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A B S T R A C T   

The bends in Reinforced Concrete Stair Slabs (RCSS) subjected to opening moments may be damaged due to 
improper detailing of tensile reinforcement or construction errors. The damaged bends in RCSS need to be 
strengthened to restore their flexural strengths. However, there are very limited investigations into the behavior 
of strengthened RCSS. This paper reports experimental and simulation works on the structural behavior of RCSS 
strengthened with externally bonded steel plates and near surface mounted steel bars. The test program and 
results of six full-scale strengthened RCSS loaded to failure are described in detail. A finite element model is 
developed using ABAQUS to simulate the experimentally measured responses of strengthened RCSS. It is shown 
that the utilized strengthening techniques significantly improve the cracking load, ultimate load, and energy 
absorption capacity of RCSS. There is a good agreement between computer simulations and experimental results, 
suggesting that the model of nonlinear inelastic analysis can be used with confidence to conduct further para
metric studies.   

1. Introduction. 

Reinforced concrete stairs are important structural members used as 
transits in multistory reinforced concrete buildings [1–3]. Many build
ings all over the world are counted unsafe because of the requirements of 
new codes, the changes in building usage, improper design, construction 
errors, and increased loads [4]. The bends in Reinforced Concrete Stair 
Slabs (RCSS) under opening moments may be damaged owing to 
improper detailing of tensile reinforcement in the slabs and construction 
errors. The damaged bends in RCSS need to be strengthened to restore 
their load-carrying capacities. However, the behavior of RCSS 
strengthened by available techniques has not been fully understood due 
to the lack of experimental and simulation studies. This paper addresses 
this problem by reporting new test results and computer modeling of 
RCSS strengthened by innovative techniques. 

In recent decades, external strengthening techniques have been used 
to strengthen structural members in many experimental studies [5–7]. 
Afefy et al. [8] found that these techniques mainly enhance the strength 
and ductility of strengthened members. Dong et al. [9] examined 
experimentally the flexural strengthening of reinforced concrete slabs 
using textile reinforced mortar enhanced by short PVA fibers. It was 

found that the strengthening method of using fibers significantly en
hances the overall behavior of strengthened slabs as well as their elastic 
stiffnesses. In this regard, Wang et al. [10] found that increasing the 
proportion of PVA fibers led to a reduction in the workability of con
crete. Zhang et al. [11] investigated experimentally and numerically the 
flexural behavior of concrete slabs strengthened with textile reinforced 
geopolymer mortar. The test results showed that textile reinforced 
geopolymer mortar is an effective strengthening technique for 
improving the flexural performance and post-cracking stiffness of rein
forced concrete slabs. 

One of the latest and most promising strengthening techniques for 
reinforced concrete structures is the Near-Surface Mounted Steel Bars 
(NSMSB). It can offer an easy and effective option of rehabilitating any 
part of the structure [12–14]. The method of NSMSB has many advan
tages over other strengthening techniques, including high strength to 
weight ratio, ease of installation, availability, and durability [15–18]. 
Kamonna and Abd Al-Sada [19] studied experimentally the strength
ening of RC one-way slabs using NSMSB. It was concluded that the 
NSMSB could crucially improve the ultimate capacity and energy ab
sorption capacity of the slabs. Rahal and Rumaih [20] undertook tests on 
the shear behavior of reinforced concrete beams strengthened using 
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either NSMSB or Carbon-Fiber-Reinforced Polymers (CFRP). The shear 
strength was found to considerably increase by bending the steel bars up 
at 45◦ with respect to the longitudinal axis of the beam. The use of Near- 
Surface Mounted CFRP (NSM-CFRP) technique improved the load- 
carrying capacity of RC beams, but it reduced their ductility [21,22]. 
Almusallam et al. [23] reported that increasing the ratio of NSMSB or 
NSM-CFRP increased both the flexural capacity and effective pre-yield 

stiffness of reinforced concrete beams. 
Externally Bonded Steel Plates (EBSP) with adhesive materials have 

been used to strengthen reinforced concrete members [24]. The epoxy is 
the most used adhesive material, which requires perfect preparation of 
concrete surface to remove the external weak layer that may cause poor 
and inappropriate attachment [25]. Mostofinejad and Kashani [25] re
ported that the EBSP with a good surface preparation increased about 

Fig. 1. Test set-up: (a) schematic illustration; (b) photo.  

