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1. Introduction
Let L be a linear class of real-valued functions g : E — R having the properties

(L1) f,g€ Limply (af+Bg)€Lforall o,  €R;
(L2) 1€L,ie.,if fo(t)=1,t € E then fp € L.

An isotonic linear functional A : L — R is a functional satisfying

(A1) A(af+PBg)=aA(f)+BA(g) forall f,geLand a, p €R.
(A2) If fe Land f >0, then A(f) > 0.

The mapping A is said to be normalized if
(A3) A(1)=1.

Isotonic, that is, order-preserving, linear functionals are natural objects in analysis that enjoy a number of convenient properties.
Thus, they provide, for example, Jessen’s inequality, which is a functional form of Jensen’s inequality (see [1], [2] and [3]).
For other inequalities for isotonic functionals see [4], and [5]-[15].

We note that common examples of such isotonic linear functionals A are given by

Ag) = / gduorA(g) =Y pigr,
E keE

where (1 is a positive measure on E in the first case and E is a subset of the natural numbers N, in the second, with g = {gi};cx
and py >0,k €E.
We have the following inequality that provides a refinement and a reverse for the celebrated Young'’s inequality

Y R R PR M

max{a,b} —

v(l—v) (1.1)

N =
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forany a,b>0and v € [0,1].

This result was obtained in 1978 by Cartwright and Field [16] who established a more general result for n variables and gave
an application for a probability measure supported on a finite interval.

The functional version of Callebaut’s inequality states that

A% (fg) <A Ve A (¥ Y) <A(fA)A(g) (1.2)

provided that 2, g2, f>~Vg¥, fYg*~", fg € L for some v € [0,2]. For the discrete and integral of one real variable versions
see [17].

In this paper we obtain some inequalities for isotonic functionals via the reverse and refinement of Young’s inequality (1.1)
that are related to the second part of Callebaut’s inequality (1.2). Applications for integrals and n-tuples of real numbers are
also provided.

2. On Callebaut’s Inequality
We have the following result that provides a refinement and reverse of Callebaut’s second inequality:

Theorem 2.1. Let A, B: L — R be two normalized isotonic functionals. I f, g : E — R are such that, f*, g%, f , f2 (1=v)g
12g* 1Y) ¢ L for some v € [0,1], and

f

0<m§§§M<oo 2.1)

for real numbers M > m > 0, then

—v(l—v)m? (A (sz)B(fz)th(fz)B(f;) —2>

IN

(1-v)A(f2)B(g*) +VvA(g*)B(f?) (2.2)
( g2v B( 2y 21 v)
< ; (1—v)M2<A(§2)B(f)+A(f2)B(]g;)—2).

Proof. Since ab = min{a,b} max{a,b} for any a,b > 0, then from (1.1) we have

(b—a)’
ab ’

(b—a)’
ab

—v(1—v)min{a,b} v (1 —v)max{a,b}

N —

< (1-=v)a+vb—a'"b' <

where v € [0,1]. This can be written as

a

v(1—v)max{a,b} <2+b—2), (2.3)

IN

(1-=vya+vb—a'Vb' <

N —

~v(1-v)min{a, b}( +b—2>

for any a, b > 0.
Let x, y € E such that g (x), g (v) # 0. If we use the inequalities (2.3) for

a_fz(x) 2 2 M2
IO ]
then we get
(SN | LWE) L e (LN T Lo
4 )<§Mﬂm+§&ﬂw 4 <« ”§m+%%o<éw> @w» 24
N S 0N S CONN A CoF O
< VUIMLa 20 T W £0) %’
where v € [0, 1].
If we multiply (2.4) by g2 (x) g% (y) , then we get
X 4
vyt (PSSP0 ED 2) < (=920 0420020 @)

2 ()& () £ (x) g2 (x)

1 _ 2 2 g (%) 2xg4(y)_
S a-nr (PO B4 05D ).

IN
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which holds for any x,y € E.
Fix y € E. Then by (2.5) we have in the order of L that

4 4
g 80 2
—v(l—v mz(fzy 2> <
) (>f2 20)
<
If we take the functional A in (2.6), then we get
4 4( )
“v(l—v m2<f2yA(g)+g YA (f2 —2> <
(1-v) 0A| 7 fz(y)()
<
foranyy € E.
If we write this inequality in the order of L, then we have
2 g
L =v)m (A<f2>f +A(f)fz—2) <
<

(1-v)g
4
v <f2(y) "

(1=V)A(f2) 2 +va(g) f2-a (20

1
=V

2

2OV )E

g
1

and by taking the functional B we deduce the desired result (2.2).

