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A DSGE Consumption Function in a CGE Model:
Parameter Estimation by CGE Simulation*

PETER B. DIXON and MAUREEN T. RIMMER

Centre of Policy Studies, Victoria University, Melbourne, Victoria, Australia

DSGE models incorporate attractive theoretical speci-
fications of the behaviour of forward-looking consumers
facing an uncertain future. Central to these specifications
is the idea that consuming agents decide their consumption
level in year t by applying a function (policy rule) whose
arguments represent information available in year t. Using
the insight that, under certain conditions, the policy rule
(but not the resulting policy) is invariant through time,
DSGE modellers have developed the perturbation and
other methods for quantitatively specifying policy rules.
They have applied these methods in models with limited
sectoral disaggregation. In this paper we adapt the
perturbation method so that it can be used to specify a
policy rule for consumption in a full-scale CGE model. A
novel feature of our method is the use of specially
constructed CGE simulations to reveal key parameters
used in deriving the policy rule. We apply our method in
illustrative simulations of the effects of a technology shock
in a 70-sector version of the USAGE model of the US
economy.

I Introduction
In the dynamic stochastic general equilib-

rium (DSGE) theory of consumption, the

consuming agent (household, government or
a combination of both) determines consump-
tion in year t by applying a rule (the policy
function) that takes account of all available
information. The information set includes
the agent’s current wealth and how future
wealth will be affected by current consump-
tion. It also includes current values of
variables outside the agent’s control such
as technology and the terms of trade. While
the agent does not know the values of future
variables with certainty, it does know that it
will be applying the same policy function in
future years as in the current year. With a
steady-growth baseline, this invariance of
the policy function allows us to deduce the
derivatives of the policy function with
respect to wealth and variables exogenous
to the agent. From there, we can obtain a
first-order approximation to the consumption
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function, showing how aggregate consump-
tion deviates from its baseline path in
response to changes in wealth, and changes
in variables exogenous to the agent.
DSGE specifications of consumer behav-

iour are common in macro models. They also
appear in models that identify a few broad
sectors – see for example, Hornstein and
Praschnik (1997; two sectors), Bouakez
et al. (2009; six sectors) and Rees
et al. (2016; three sectors). By contrast with
DSGE models, computable general equilib-
rium (CGE) models often encompass enor-
mous amounts of detail. For example, the
Global Trade Analysis Project (GTAP)
model1 identifies 65 industries in up to 140
countries together with comprehensive spec-
ifications of taxes, trade and environmental
variables. With this level of detail, GTAP is
the go-to model for thousands of researchers
concerned with trade agreements, climate
change, international conflict and many other
issues. GTAP can be run in various modes:
comparative static, recursive dynamic, and
dynamic with forward-looking expectations.
However, what CGEmodels such as GTAP do
not embrace is uncertainty. Decision-making
under certainty by agents in CGE models
versus the central role of decision-making
under uncertainty in DSGE models is perhaps
the clearest demarcation between the two
classes of models.
In this paper, we show how a DSGE

specification of consumer behaviour can be
formulated and applied in a disaggregated
CGE model. Our method is a variation of the
DSGE perturbation approach (see
Schmitt-Grohé & Uribe, 2004; Villaverde
et al., 2016). However, we rely on CGE
simulations to derive the elasticities of
wealth at the start of year t + 1 with respect
to wealth at the start of year t, consumption
in year t and exogenous variables in year t.
These elasticities then become the core
ingredients in formulas for the derivatives
of the agent’s policy function.
Section II sets out a DSGE theory of

consumption. It contains the standard ingre-
dients: a wealth-accumulation function

showing how wealth in year t + 1 depends
on wealth in year t, consumption in year t
and other variables; a specification of
lifetime welfare as the sum of current utility
and expected welfare beyond the current
year; equations flowing from optimising
behaviour; and a policy rule. While this
theory is broadly standard, it incorporates
two non-standard features: the inclusion of
current wealth, along with consumption, as
an argument of current utility; and the
formulation of the policy rule as a function
for determining the appropriate value for an
extra unit of wealth, rather than as a function
for determining consumption directly.
In the context of the DSGE theory from