Fig. 2. Dimensions and reinforcement details of stair slab.  
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10–13% the shear strength of the beam compared to that of the one 
without strengthening. del Rey Castillo et al. [26] found out that the 
pros of using EBSP system in strengthening are high tensile capacity and 
better durability to rain and cold weather. However, these advantages 
can be realized only if the strengthening is properly treated [27–30]. 
Moreover, the externally bonded techniques have been used with the 
applications of Fiber-Reinforced Polymer (FRP). Comprehensive in
vestigations have been conducted on the shear and flexural strength as 
previously reported by [54–56]. 

Although several studies have been reported on the structural 
behavior of strengthened reinforced concrete slabs, very limited exper
iments have been performed on the performance of RCSS strengthened 
by various techniques. This paper presents experimental and numerical 
research works on the behavior of RCSS strengthened by using NSMSB 
and EBSP. The main parameters examined include strengthening tech
nique and type and configuration of reinforcement used for strength
ening. A three-dimensional finite element model developed using 
ABAQUS is described and verified by experimental measurements. 
Important conclusions drawn from this study are given. 

2. Experimental program 

2.1. Details of RCSS specimens 

The current study focused on examining the performance of 
strengthened RCSS subjected to flexure induced by a line load applied at 
the bend as shown in Fig. 1. Six one-way RCSS with identical geometric 
properties and reinforcement details as shown in Fig. 2 were divided 
into two groups tabulated in Table 1. The main variables considered 
were the strengthening techniques, the embedded length (Le), and 
configuration of strengthening as shown in Table 1. 

Eight deformed steel bars with 12-mm diameter were placed at the 
top face of the stair slab to prevent compression failure while three 10- 
mm diameter steel bars were used as tensile reinforcement at the bottom 
to examine the effect of strengthening techniques. It should be 
mentioned that the use of lesser tensile reinforcement than compressive 
one was to prevent the compressive premature failure when adding 
strengthening reinforcement as previously reported [42,43]. Closed 
stirrups with 10-mm diameter were used as distributed steel in the 
transverse direction as shown in Fig. 2. All stair slabs had 500-mm width 

and 120-mm thickness with a span of 2390 mm. Such geometric details 
were selected based on previous experimental work [8] and the suit
ability available for test set-up. The bend in the stair slab had a bending 
angle of 30◦ as schematically depicted in Fig. 1(a). 

2.2. Material properties and mix proportion 

Two different concrete mixes were employed in this investigation: 
Normal Concrete (NC) and Engineered Cementitious Composite (ECC). 
The mix proportions for each type can be seen in Table 2. The NC was 
used to cast all stair slab specimens while ECC was employed as cover 
concrete to NSMSB as discussed in Section 2.3. 

Table 2 provides the average compressive strengths (fc‘ ) of NC and 
ECC obtained by testing three standard cylinders with dimensions of 
150 × 300 mm. The uniaxial tensile test was conducted on NC and the 
results were utilized in the numerical modeling. The tensile tests on 
concrete and steel were in accordance with the US specification [31]; the 
observed modes of failure are presented in Fig. 3. Two different steel 
bars with diameters of 10 mm and 12 mm were used in this study, which 
were normal mild steel and high grade one, respectively. The experi
mental tensile tests for the used steel elements are summarized in 
Table 3. The measured and idealized stress–strain curves for steels are 
shown in Fig. 4(a) and Table 3 while the stress–strain relationships for 
concrete in compression and tension are given in Fig. 4(b). The experi
mental outcomes showed that the concrete tensile strength was about 
2.10 N/mm2. The bond strength of chemical adhesive epoxy with con
crete was 18.4 MPa as reported by Agarwal et al. [57]. 

2.3. Description of stair slab specimens 

The stair slab specimens were divided into two groups depending on 
the strengthening scenario as shown in Table 1. In Group G1, two of the 
slabs were strengthened by using EBSP while three of the slabs in Group 
G2 were strengthened by means of employing NSMSB. As shown in 
Table 1, the specimens S-So without strengthening were the control ones 
for comparison purpose. Slab S-E-CSPs was strengthened by longitudinal 
continuous strips of EBSP. The steel strips were bonded on the bottom 
surface with chemical epoxy beside anchor bolts to bond strips with 
concrete at its two ends and mid-span using transverse strip as shown in 
Fig. 5(a) and Fig. 7. It should be mentioned that the longitudinal steel 

Table 1 
Test Matrix.  