Corollary 2.2. Let A : L — R be a normalized isotonic functional. If f, g : E — R are such that f*, g°, %7 F2=v)g

fzvg2(1_v) € L for some v € [0, 1] and the condition (2.1) holds, then

IA

v(l—v)m? (A (}i)A(fz)—l)

<

1 2 84
i (A <f2

The following result also holds:

A(fZ)A(gZ) _A (fz(lfv)gzv)A (f

g* ()
2(y)

(1-v)M? (A <f2>f +A(f?)

f2v (y) g2(17v) (y) fZ(lfv)g2v

g4

f2

8

v(l—v)M? (A <f;>A(f2)—1>.

In particular, if f2, g2, %, fg € L and the condition (2.1) holds, then

-

IN

)-1)

f2—2>.

7v)g2v) f2vgz(lfv)

)

2v 2(17\/))

(2.6)

O

2v

)

Q2.7)

(2.8)

Theorem 2.3. Let A, B: L — R be two normalized isotonic functionals. If f, g : E — R are such that f >0, g >0, f%, g,

g, FRI=VIG2V 2V 20V) e [ for some v € [0, 1] and the condition (2.1) holds, then

1 4 4
-0 (4@8(5) 212814 (5)86) < 1-9a0)BE) a5 ()
—A (f2(1—v)g2v> B (f2vg2(1—v))
< ﬁv(l—v)
4
><(A(g2)3<§2)—2A(f2)B(f2)+A(
Proof. For any x,y € E we have
»_ P ) 2
"= g2 (x) g2 (v) =M
If we use the inequality (1.1) for
P GO N )
&) g0’

(2.9)
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then we get
P LY PP (LN T LN
W”“V(fm 5@) (1”fw+%%o(fm> @w»
P LY
< ¥ )(gz(y) gz(X))

forany x,y € E.
This can be written as

4 2 2 (y 4y
v (L0 L0 Sy

AN
_
|
<
S~—

2M? o) ) &) gt) g g \&W 2(»)
o () P K
< gV (g“(y) 2gz(y) 8% (x) +g“()f))
Now, if we multiply (2.10) by g* (x) g (y) > O then we get
4 4 (x
a0 (L2 0-220 £ 0+ L0¢0) < 1-00 L@+ vR 08w @i
08 ) A (1) g% (x)
4 4 (y
< ﬁ\/(l—\’) (;(ﬁgz( ) =212 () f? (X)+£2 85 (y)>

forany x,y € E.
Fix y € E. Then by (2.11) we have in the order of L that

4 4
l\m—wU() f<w+gmf)s 1=V 0) LAVL )~ ()0 () L0

2M? 20
(2.12)
1 P0) 2 e f
< v (L2e2p0prem )
If we take the functional A in (2.12), then we get
1 L) oy s 20 |2 I a2 2 2
a0V g &) 27 0A) +8MA (5 ) | < (=S MAF) +v 0)A() (2.13)
() 1Y) (y)A (fz(l v)g2v)
1
< Wv(l —V)
), 2 2 2 (f4>>
A -2 A Al =
<g2 o) (&) -2/ MA(f*) +&° ) p
foranyy € E.
This inequality can be written in the order of L as
1 v(1-v) A( )f—4—2A(f)f A f4 < (1—v)A(f2) 2+VA(2)f2—A(f2(1*") ZV)f2v 2(1-v)
M 8 & & g S 8 8 g g
(2.14)
1 4 4
< 5 av(i-v) (A( )g——zA(fz)fZ—&-A (;) gz).
Now, if we take the functional B in (2.14), then we get the desired result (2.9). O

Corollary 2.4. Let A : L — R be a normalized isotonic functional. If f, g : E — R are such that f >0, g > 0, f2, g2, g,
FRI=VIG2V g2V 20V) e [ for some v € [0, 1] and the condition (2.1) is valid, then

A/lpv(l—v)(A(g) <]:> Az(f)> < A(fZ)A(gZ)_A<f2(17v)g2v)A(fzvgz(l—v)) 2.15)
Lv-v) (424 (5) -2).