Section II, Section III explains the perturbation
method for determining the elasticities of the
policy function in the neighbourhood of a
non-stochastic, no-growth baseline. We derive
formulas for the elasticities of the policy
function in terms of first- and second-order
elasticities of the wealth-accumulation function.
Then we introduce a non-stochastic,
steady-growth baseline.
Section IV explains how a CGE model can

be used to estimate first-order and
second-order elasticities of the
wealth-accumulation function. The first-order
elasticities refer to the sensitivity of wealth in
year t + 1 to variations in wealth in year t,
consumption in year t and other variables in
year t. The second-order elasticities refer to
the sensitivity of the first-order elasticities to
variations in wealth in year t, consumption in
year t and other variables in year t.
Section V applies the theory from the

previous sections to derive a DSGE con-
sumption function for a 70-sector version of
the USAGE CGE model of the US economy.
This requires assigning values to all the
parameters and coefficients in the DSGE
consumption specification. These include the
elasticities of the wealth-accumulation func-
tion obtained by CGE simulation. Because
elasticities obtained in this way are unfa-
miliar, we make a considerable effort to
explain and justify their values.
Section VI presents two sets of USAGE

results for the effects of a temporary
primary-factor-saving technical change. In one
set, the model has our DSGE consumption
function in place. In the other set, it has a
standard CGE consumption function that relates

1 The original documentation of this model is
Hertel (1997). For more recent accounts, see
Corong et al. (2017) and Aguiar et al. (2019).
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current consumption to current disposable
income. Comparison of the two sets of results
shows how the DSGE specification leads to
consumption effects from a temporary shock in
year t being spread over future years.
Section VII investigates the sensitivity of

the DSGE results to changes in key
parameters.
Concluding remarks are in Section VIII.

II A DSGE Consumption Model
This section sets out the DSGE consump-

tion model in a way that will lead to
equations suitable for incorporation in a
CGE model.

(i) Wealth Accumulation
We assume that the consuming agent

accumulates wealth according to an equation
of the form:

Xtþ1 ¼ J Xt, Zt,Ctð Þ: (1)

InEquation (1) the agent’swealth at the start of
year t + 1 (Xt+1) is a function of wealth at the
start of year t (Xt), consumption during year t
(Ct) and variables exogenous to the agent (Zt).
These exogenous variables could include
technologies, consumer preferences, the
terms of trade, and the state of business
confidence. They can be thought of as
influencing components of the agent’s income
such as wage rates, employment and profits.
We assume that the Z vector for year t is

known to the consuming agent in year t, but
the Z vectors for future years are known in
year t only in a probabilistic form. For most of
this paper, we assume away shock persis-
tence: that is, we assume that the outcome for
Z in t + 1 is independent of the outcome in t. In
Section VII, we introduce shock persistence
in sensitivity simulations. In what follows, we
indicate uncertainty by σ. We have in mind a
variance–covariance matrix for the compo-
nents of Z.

(ii) Expected Lifetime Welfare
We specify the consuming agent’s expec-

tation held in year t of its lifetime welfare

V Xt, Zt , σð Þ ¼ U Ct,Xtð Þ
þ βEt V Xtþ1, Ztþ1, σð Þ½ �: (2)

Apart from one feature, to be discussed
shortly, specification (2) is standard in the
DSGE literature. Lifetime welfare expected
in year t depends on the data available to the
agent in year t: current wealth, Xt; current
values of exogenous variables, Zt; and the
probabilistic generating process for the Zs
represented here simply as σ. Lifetime
welfare expected in year t can be divided
into two parts. The first part is utility derived
in year t. The second part is the discounted
expectation held in year t concerning life-
time welfare that will be expected in year
t + 1. The discount factor is the parameter β
whose value is between 0 and 1. Expecta-
tions held in year t concerning unknown
values of future variables are indicated by
Et.
The non-standard feature is the inclusion

in the utility contribution for year t of
current wealth, Xt, not just consumption Ct.
We assume that wealth contributes to
lifetime welfare not only by facilitating
future consumption but also by providing a
sense of security in each year. For concrete-
ness, we give U the specific form

U tð Þ ¼ X1�θ
t Cθ

t

� �1�γ

1�γ
, (3)

where γ and θ are positive parameters, with
γ ≠ l and θ ≤ 1; and U(t) is the value of the U
function when its arguments have their year t
values.
In Section III we will find that the method

being pursued in this paper produces a
consumption function that gives zero
responses to variations in σ (see Equa-
tion 31). Thus, the inclusion of Xt in the
utility function seems a potentially attractive
option for capturing effects of uncertainty.
For example, we might simulate growing
uncertainty by decreasing θ. In Section V,
we find that the inclusion of wealth has
another useful role: it facilitates the calibra-
tion of our DSGE consumption function to
the data in our CGE model. With θ set to 1,
which excludes wealth from U(t), the cali-
brated value of β is greater than 1. A value of
θ less than 1 is required to produce a
calibrated value for β in the theoretically
permissible range. In Section VII we
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conduct sensitivity simulations to reveal
effects of varying θ.