Group Specimen‘s 
ID 

Concrete 
type 

Strengthening technique   

Le 

Thickness of SPs (or) bar diameter Note 

G1 S-So   

‘    

NC EBR with SPs   —  

S-E-CSPs NC 200 mm ts = 4 mm Fig. 5(a) 
S-E-LSPs NC  Fig. 5(b) 

G2 S-So NC  
NSM with steel bars 

— —  
S-N-10D NC 10D D = 10 mm Fig. 5(c)  
S-N-15D NC 15D 
S-N-20D NC 20D  

Table 2 
Mix proportion and concrete compressive strength.  

Concrete  Cement 
(kg/m3) 

Fine aggregate 
(kg/m3) 

Coarse aggregate 
(kg/m3) 

Fly ash 
(kg/m3) 

Water/binder PVA Fiber 
(%) in volume 

HRWR 
(kg/m3) 

fc′ 
(MPa) 

Poisson Ratio 

NC 350 700 1150 —  0.43 — — 25  0.2 
ECC 550 440 — 600  0.25 2.00 14.5 44  0.22  
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plates were welded to the transverse steel plate. Slab S-E-LSPs was 
strengthened with non-continuous strips of EBSP as illustrated in Fig. 5 
(b). Similar to the bonding system used for slab S-E-CSPS, the steel strips 
were bonded on the bottom surface by chemical epoxy and anchor bolts 
as shown in Fig. 5 (b) and Fig. 7. 

The specimens in Group G2 were used to investigate the effectiveness 
of NSMSB, which were placed longitudinally near the bottom surface as 
shown in Fig. 5 (c) and Table 1. Three slabs S-N-10D, S-N-15D, and S-N- 
20D were designed to have embedded lengths of 10D, 15D, and 20D, 

respectively, where D is the bar diameter as presented in Fig. 5 (c) and 
Table 1. 

2.4. Casting and strengthening preparation 

Wooden formworks were prepared and used for casting all stair slabs 
as shown in Fig. 6. The concrete casting was performed in a regular 
position, which simulated the operation on a construction site. After 28 
days, the strengthening process was exploited by placing the slabs in an 
inverted position so that the bottom of the slab is visible for ease of 
strengthening as depicted in Figs. 7 and 8. After the tensile surface of the 
stair slab was roughened, steel plates were externally attached to the 
surface by using an adhesive chemical epoxy as illustrated in Fig. 7(a). 
After 24 h epoxy maturity, the longitudinal strips of steel plates were 
bonded at the ends and critical points in the bend at the bottom surface 
using embedded bolts as shown in Fig. 7(c). 

It is worth mentioning that the preparation of bonding process was 
not completed in one shot but by separated dependent steps using the 
type of sandy epoxy which was characterized by hardening without 
shrinkage. This is because the strengthening technique executed in one 
shot may result in premature de-bonding during the construction. 
Firstly, starting from the bend of the RC slab under opening moments, 
chemical epoxy was added to a part of concrete surface beside filling the 

Fig. 3. Material tensile tests: (a) concrete dimensions; (b) test set-up and failure model of NC; (c) tested steel bar.  

Table 3 
Properties of steel elements.  

Material Yield Ultimate Modulus of 
elasticity (E) 
(GPa) 

Poisson‘s 
Ratio σy 

(MPa) 
εy 

(%) 
σu 

(MPa) 
εu 

(%) 

Steel bars. 
#10 mm 

296  0.15 565  12.9 197  0.30 

Steel bars. 
#12 mm 

404  0.20 674  12.1 202  0.30 

Steel 
Plates. 

525  0.256 788  9.4 205  0.30 

σy ¼ yield stress; εy ¼ yield strain; σu ¼ ultimate stress; εu ¼ ultimate strain. 

Fig. 4. Stress–strain responses: (a) measured and idealized stress–strain curves for steels; (b) Stress–strain law for NC.  
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perforations of anchor bolts. Then a part of steel strips was fixed to 
concrete surface from the bend utilizing the bolt‘s washer as shown in 
Fig. 7. After 24 h, the other parts were bonded by the same steps and 
utilizing the bolt washers to prevent the de-bonding during construction 
process. 

