ab |J;/)((tt))’2dt

with equality iff

ds
, KeC.
w(s)ds

We observe that if in (27) we replace f by g — g (a) we get the inequality

e o —g@Pwd< (/ " (s ds)2 / b ’i;(ft))’th

for w : [a,b] — (0,00) that is continuous on [a,b] and g € C'([a,b],C).

Remark 1 If f is a function with complex values and f(a) = 0, then the inequality
(27) can be stated on the infinite interval [a,o0) as follows

(29) /aoo 1 ()2 w (t) dt < % </aoow(s) ds>2/ao° ‘Z((?)‘zdt

d f € C([a,00),C), w : [a,00) — (0,00) is continuous on [a,00) and the integrals
above exist. The equality holds iff

o Wf(fw(s)ds
f(t)—Ksm[W], K e C.

In probability theory and statistics, the beta prime distribution (also known as
inverted beta distribution or beta distribution of the second kind) is an absolutely
continuous probability distribution defined for x > 0 with two parameters « and 3,
having the probability density function:

a1+ z) P
s W)= TR g
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where B is Beta function

1
B (o, B) ::/ to‘*l(l—t)ﬂ_l, o, B>1.
0
The cumulative distribution function is
WO‘7B (:U) = IHLI (a7 6) )

where I is the regqularized incomplete beta function defined by

B (z;a, )
B(a,B)

Here B (:;a, () is the incomplete beta function defined by

I (a,B) :=

B(za,f) = /Oztalu—t)/“, a, B, z>0.
Now, if we replace w by wq g in (29) we get
(30) /OOO IF@OP 1+ dt
< %BQ (a, B) /OOO I @O et 0P a
for a, B> 1 provided f € C'([0,00),C), f(0) =0 and the integrals above exist.

4 Some Weighted Inequalities of Trapezoid Type

We have:

Theorem 2 Assume that w : [a,b] — (0,00) is continuous on [a,b] and g €
CY([a,b],C) is a function with complex values, then

1 /bw(t)—l—w;a—l-b—t)g(t)dt_g(a)—2|—g(b)

S217r</abw($)ds>1/2 (/ab ‘g/<t)_g;(é)+b_t)’2dt>l/2

< gl 0o tees=ol([w) " ([ )
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In particular, if w is symmetrical, i.e. w(a+b—1t) = w(t) for any t € [a,b], then
we have

1 b
(32) ‘fbw(t)dt/ w(t) g (t) dt —

2 ([fuw) ([ 100

< geapld O (0+0-0) Ufw 2 dS)m ([ )

Proof. Consider the function

g)+gla+b—1t) g(a)+g(b)

g(a)+g(b)
2

f@) = 5 5 , t €la,bl,
we have f (a) = f(b) =0 and by (26) we have
(33) ’ g(t)+g(a+b—t) g(a)+g(b)2w(t>dt

c([fwore) [t

By the weighted Cauchy-Bunyakovsky-Schwarz integral inequality we have

(34) /bw(s)ds/” g(t)+g(2a+b—t) _g(a);rg(b) Qw(t)dt
2
N /bg(t)+g(2a+b—t)w(t)dt_g(a);g(b) /bw(t)dt

Observe that, by the change of variable s = a + b —t, t € [a,b] we have that

b b
/g(a—i—b—t)w(t)dt:/g(s)w(a+b—5)ds
and then

/bg(t)-Fg(CH—b—t)w(t)dt:/bw(t)+w(a+b_t)g(t)dt.

2 2

By making use of (33) and (34) we get the first inequality in (31). The second
inequality in (31) is obvious. W

In 1906, Fejér [5], while studying trigonometric polynomials, obtained the fol-
lowing inequalities which generalize that of Hermite & Hadamard:
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Theorem 3 (Fejér’s Inequality) Consider the integral f; h(x)w (z)dx, where h
is a convex function in the interval (a,b) and w is a positive function in the same
interval such that

w(z)=w(a+b—2x), for any x € [a,b]

,Yy=w (ac) s a symmetric curve with respect to the straight line which contains
the point ( (a+0b), O) and is normal to the x-axis. Under those conditions the
following inequalities are valid:

a b a

If h is concave on (a,b), then the inequalities reverse in (35).

Remark 2 If g : [a,b] — R is differentiable convex and g'_ (b) and ¢/, (a) are finite
and w : [a,b] — (0,00) is continuous on [a,b] and symmetrical, then by (32) we get
the following reverse of the second inequality in (35)

g@ra®) 1 [
@) 05 TETED - [ewsma
b 1/2 b 1/2
<ol 0-d @) ([weas) ([ o)
promdedf w(t ydt < oc.