(iii) Optimising Behaviour
Optimising consumption between the cur-

rent year and the future requires

UC tð Þ þ β Et VX t þ 1ð Þ½ �f g ∂Xtþ1

∂Ct
¼ 0, (4)

where UC(t) is the partial derivative of U(t)
with respect to Ct, calculated in (3) holding
Xt constant; VX(t) is the partial derivative of
V with respect to Xt, calculated holding Zt
and σ constant; and ∂Xtþ1=∂Ct is the partial
derivative of Xt+1 with respect to Ct,
calculated in (1) with Xt and Zt held
constant.
In Equation (4), the effect on utility in

year t from an extra unit of consumption is
matched with the expected effect on lifetime
welfare of the reduction in wealth at the start
of t + 1 resulting from the extra consumption
in year t.
Differentiating the V function in (2) with

respect to Xt gives

VX tð Þ ¼ UX tð Þ þ UC tð Þ ∂Ct

∂Xt

þ βEt VX t þ 1ð Þ ∂Xtþ1

∂Xt

24 þ VX t þ 1ð Þ ∂Xtþ1

∂Ct

∂Ct

∂Xt

35,
(5)

where UX(t) is the partial derivative of U(t)
with respect to Xt, calculated in (3) holding
Ct constant; ∂Xtþ1=∂Xt is the partial deriva-
tive of Xt+1 with respect to Xt, calculated in
(1) with Ct and Zt held constant; and ∂Ct=∂Xt

gives the effect on consumption of a unit
increase in Xt with Zt and σ held constant.
Consistent with the envelope theorem, we

can use (4) to reduce (5) to

VX tð Þ ¼ UX tð Þ þ β Et VX t þ 1ð Þ½ �f g ∂Xtþ1

∂Xt
,

(6)

where the value of having an extra unit of
wealth at the start of year t is calculated as
the effect on utility in year t from simply
possessing extra wealth plus the expected

effect on lifetime welfare from the potential2

increase in wealth at the start of year t + 1
resulting from the extra unit of wealth at the
start of year t.

(iv) The Policy Rule
We introduce the consuming agent’s

decision strategy for year t by a policy rule
specified as

VX tð Þ ¼ M Xt ,Zt , σ½ �: (7)

We assume that the agent expects in year t to
be implementing the same policy rule in year
t + 1:

EtVX t þ 1ð Þ ¼ EtM Xtþ1, Ztþ1, σ½ �: (8)

In most expositions of DSGE theory, the
policy rule expresses consumption in year t,
Ct, as a function of data available in year t.
Instead of an equation such as (6) motivating
the policy rule, in standard expositions it is
motivated by an equation that expresses Ct

as the expectation held in year t for the value
of a function that includes consumption in
year t + 1 and other variables for year t + 1.
This is a consumption-focused Euler
equation.3 In the standard approach, VX(t)
and Et VX t þ 1ð Þ½ � are eliminated from the
model. Performing the eliminations and
deriving the consumption-focused Euler
equation is usually straightforward in
models in which there is only one predeter-
mined endogenous variable (Xt is a scalar).
However, in models in which there are
multiple predetermined endogenous vari-
ables (Xt is a vector), elimination of VX(t)

2 The consumer need not carry all the extra
wealth into year t + 1. The envelope theorem
means that the welfare effect of extra wealth at the
start of year t does not depend on the way it is
allocated between consumption in year t and extra
wealth accumulation.

3 For example, in the neoclassical model in
which capital is the only predetermined endoge-
nous variable, the Euler equation can be written as
C�γ
t ¼ βEt C�γ

tþ1 1�δð Þ þ Atþ1αKα�1
tþ1

� �� �
, where Ct

is consumption in year t, At+1 and Kt+1 are
productivity and capital in year t + 1, and β, α
and δ are parameters.
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and Et VX t þ 1ð Þ½ �, now vectors, may not be
directly possible. In any case, under our
method it is not necessary.4

III Linearising the Equations of the DSGE
Consumption Model and Deriving the
Derivatives of the Policy Function

By applying the perturbation method we
can derive formulas though which the
derivatives of the M function can be
evaluated in the vicinity of a non-stochastic
steady-state baseline solution of our model.
This is a solution in which σ = 0 and the year
t + 1 values of all variables are the same as
the year t values.
To apply the method we need versions of