Fig. 8 presents the preparation of stair slabs strengthened using 
NSMSB. The strengthening process is summarized as follows: (1) lon
gitudinal grooves with about 20 mm size at the concrete cover was made 
as illustrated in Fig. 8(a); (2) steel bars with specified embedment 
lengths were placed in the grooves in bend under opening moments; (3) 
the epoxy material was used to bond the embedded steel bars; (4) finally, 
ECC was poured to cover the steel bars as shown in Fig. 8. 

2.5. Test setup and instrumentation 

Three-dimensional steel frame was constructed and used to carry out 
the testing of stair slabs as presented in Fig. 1. The stair slab was rested 
on movable solid steel rods at its ends as roller supports. The vertical line 
load was applied through the standard I-beam (I.P.N-20) to the spec
imen by a hydraulic jack of 100 ton-capacity attached to a rigid steel 
frame as depicted in Fig. 1. 

A sensitive load cell was used to record the vertical load as shown in 
Fig. 1. One Linear Variable Displacement Transducer (LVDT) was posi
tioned at critical/ mid-span point under the tested slab to measure the 
vertical deflection during the loading process. In addition, electrical pi- 
gauges having 50-mm gauge length were located at the vertical side of 
the slab to evaluate and measure the expected flexural cracks. All in
strumentations were then connected to Data Acquisition System (DAQ) 

Fig. 5. Geometric details of strengthened stair slabs: (a) Group G1 (S-E-CSPs); (b) Group G1 (S-E-LSPs); (c) Group G2 (strengthening with NSMSB). (Units: mm).  

Fig. 6. Formworks and preparation: (a) wooden formworks; (b) during casting process.  
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to record the readings during the test. The load was applied incremen
tally. The development and propagation of cracks were marked up to the 
failure of the tested stair slab. 

3. Test results and discussions 

3.1. Crack pattern and failure modes 

The cracking patterns of all tested stair slabs are presented in Figs. 9- 
14. Table 4 summarizes all sensitive results obtained from the tests. As 
shown in Fig. 9, the first visible hair crack in the control specimen S-S0 
was detected at the bottom of the bend under opening moments at a load 
value of 5.70 kN (about 22.0% of Pu). Under the increased load, some 
similar hair cracks parallel to the first one developed across the bottom 
surface of the tested stair slab. As the load was increased, the number of 
such cracks increased, and the cracks extended to the top surface. 

The widths of these flexural cracks enlarged with increasing the 

applied load. Just before failure, the first major crack appeared with 
wider width, gave the allowance of the tested slab to open with the 
jacking load. In addition, few longitudinal hair cracks parallel to lon
gitudinal bars initiated at the bottom under the line load as shown on 
Fig. 9. Finally, the tested slab S-S0 failed suddenly as the flexural bars 
pulled out of the concrete. The ultimate load of the slab was Pu = 26 kN. 

The crack patterns of slabs S-E-LSPs and S-E-CSPs are shown in 
Figs. 10 and 11, respectively. The first hair flexural crack appeared at the 
bottom zone of the bend in opening moments in the slab S-E-LSPs at Pcr 
= 13.50 kN while the cracking load was 15.30 kN for the slab S-E-CSPs 
as given in Table 4. The initial cracks formed at the bottom of the bend 
were marked on the side surface since the bottom concrete surface could 
not be seen due to the existence of steel plates. It can be seen from 
Table 4 that adding steel plates enhanced the cracking load (Pcr) by 
about 136% and 168%, respectively, compared to that of slab S-S0. 

As the load was increased, the cracks extended to the top surface of 
the tested slab. However, the use of EBSP strengthening techniques 

Fig. 7. Strengthening preparation using EBSP for Group G1: (a) surface adapting and positioning of steel plates (SP); (b) bonding of SP; (c) extra bonding by chemical 
anchor bolts. 