IN



Fundamental Journal of Mathematics and Applications 5

4
In particular, if f*, g2, ]g%, fg € L and the condition (2.1) is valid, then we have

e (5)-+0)

IN

A(f)A(g%) —A*(fg) (2.16)

o (£)-wr)

IN

3. Other Related Results

If we write the inequality (1.1) fora = 1 and b = x we get

1 (x—1)? 1 (x—1)?
—v(l—-v)————<1—- —x'<v(l—-v)———2- 3.1
VY ey SV s vV e T -1
for any x > 0 and for any v € [0,1].
If x € [¢,T] C (0,00), then max {x,1} < max{T, 1} and min{z,1} < min{x, 1} and by (3.1) we get
. 2 2
1 MiNye(r 7] (x—1) 1 (x—1)
Sv(—y) e o Ly gy 2
ZV( V) max {7T,1} - 2v( v)max{T,l} (3-2)
< 1-v+vx—xY
1 (x—1)
< Sv(l—v)2 T
- ZV( v)min{t,l}
max x—1)°
< 7‘/(1_‘/) xE.[I,T]( )
min {z, 1}
for any x € [¢,T] and for any v € [0,1].
Observe that
(T—1)ifT <1,
min (x—1)>={ 0ifr<1<T,
*<lb] (t—1)%if 1<t
and
(t—1)?ifT <1,
m[ax](x—l)2: max{(l—l)z,(T—l)z} ifr<1<T,
x€(t,T
(T—1)%if1<1.
Then
min (x— 1) (T—1)%ifT <1,
c(t,T) = —<t 2 ) 0ifr<1<T, (3.3)
max {7, 1} (1) .
i<
and
max x—1)? [ 1 {_2 _2}' <1<
ClT) = xel[z,T]( )’ _ a 1f2T<1,[max (-1 (T-1)*Vifr<1<T, G4
min {z, 1} (T—1)%if1<1.
Using the inequality (3.2) we have
1 1 (x—1)?
Sv(l— t,T) < zv(l—-v)———=<1— —x¥ 3.5
2v( Vie(t,T) < 2v( v)max{T,l}* V+Vx—x (3.5)
1 x—17% 1
< vil—v)—/———=—<-v(l— t, T
< gv(—vEle < svi-vcen)
for any x € [¢,T] and for any v € [0,1].
Now, ifa,b>0andassumethat§€[t,T],thenby (3.5) we get
1 1 (b—a)®
—v(l— t, T < —v(il—V)———— 3.6
ZV( vienT)a < 2v( v)max{T,l}a (36)
< (1=v)a+vb—b'a'™Y
1 (b—a)? 1
< —v(l-vV)—————<-v(l-v\C(t,T
s VU=V e SV -V na

for any v € [0, 1], where ¢ (¢,T) and C (¢,T) are defined by (3.3) and (3.4), respectively.
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4 o4
Theorem 3.1. Let A, B: L — R be two normalized isotonic functionals. If f, g : E — R are such that, {2, g%, %5 f
FRI=VIG2V 2V 20V) e [ for some v € [0, 1] and the condition (2.1) holds, then

1-v)

IN

IN

IN

Proof. For any x, y € E we have

Consider

then S € {1%227 %} and by (3.6) we get

f27 ’

02 (A(5)(5) @) () 8(e) o
A(f2)B(¢*) +vA (%) B (f2)_A(f2<1 v) ) (f2v21 v>

1w (s (£)a(2) e

v(l—v)l‘n/:j(ﬂ/lz2 ) (F)B(g%).

IN
—~
—
|
<
S~—
~
[3e)
—
=
S~—
+
<
~
[\
<
N N
|
7 N\
~
[3S)
=
~
<
7 N\
~
(3o}
=
~
|
<

IN
I
<
—
=
|
=

forany x,y € E and v € [0,1].

This inequality is equivalent to

IN

IN

IN

forany x,y € Eand v € [0, 1].