Equations (1), (4), (6), (7) and (8) line-
arised around a non-stochastic steady state.
CGE modellers are accustomed to specify-
ing equations in terms of elasticities and
percentage changes in variables rather than
derivatives and changes in variables. Con-
sequently, to ease the transfer of DSGE
specifications into CGE modelling it is
useful to express DSGE linearised equa-
tions mainly in elasticity percentage-change
form.
We derive the linearised system in a

general form and use the general form in
two tasks: first, to determine the elasticity
(MX) of the policy rule with respect to wealth
(Xt); and second, to specify the consumption
function, that is the function relating Ct to Xt

and Zt.
To derive the linearised system we start by

writing the linearised version of (1) as

xtþ1 ¼ JXxt�JCct þ JZzt, (9)

where xt+1, xt, ct and zt are percentage
deviations in Xt+1, Xt, Ct and Zt from their
steady-state values; and JX, JC and JZ
(without t arguments) are elasticities of the
J function in (1) evaluated at steady-state
values of the variables. JX and JC are scalars
and JZ is a vector of length r where r is the
number of exogenous variables. In general,
the elasticities are defined by:

JX tð Þ ¼ ∂Xtþ1

∂Xt

Xt

Xtþ1

, (10)

JC tð Þ ¼ � ∂Xtþ1

∂Ct

Ct

Xtþ1

, (11)

JZ tð Þ ¼ ∂Xtþ1

∂Z1t
� Z1t

Xtþ1

, . . .,
∂Xtþ1

∂Zr t
� Zr t

Xtþ1

� �
:

(12)

In Equations (10)–(12) we use the notation
JX(t), JC(t) and JZ(t) to denote elasticities
evaluated with variables set at their year t
values. We assume that both JX(t) and JC(t)
are non-negative. As will shortly become
apparent, we will need to compute percentage
changes in JX(t) and JC(t). Percentage
changes in negative quantities are not well
defined. JX(t) presents no problem. We expect
the elasticity of future wealth with respect to
current wealth to be positive. However, we
expect an increase in current consumption to
reduce future wealth. Consequently, to
ensure that JC is positive, we define it in
(11) with a negative sign on the right-hand
side. The same problem does not arise with
JZ(t). Its components can be either positive or
negative. We do not need to compute
percentage changes in Z elasticities.
Next, we use (3), (8) and (11) in (4) to

obtain

θCθ�1
t X1�θ

t X1�θ
t Cθ

t

� ��γ ¼ β ~M tð ÞJC tð ÞXtþ1

Ct
,

(13)

where

~M tð Þ ¼ Et M t þ 1ð Þ½ �: (14)

Linearising (13) around the steady-state
baseline gives

θ�1�θγð Þct þ 1�θð Þ 1�γð Þxt
¼ ~m tð Þ þ jC tð Þ þ xtþ1�ct:

(15)

where ~m tð Þ and jC(t) are percentage devia-
tions in ~M tð Þ and JC(t) from their
steady-state values. Notice that by using
the negative sign on the right hand side of
(11) so that JC is positive, we ensure the
existence of the percentage change jC(t).

4 Dixon and Rimmer (2020) provide an exam-
ple of a model in which there are two predeter-
mined endogenous variables: capital and a lagged
wage rate.
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We calculate jC(t) via a linearised version
of JC:

jC tð Þ ¼ JCXxt þ JCCct þ JCZzt, (16)

where JCX, JCC and JCZ (without t argu-
ments) are elasticities of the JC function in
(11) evaluated at steady-state values of the
variables. In general, these elasticities are
defined by

JCX tð Þ ¼ ∂JC tð Þ
∂Xt

Xt

JC tð Þ , (17)

JCC tð Þ ¼ ∂JC tð Þ
∂Ct

Ct

JC tð Þ , (18)

JCZ tð Þ ¼ ∂JC tð Þ
∂Z1t

Z1t

JC tð Þ, . . .,
∂JC tð Þ
∂Zr t

Zr t

JC tð Þ
� �

:

(19)

Now we work on (6) and use (3), (7), (8),
(14) and (10) in (6) to obtain:

M tð Þ ¼ 1�θð ÞX�θ
t Cθ

t X1�θ
t Cθ

t

� ��γ

þ β eM tð Þ� 	
JX tð ÞXtþ1

Xt
:

(20)

Linearising (20) around the steady-state
baseline gives.