Fig. 8. Strengthening preparation using NSMSB for Group G2: (a) surface adapting and installation of steel bars; (b) re-covering of concrete surface by ECC.  
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reduced the number of cracks in comparison with the control slab S-S0. 
Moreover, these cracks were remarkably concentrated closed to the 
critical zone in the bend under opening moments. Under higher loads, 
some longitudinal hair cracks developed just beside steel plates as 
shown in Fig. 10(b). Just before failure, the transverse steel plates 
started to deform associated with pulling out of emended bolts. Finally, 
the tested stair slab failed by the flexural-compression failure mode 
accompanied with pull-out of embedded bolts as shown in Fig. 10(a). 
The recorded ultimate loads of slabs S-E-LSPs and S-E-CSPs were 
39.94kN and 42.85kN, respectively. This indicates that the applications 

of steel plates improved the ultimate load by about 53–64%. 
Group G2 was exploited to evaluate the effectiveness of NSMSB 

strengthening technique through three tested slabs: S-N-10D, S-N-15D, 
and S-N-20D. The crack patterns of this group are shown in Figs. 12 to 
14. Generally, the first crack was detected at the bottom line of the bend 
under opening moments at load values ranged from 9 kN to 11.5kN 
(about 33% and 39% of Pu) as remarked in Figs. 12 to 14. Compared to 
the cracking load of the control slab, the method of strengthening 
improved the cracking loads of S-N-10D, S-N-15D, and S-N-20D by about 
57%, 80%, and 100%, respectively. It is seen from Table 3 that the 
longer the embedded length (ld), the higher the cracking load. As the 
load was increased, some flexural cracks developed along the slab axis 
and eventually extended to the top surface. In addition, these cracks 
started to propagate at the mid-span of the bottom surface of the bend 
subjected to opening moments. Moreover, the first crack formed at the 
bottom of the bend under opening moments become wider. As a result, 
the whole stair slab was broken into horizontal and inclined parts as 
shown in Fig. 12. These cracks were marked at loads within range of 
about 53% to 57% of Pu. The major crack continued to propagate until 
the slab failed. The main failure modes of the stair slabs strengthened by 
NSMSB were flexural cracking and pull-out of steel bars as can be seen in 
Fig. 12(b). The recorded ultimate loads (Pus) were 26.74kN, 28.08kN, 
and 29.52kN for slabs S-N-10D, S-N-15D, and S-N-20D, respectively. 

3.2. Ultimate loads 

Table 4 compares the Pu values of the tested stair slabs obtained from 
experiments. The application of EBSP in the tested stair slabs S-E-LSPs 

Fig. 9. Crack patterns of the control specimen S-S0.  

Fig. 10. Crack patterns of slab S-E-LSPs: (a) pulling out of the bolts; (b) cracks parallel to longitudinal steel bars.  

Fig. 11. Crack patterns of slab S-E-CSPs.  
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and S-E-CSPs in Group G1 resulted in an enhancement of Pu by about 
53% and 64%, respectively. On the other hand, although NSMSB system 
used in Group G2 presented a satisfied performance at the cracking 
stage, it did not achieve a higher increase in Pu, only 13% for Le = 20D. 

This may be attributed to the earlier pull-out failure of longitudinal bars. 
However, the bonding between steel plates and concrete due to adhesive 
chemical epoxy and bolts prevented the earlier pull-out failure, thereby 
increasing the load-carrying capacity of the stair slabs. Generally, it may 
be observed that steel plates with thickness not less than 4 mm should be 
used to strengthen stair slabs. 

3.3. Load-displacement response and elastic index 

The measured load–deflection curves of tested stair slabs are depic
ted in Fig. 15. Table 4 provides the vertical deflection values corre
sponding to the cracking and ultimate loads (Δcr) and (ΔPu), 
respectively. The elastic stiffness indies (K) evaluated as the slope of the 
linear elastic part of the load–deflection curves for the tested stair slabs 
are summarized in Table 4. 

Generally, all tested stair slabs exhibited linear behavior up to the 
load which was very close to the cracking load. Such linear performance 
approximately met with the beginning of loading up to the appearance 
of first crack. After concrete cracking, all strengthened stair slabs 
entered the non-linear regime with hardening behavior up to the ulti
mate load; a small increase in load led to a large increase in deflection. 
Beyond that, the softening appeared up to failure; little diminishing in 
load resulted in remarkable increase in deflection up to failure. the 
linear, hardening, and softening behaviors are illustrated in Fig. 15. 