IN

|

<
—

|
=
I\)‘[\_)
=i
o
bl
—N—
‘S
() 58]
N———
)

7 N\
Sw‘ﬁw
|
N—
(3]
——
|
~|—~
= [ =
S— | —

| £0)
Ev(l—v)w £ fgz(x) (3.8)
PO L (LON (LN
U= a0 Ve <g2<y>> <g2<x>>
£ L) 2
1 M2\ " 2o ) 8 (x)
v(lv)mz<g(y) ngEx))
1 M2 [ M? 2 2 (x
0= (1)
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Now, if we multiply (3.8) by g2 (x) g% (¥) > O then we get

20) L0 o4 (1) 02
1 2 20 T 26 g (x)g” ()
0 < Ev(1—v)% (g Y ¢ f;(x) (3.9)
< (1=-VEML@+VAMEE - & 0 A @) (x)
2 2 2
1 w (52 - 58) gt g o)
S I
1 MmN
< v (3 -1) FOfo
forany x,y € E and v € [0,1].
Observe that
2 2 2 4 200} 2(x .
(B-50) dwre)  (A9-28888458)weo)
2% f2(x)
PN 22(0) (062 () + 1 (08 0)
a 12 (x)
[()g* ) 200y 2 203 2
= —2
2070 Y (v)g” (x) + £~ (x) g ()
and by (3.9) we get
m* (1 (y)g*(x) 200y 2 2032
0 < V(l—V)Mz<g2(y)f2(x)—2f (g (x)+f (x)g (y))
< (1=-VZOL@TvAMEE - 08 0) Y @) g ()
et ) 282 2032
< v (L5 2008 0+ P W)
M2 M2\
< pra-vi (o) Fedo
foranyx,y € Eand v € [0,1].
Now, if we use a similar argument to the one from the proof of Theorem 2.1 we deduce the desired result (3.7). O

Corollary 3.2. Let A : L — R be a normalized isotonic functional. If f, g : E — R are such that, 2, g%, %, ]gf—;, fz(l_")gzv,
12g*1=V) e L for some v € [0,1] and the condition (2.1) holds, then

1 m’ g f* 2 2

0 2v(l—v)Mz(A <f2>A<g2> —A(g )A(f )) (3.10)
A (fZ)A (gz) _A (fz(hv)gzv)A (fzvgz(l—v))

1 Mm? g f* 2 2

it ((F)0 () i)

2 2 2
< ;v(l—v)]‘nfz(ﬁrzz—l) A(P)A(S).

IN

IN

IN

- e 2 ogt o
In particular, if f<, g°, el fg € L, then we have

2 4 4
0 < 35 ((£)2(5) wne)
< A(f2)A(g) —A(fg)

INA IN
— 0| —
<3S

/N N
EN N
|0

SIS

~_ N————
o

b A/

~ %N‘&?k

N N
-~ \

oo -~
[38) —~

SN— OQM

BS
=
N
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We observe that the inequality (3.11) can be written as

(%) A2(f)
ACLAVARLS VAN R DENECIA L PR 3.12)

4. Applications for Integrals

Let (Q,A, 1) be a measurable space consisting of a set Q, a ¢ -algebra A of subsets of Q and a countably additive and positive
measure U on A with values in RU {eo} . For a i-measurable function w : Q@ — R, with w (x) > 0 for u -a.e. (almost every)
x € Q and p > 1 consider the Lebesgue space

LE(Q,u):={f:Q—R, fis u-measurable and /Q |f ()P w(x)du (x) < oo},

For simplicity of notation we write everywhere in the sequel o, wdu instead of [ w(x)du (x). The same for other integrals
involved below. We assume that [, wdp = 1.

Let f, g be u-measurable functions with the property that there exists the constants M, m > 0 such that

0<m< J—f < M < oo p-almost everywhere (a.e.) on Q. 4.1)
8

If 2, g2, %, FRI=V) g2V g2V 2(1-V) e [ (Q, 1) for some v € [0, 1] and the condition (4.1) holds, then by (2.7) we have

4

v(l—v)m? (/waczdu/gwfzd,u—l> < /wfzdu,/wgzd/.t /wf (1=v) 2Vdu/wfzv Vg (4.2)
_ 2 g 24

vil-v)M ( wazd/.t/gwf du 1).

In particular, if 2, g2, %, fg €L, (Q,u) and the condition (4.1) holds, then

L </Qw}g;du/9wf2dy—l> /wazdu/gwgzdu— (/wagd,u>2 (4.3)
%Mz </ijg;d/.t/gwf2d/.tl).

If 2, g2, 27f2 (1=v)g2v  #2va2(1=v) ¢ [ (Q, u) for some v € [0, 1] and the condition (4.1) holds, then by (2.15) we have

%V(l— </ Wgzd#/w du — (/Qszd,LL)Z) < /wf d,u/wgzd,u /wf (1-v) zvdu/sz" 20-v) gy

(4.4)
4 2
—v(l—v) (/ngQdu/Qwi;du— (/wazdu> ) .