Remark 3 Assume thatw : [a,b] — (0, 00) is continuous on [a,b] and g € C*([a,b],C)
is a function with complex values and such that g’ is K-Lipschitzian on [a,b], i.e
g’ (t) — ¢ (s)| < K|t — s| for any [a,b], then by (31) we get

0 |, T e
(w0
gpro-a([wow) ([ )
provided [ Jhsdt < co.

If g : [a,b] — R is twice differentiable and convex with ||g"|[( 4 - < o0 and
w : [a,b] — (0,00) is continuous on [a,b] and symmetrical, then by (37) we get the
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following reverse of the second inequality in (35)

b
(38) 0< - /w(t)g(t)dt

provided fab ﬁdt < 00.
Another trapezoid type weighted inequality is as follows:

Theorem 4 Assume that w : [a,b] — (0,00) is continuous on [a,b] and g €
C'([a,b],C) is a function with complex values, then

g(a)[b— E (w;[a,b])] + g (b) [E (w; [a, b]) — a]

(39) ’ —
b
- bwl(s)ds/ g (#)w(t)dt
L VRO g0 —ga)]? v
§7T</wa(s)ds> <a g (t) — — w(t)dt>

provided f; ﬁdt < 00, where

b
E (w: [a,b]) = W/ o (1) d.

fa

Proof. If g € C'([a,b],C), then by taking

g(a)(b—1t)+g(b)(t—a)

f(t)::g(t)_ b—a 7t€[a7b]
we have f (a) = f(b) = 0 and by (26) we have
b _ —a 2
a0y (ot - 100000,
b 2 b —ala)|?
§7T12</a w(s)ds) /a g’(t)—g(b[))_z() wl(t)dt'
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By the weighted Cauchy-Bunyakovsky-Schwarz (CBS) integral inequality we have

b b a B .
(41) /w(s)dS/ g(a)(b—1t)+g(b)(t—a)

g(t) - —
b b a _ —a
/ag(t)w(t)dt—/a sAO=0+9 0=, )y

2
w (t)dt

2

2

b b b
/g<t>w<t>dt—1ag<a>/ <b—t>w<t>dt—g<b>/ (t—a)uw (t)dt

2

2

1 ’ _9(a)[b— E(w;[a,b])] + g (0) [E (w;[a,b]) — a]
« f;w(s)ds/a () w (b) dt .
By using (40) and (41) we get
b
I v RLCACL
9(a) [b— B (w;[a,b))] + g (b) [E (w3 [a,8]) — a] |*
b—a
b b —ala) |2
< % (/a w(s)ds)/a g/(t)—g(bz_z( ) wl(t)dt7

which is equivalent to the first inequality in (39).
The second inequality in (39) is obvious. W
The case of convex function is as follows:

Corollary 2 If g : [a,b] — R is continuously differentiable conver and w : [a,b] —
(0,00) is continuous on [a,b], then

g(a)[b— E(w;]a,b])] + g (b) [E (w; [a, b]) — a]

(43) 0<

b—a
b
—W/ (6 w () dt
b 1;2 b ol I 1/2
(o) ([ 2

1
< — ma
Wte[a?(b}{g

provided f; ﬁdt < 00.
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The positivity follows by the fact that, for a convex function g on [a, b] we have

g(a)(b—1)+g(b)(t—a)
b—a

>g(t)

for any t € [a,b]. The rest is obvious by Theorem 4.

5 Some Inequalities for the Weighted Cebysev Func-
tional

Consider now the weighted Cebysev functional

1
(44) Cyu(f,9) = m
1

b
ﬁMWMRlzwﬂfwdt

b
/1M®f@g@Mt

1 b
gmwmﬁll””“”“

where f, g, w: [a,b] - R and w () > 0 for a.e. t € [a,b] are measurable functions
such that the involved integrals exist and ffw (t)dt > 0.

In [3], Cerone and Dragomir obtained, among others, the following inequalities:

(45) |Cw (f,9)]

1 1 b 1 b
SQ(M_m)ffw(t)dt/a w (t) g(t)_ffw(s)ds/a w(s) g(s)ds|dt
1 1 b 1 b P 1
SQ(M_m)[:w(t)dt/zzw(t)g(t)_W/aw(s)g(s)ds dt]
1 1 b
§2(M—m)$2?££9(t)—W/Gw(S)g(S)dS

for p > 1, provided —oco < m < f(t) < M < oo for ae. ¢t € [a,b] and the
corresponding integrals are finite. The constant % is sharp in all the inequalities in
(45) in the sense that it cannot be replaced by a smaller constant.