It appears from Figs. 15-16 that the tested stair slabs strengthened by 
EBSP carried higher ultimate loads than those strengthened by NSMSB. 
In addition, the strengthening technique using EBSP improved the K- 
values of the stair slabs by about 1.96 to 2.96 times that of S-S0 as given 
in Table 4. 

The strengthening method using NSMSB considerably improved the 
behavior of stair slabs as demonstrated in Fig. 15(b). However, the load- 
carrying capacity and the displacement ductility of the stair slabs could 
be impacted by the embedded length (Le) of the steel bars. In addition, 
the use of NSMSB to strengthen stair slabs resulted in a good contribu
tion to the elastic K-value as shown in Table 4. This enhancement was 
estimated by about 1.6–2.56 times that of the control slab. It is suggested 
that the embedded length of steel bars should be greater than 10D. 

Fig. 12. Crack patterns of slab S-N-10D: (a) main flexural cracks; (b) pulling out of embedded bars used for strengthening.  

Fig. 13. Crack patterns of slab S-N-15D.  

Fig. 14. Crack patterns of slab S-N-20D.  

Table 4 
Test Results.  

Gro. Specimen 
ID 

Cracking Stage Ultimate Stage Elastic Stiffness Index 
(K) 

KS/ 
K0 

Absorbed Energy (E)  Mode of Failure 

Pcr 

(kN) 
Pcrs/ 
PcrS0 

Δcr 

(mm) 
Wcr 

(mm) 
Pu 

(kN) 
PuS/ 
PuS0 

ΔPu 

(mm) 

G1  S-S0  5.7  1.00  0.33  0.23  26.0  1.00   6.72  17.2  1.00  411.17 F þ PMS 

S-E-LSPs  13.5  2.36  0.4  0.19  39.94  1.53  11.60  33.75  1.96  1028.83 F þ PB 

S-E-CPs  15.3  2.68  0.30  0.16  42.85  1.64  14.60  51.0  2.96  1292.62 F þ PB 

G2 S-S0  5.7  1.00  0.33  0.23  26.0  1.00  6.72  17.2  1.00  411.17 F þ PMS 

S-N-10D  9.0  1.57  0.31  0.24  26.74  1.02  10.31  29.03  1.68  613.71 F þ PSS 

S-N-15D  10.3  1.80  0.28  0.21  28.08  1.08  16.36  36.7  2.13  728.18 F þ PSS 

S-N-20D  11.5  2.01  0.26  0.18  29.52  1.13  11.08  44.2  2.56  749.12 F þ PSS 

Pcr: First cracking load; Δcr: Deflection recorded at Pcr; Wcr: Crack width recorded at Pcr; PU: Ultimate load; ΔPU: Deflection recorded at Pu; K: elastic index; E: Absorbed 
energy; F: Flexural failure; PMS: Pulling-out of main steel bars; PB: Pulling-out of embedded bolts; and PSS: Pulling-out of flexural steel bars used for strengthening. 
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3.4. Absorbed energy 

Table 4 presents the values of absorbed energy (E) evaluated for the 
tested slabs as the integration of the total area under the load–deflection 
curve up to failure. It was founded that the use of EBSP led to a 
remarkable increase in the energy absorption capacity. It can be seen 
from Table 4 that the E values of S-E-LSPs and S-E-CSPs strengthened by 
EBSP were about 150% and 214% higher than that of the control slab, 
respectively. As shown in Fig. 15, the E values of stair slabs strengthened 
by NSMSB increased about 49%, 77%, and 82% for the embedded 
lengths (Le) of 10D, 15D, and 20D, respectively. It should be mentioned 
that although the NSMSB technique offers lesser strength improvement 
than the EBSB method, it has been widely used due to the quick and easy 
installation and low costs. 

4. Numerical simulation 

4.1. Constitutive modeling of materials and sensitivity analysis 

The commercial software ABAQUS was employed to simulate the 
responses of tested stair slabs. The Concrete Damage Plasticity (CDP) 
model available in ABAQUS was adopted in the present study to model 
the plastic behavior of concrete due to its ability to define damage 
generated from cracking and nonlinear deformation of concrete in 
compression and tension [32–38]. Plastic damage models developed by 
Lubliner et al. [39] have been commonly used to estimate the yield 
surface hardening parameters of traditional concrete. The results ob
tained from both tension and compression tests were employed to cali
brate concrete material stress–strain behavior to identify the most 
suitable parameters. The stress–strain relationship developed by Car
reira and Chu [42] was employed to model the concrete in compression. 
A linear relationship was assumed for concrete in tension before and 
after cracking [40–43]. Fig. 4 provides the stress–strain law of NC under 
tensile and compressive stresses for numerical modeling. 