In particular, if 2, g2, é—j, fg €L, (Q,u) and the condition (4.1) is valid, then we have

( | wetau / W ( A szdu>2> |wrdu | wgzdu—< A ngdu>2 *.5)
(/ gzdu/w dp - (/wazdu)z)

IN

IN

IN

A

IN

IN
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If £2, g2, % g FA=V g2V 2V 21-V) € [ (Q, 1) for some v € [0, 1], and the condition (4.1) holds, then
1 m’ g f 2 2
0 < 2v(1—v)Mz(/ wﬁdu/w—zdu—/wg du/wf dy 4.6)
S /wfzd‘u/wgzd“ /Wf 1 V 2Vdu/ szv 21 V u
1 8 f 2 2
< va-n2Z /w—d /w—d —/w d /w d
2( )mz(gfzﬂggzﬂggﬂ'gfﬂ
1 MmN
< vl-v)— | —= -1 2d/2d
< Svl=v)—s <m2 ) /QWf A
In particular, if f2, g2, }% ﬁ; fg €L, (Q,u), then we have
0 < / 8 du/wf4du /wgzdu/wf du 4.7)
- 8M2 f2
2
< [ wfidu [ wedu- ( | ngdu>
Jo Jo Q
1M2 g4 f4
< -— wd/wd—/wzd/w2d>
_8m2(/gle«lggzliggligfli
M2 M2\
-—|—-1 /wfzd,u/wgzdu
8 m2 \ m? Q Q
5. Applications for Real Numbers
We consider the n-tuples of positive numbers a = (a1, ...,a,), b = (by,...,b,) and the probability distribution p = (p1,..., pp),
ie. pi>0foranyie€ {l,...,n} with Y7, p; = 1. If there exist the constants m, M > 0 such that
0<m§%§M<oof0ranyi€{l,...,n}, (5.1)
i
then by (4.2) and (4.3) for the counting discrete measure, we have
2 [ v b? - 2 2 2 (1-v);2v 2v;2(1-v)
m |\ Ypims Y piai =1 < Zp, Zp,b Zp, b; Z pia;"b; (5.2)
=1 4= i=1
n n
< v(l—v)M? Zp,—’zZp,a
i=1 4 =1
forany v € [0,1] and
1 n b4 n n 2
A\ Lrg ko1 < Zl szbz L. piaib (53)
= i i= i= i=1 i=
Lo b
< M Zp[?Zpiai—l .
i=1 4=
Ifa=(ay,...,ay), b= (by,...,b,) satisfy (5.1), then by (4.4) and (4.5) for the counting discrete measure, we have
2
1 _
v (=v Zp, Zpl (Zpl 2) < Zpl 2Zp,b2 Zpl 1927 ¥ @20 (5.4)
i=1 i=1
2
< ZPz Zl’z (sz 12>
i=1
for any v € [0,1] and
2 n n n 2
sz ?sz Zpl 2 < Y pia? Y pib; — | Y piaibi (5.5)
i= i=1 i=1 i=1 i=1
2
< szbzzpz (Zpl ?)
i=1
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Ifa=(ai,...,an), b= (by,...,b,) satisfy (5.1), then by (4.6) and (4.7) for the counting discrete measure, we have

1 m? (& b ab &
0 < Sv(l=v)5 szazziplblz ;pz Zp, (5.6)

< i zzpzbz_zpl 20~ Vbzvzpz 2vb (=)

1 M (& b
< 2"(1—")”12(2}1’22 a sz ZP: )

1= i i=1 l

1 M2 MZ 2y n

< 2\’(1—")”12(2 > ; ;Pibiz

for any v € [0,1] and

1m2 n b4 n )
0 < 295 <Z;pia32 7 szb Zp, ) (5.7)
i= i i=1

IN
[ aot
F
i\)
M-
3
3,
|
PR
M=
F‘
~
(3]

IN

IN
OO | ==
3%
TN N
1=
=
38
1=
S
N@‘Q
[3S)
~M=
S
3,
1=
"S
v

6. Conclusion

In this paper, by making use of some reverses and refinements of Young’s inequality (1.1),we obtained some inequalities for
isotonic functionals that are related to the second part of Callebaut’s inequality (1.2). Natural applications for integrals and
n-tuples of real numbers were also provided.
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