In addition, if —oo < n < g(t) < N < oo for a.e. t € [a,b], then the following
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refinement of the celebrated Griiss inequality is obtained:

(46) |Cw (f,9)]
1 1 b
§§(M—m) f:w(t)dt/a w(t)‘g(t)—

1 1 b
S WM=m [fjw(t)dt/a it

s)ds

1
2
dt]

(M —m) (N —n).

.-lk\*—‘

Here, the constants % and % are also sharp in the sense mentioned above.

Theorem 5 Assume that w : [a,b] — (0,00) is continuous on [a,b], f € La([a,b],C)
and g € C([a,b],C) is a function with complex values, then
1/2
X __ / / f(s)w(s)ds| w?(t)dt

ff w(s)ds \ Ja s)ds .

Proof. Integrating by parts, we have
[ w(s)ds Ja

/fw @t = 22O [ sy as) g0
= w - s)w(s)ds | g(x
f;w (s)ds a ffw (s)ds Ja

1/2
(47 |Cy ﬁ|<<// |m)
</ ft)w(t)dt — fa w(s)ds f (s)w (s) ds> g! (z) dx
b w (x) b
—Agm%ﬂmmm—ﬁm$%éf@w@w»m
b

@‘

b

a

b b
+fbw1(s)ds/a f(s)w(s)dsfbwl(s)ds/a g (z)w (z)dx,

which gives that

(48)  Cu(f,9) =
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Using (CBS) integral inequality we have

bl [Fw(s)ds [ x
L(f;w(s)ds/af(s)w(s)ds_/a f(t)w(t)dt)g/(:v)dx

faxw(s)ds b x 2 b ,
fbw(s)ds/ “3)“’(8”8—/ f(@yw(t)dt /|g/<as>r iz,

(49) |Cw (f.9))?
1

(ff w ($) ds)

2

2

<

1 b
- (f;w(s)ds>2 /“

If we take

‘_ffw(s)ds . sela,
h(x)'_ffw(s)ds/ s)d /f t)dt, z € [a,b]

we observe that h (a) = h (b) = 0 and h € C*([a,b], C).
Then by (3) we get

o [zt [romu [ smis
. (b —2a)2 /b
_® 7T2a)2 /ab

On making use of (49) we get

[Cu ( /| z)|? da

X

dx

2
dt

— w(t) ' S)w (S S
f () ffw(s)ds/af() (s)d

w? (t) dt.

1 b ?
f(t)—f:w(s)ds/a £ (5)w (s) ds

/f s)ds

w)t,

(ff w ($) ds) /a
which is equivalent to (47). W

Remark 4 If we take w = 1 in (47), then we get the unweighted Griiss’ type in-

equality
(51) |C(f,9)l

2\ 1/2

ds ) .

(L) (bia/abu(t)ﬁdt— [
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The following result also holds:

Theorem 6 Assume thatw : [a,b] — (0, 00) is continuous on [a,b], f € La([a,b],C)

and g € C([a,b],C) is a function with complex values and such that % € L ([a,b],R),
then

b 1/2 b/ 2 1/2
52 1Cu(ral <2 ([ ws) < [e dt)

b b
x (M/ \f(t)!2w(t)dt—‘W/ £ (s)w (s) ds

2) 1/2

Proof. We use the following Sonin type identity

(53) Cuw(f,9)

1 b 1 b
:W/a (f(t)st/a f(S)w(S)d3> (g(t) —g(a)w(t)dt,

which can be proved directly on calculating the integral from the right hand side.
By using the weighted (CBS) integral inequality, we have

(54)  [Cw (f,9)l

= fbwl(s) ds /ab

I wl(s) ds (/ab

a

1

fbw(s)ds

a

O g (t) — g (a)| w (t) dt

X , 9 1/2
f(t)—W/a f(s)w(s)ds w(t)dt>

x (/ab|g<t>—g<a>|2w<t>dt)1/2.

/abf(S)w(S)ds

IN

Using (28) we have

(55) (/b 9(8) = g (a)w (1) dt>1/2 < % </abw(s) ds) </b |gl;((?)|2dt>1/2.

By making use of (54) and (55) we get
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9 1/2

w (t)dt

b
fw(s)ds/ f(s)w(s)ds

3 ([foow) ([ )

9 1/2

w (t) dt

b
f(t)—W/a f(s)w (s) ds
vl o\
X ( j w(t) dt)

w (t) dt

and since

A

fbw ds/|f £ dt - |fwsds/f

a

hence by (56) we get the desired result (52). W
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