Several attempts were made to determine the most suitable values of 
the constitutive parameters used in CDP model for normal concrete. 
These parameters were viscosity relaxation parameter (μ), angle of 
dilation (ψ), eccentricity (e), ratio of second stress invariant on the 
tensile to compressive meridian (Kc), and ratio of biaxial to uniaxial 
compressive yield stresses (fbo/ fco). 

Analyses were conducted with different μ values changed from 0.00 
to 1.00 × 10-8, 1.00 × 10-7, 1.00 × 10-6, 1.00 × 10-5, 1.00 × 10-4, and 
0.001. However, previous studies [33,44,45] recommended that the 
zero-value is an acceptable outcome compared to the very stiff run with 
higher μ as previously reported [53]. It was found that the suitable angle 
of dilation (ψ) is 35◦ as recommended by researchers [40,41]. The Kc 
value is generally between 0.64 and 0.80 as previously mentioned 
[40,46 to 52]; however; the sensitivity analysis confirmed the defaulted 
value of 0.66 in ABAQUS [33]. The fbo/ fco ratio ranged from 1.10 to 1.16 
with respect to previous studies [51,52]; however, the 1.16 value was 
credited in the current investigation. The present model adopted the 
defaulted value of e = 0.1 recommended by software program. 

Two different steel bars were defined in this study: 10 mm and 12 
mm diameter of deformed steel bars with same material characteristics 
as shown in Fig. 4(a). To create a finite element model with less 
computational cost, the measured stress–strain curve was idealized as a 
piecewise linear one as shown in Fig. 4. 

Fig. 15. Load-deflection curves: (a) Group G1; (b) Group G2.  

Fig. 16. The absorbed energy (E) values for all slabs (kN.mm).  
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4.2. Development of finite element model 

A nonlinear three-dimensional Finite Element (FE) model was 
created to model the responses of strengthened RCSS in Group G1 sub
jected to static monotonic loading up to collapse. The continuum, three- 
dimensional and eight-node linear hexahedral solid element with 
reduced integration (C3D8R) available in ABAQUS was employed to 
mesh the RC stair slab and thick steel plates as shown in Fig. 17(a). The 
two-node and linear truss element namely T3D2 was utilized to model 
the steel bars as depicted in Fig. 17(b). The four-node shell element with 
reduced integration (S4R) was employed to represent thin steel plates as 
shown in Fig. 17(b). The three-dimensional element C3D8R was 
employed to mesh the thick loading plate with larger stiffness. The 
boundary condition of the stair slab was modeled as simply supported. 
The loading and boundary condition of the FE model are shown in 
Fig. 17(c). The developed model with about 24-mm meshing size pro
vided a satisfied performance with less computational cost. The mesh of 
the developed FE model can be seen in Fig. 17. 

The interaction between concrete and steel bars was assumed to be 
perfect bond which is available in ABAQUS under embedded element 
mechanism. This assumption was considered by employing the concrete 
slab as the host region while the steel bar truss elements were chosen as 
the embedded ones. The bond between the thick plates and concrete slab 
was modeled as perfect. The concrete surface of the stair slab was set as 
the master while the surfaces of steel plates were treated as slave ones. In 
order to model the contact between SPs and lower side of RCSS, the tie- 
surface to surface constrain was assumed herein. This assumption was 
achieved by employing the upper surface of SPs to be the slave while the 
other opposite of slab surface was set to be the master one as previously 

reported [45]. 

4.3. Verification 

The accuracy of the developed FE model has been established by 
comparing the numerical simulations with experimentally measured 
data in terms of load–deflection response, failure mode, cracking and 
ultimate load values. The load–displacement responses obtained 
numerically are compared with experimental counterparts in Fig. 18. 

Fig. 17. Finite element model: (a) concrete elements; (b) steel elements; (c) loading and boundary conditions.  

Fig. 18. Load-displacement responses of G1 specimens obtained experimen
tally and numerically. 
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Both experimental and numerical ultimate loads (Pus) together with 
their corresponding deflections are provided in Table 5. The main failure 
modes predicted by the FE model can be seen in Fig. 19. 

The load–displacement responses obtained numerically are 
compared with experimental counterparts in Fig. 18. It can be observed 
from Fig. 18 that the FE model simulates well the experimentally 
measured load–deflection curves of stair slabs. As shown in Table 4, the 
cracking and ultimate loads of the tested slabs are accurately predicted 
by the FE model. The average value of Pcr FE/Pcr EXP ratios is 1.071 with 

standard deviation (SD) of 0.0176. The average values of PU FE/PU EXP is 
1.026 with SD of 0.0014. The mean value of ΔPu FE / ΔPu EXP is 1.052 
with SD of 0.0113. The predicted failure mode is compared with test 
results in Fig. 18. It should be noted that the model validation may be 
captured by the softening behavior manifested in load–deflection 
response shown in Fig. 18. This may be attributed to the deterioration 
occurred in concrete part followed by an obvious contribution arising 
from steel plates. Also, this figure shows that the FE model generally 
captures well the failure pattern of the tested stair slab. The FE model 

Table 5 
Comparison between numerical and experimental results.  

Specimen 
ID 

Pcr (kN)  Δcr (mm)  Pu (kN)  ΔPu (mm) 

EX FE FE/EX  EX FE FE/EX  EX FE FE/EX  EX FE FE/EX 

S-E-LSPs  13.5  14.3  1.059   0.4  0.43  1.075   39.94  41.02  1.027   11.60  12.3  1.060 
S-E-LSPs  15.3  16.6  1.084   0.30  0.32  1.066   42.85  43.95  1.025   14.60  15.25  1.044 
Avg    1.071     1.070     1.026     1.052 
SD    0.0176     0.0063     0.0014     0.0113 
COV    0.0164     0.0058     0.0013     0.0107 

Ex: Experimental; FE: Finite Element Model; Avg: Average; SD: Standard deviation; COV: Coefficient of variation. 

Fig. 19. Predicted cracking pattern: (a) cracking pattern; (b) stress contours for steel elements; (c) verification of cracking pattern.  
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indicates that the major crack initiated at bottom of the bend under 
opening moments and extended to the top surface as observed in the 
test. Moreover, numerical simulation shows that high tensile stresses 
developed in the longitudinal steel plates within the mid zone as shown 
in Fig. 19(b). This may lead to the better understanding of the remark
able deformation occurred experimentally at such steel plates as shown 
in Fig. 19(c). 

5. Conclusions 

This paper has reported the experiments on the performance of full- 
scale reinforced concrete stair slabs that were strengthened with exter
nally bonded steel plates and near surface mounted steel bars. The im
pacts of the strengthening techniques, type and configuration of 
reinforcement used for strengthening on the responses of such slabs have 
been investigated and examined. A nonlinear finite element model of 
strengthened stair slabs has been developed by means of utilizing 
ABAQUS and verified by experimental data. 

Based on the experimental and numerical studies, the following 
conclusions are drawn:  

• The application of EBSP, with thickness of 4 mm, could significantly 
alter the mode of failure and cracking characteristics of stair slabs. 
The cracking loads of stair slabs strengthened by EBSP were about 
136% to 168% higher than that of the one without strengthening; 
their ultimate loads were improved by about 53% to 64%, 
respectively.  

• The NSMSB strengthening system considerably improved the elastic 
behavior and cracking loads of stair slabs. Using the embedded 
lengths of Le = 10D, 15D and 25D enhanced the cracking load by 
about 57%, 80%, and 101%, respectively; it enhanced the K-values 
by about 1.68 to 2.13 and 2.56 times that of the control slab, 
respectively.  

• The EBSP significantly increased the absorbed energies (E) of slabs S- 
E-LSPs and S-E-CPs by about 2.50 and 3.14, respectively, compared 
to the control slab.  

• The developed FE model predicts well the structural performance of 
strengthened and non-strengthened stair slabs with a high degree of 
accuracy. Therefore, the FE model can be employed to exploit 
parametric analysis in the future. 
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