Mm tð Þ ¼ UX θγ�θ�γð Þxt þ 1�γð Þθct½ �
þ βMJX ~m tð Þ þ jX tð Þ þ xtþ1�xt½ �,

(21)

where m(t) and jX(t) are percentage devia-
tions in M(t) and JX(t) from their steady-state
values. In deriving (21) we use the facts
that the steady-state values of M(t) and
Et[M(t + 1)] are the same and can be written
as M, and that the steady-state values of Xt

and Xt+1 are the same.
We calculate jX(t) via a linearised version

of JX:

jX tð Þ ¼ JXXxt þ JXCct þ JXZzt (22)

where JXX, JXC and JXZ (without t arguments)
are elasticities of the JX function in (10)
evaluated at steady-state values of the

variables. In general, these elasticities are
defined by

JXX tð Þ ¼ ∂JX tð Þ
∂Xt

Xt

JX tð Þ , (23)

JXC tð Þ ¼ ∂JX tð Þ
∂Ct

Ct

JX tð Þ , (24)

JXZ tð Þ ¼ ∂JX tð Þ
∂Z1t

Z1t

JX tð Þ, . . .,
∂JX tð Þ
∂Zr t

Zr t

JX tð Þ
� �

:

(25)

We write the linearised forms of (7) and
(8) as

m tð Þ ¼ MXxt þMZzt þMσdσ (26)

and

~m tð Þ ¼ MXxtþ1 þMσdσ, (27)

where dσ is the deviation in σ form its
steady-state value of zero; MX and MZ are the
steady-state values of the elasticities of the
M function with respect to X and Z; and Mσ is
the steady-state value of the semi-elasticity
of M with respect to σ. These are defined in
general by:

MX tð Þ ¼ ∂M tð Þ
∂Xt

Xt

M tð Þ ,

MZ tð Þ ¼ ∂M tð Þ
∂Z1t

Z1t

M tð Þ, . . .,
∂M tð Þ
∂Zr t

Zr t

M tð Þ
� �

,

Mσ tð Þ ¼ 1

M tð Þ
∂M tð Þ
∂σ

:

(28)

Four aspects of (26) and (27) need
clarification. First, the determination of
xt+1 follows in a non-stochastic way from
the year t deviations in variables from their
baseline values. Consequently, the expecta-
tion operator is not applied to xt+1 in (27).
Second, as mentioned in the discussion of
Equation (1), we assume here that year t
contains no information about exogenous
variables in year t + 1; that is, in year t the
agent expects Zt+1 to have its steady-state
baseline value. This explains the omission
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from (27) of percentage deviations in exog-
enous variables. When we introduce shock
persistence in Section VII, Equation (27)
will be modified to include zt terms. Third, in
our linearised system we allow a change in
σ, dσ, to occur in year t and to be viewed as
permanent by the consuming agent; that is,
in year t the agent expects the year t + 1
deviation in σ to be the same as the actual
deviation in year t. Fourth, we use the
change in σ and the semi-elasticity to avoid
division by zero.

(i) Evaluating MX

We work with Equations (9), (15), (16),
(21), (22), (26) and (27). These are repro-
duced for convenience in Table 1. We take
the values of the parameters γ, β and θ, as
given and we assume that the coefficients JX,
JC, JZ, JCC, JCX, JCZ, JXC, JXX, JXZ, M and UX

can be evaluated from the non-stochastic
steady-state solution of our model.
Sections IV and V explain how these
evaluations are achieved.
For evaluating MX, we treat xt, zt, and dσ

as exogenous variables.
To obtain MX, we set

xt ¼ 1, zt ¼ 0 and dσ ¼ 0: (29)

With z and dσ set in this way, MZ and Mσ

disappear from the seven equations. This
leaves seven unknowns, xt+1, ct, jC(t), jX(t),
m(t), ~m tð Þ and MX, in seven equations. As
shown in Appendix I, we can solve the seven
equations for the seven unknowns. With xt
set to 1, the valid solution for MX (as
explained in Appendix I, there is more than
one solution) reveals the steady-state elas-
ticity of M(t) with respect to Xt: it is the
percentage effect on M of a 1 per cent

increase in Xt, holding all other exogenous
variables constant.

(ii) Evaluating Mσ
Again we work with the equations in

Table 1. We treat MX as known and xt, zt,
and dσ as exogenous variables. To obtain Mσ

we set

xt ¼ 0, zt ¼ 0 and dσ ¼ 1: (30)

With xt, zt and dσ set in this way, Table 1
provides seven equations with seven
unknowns: xt+1, ct, jC(t), jX(t), m(t), ~m tð Þ
and Mσ. As shown in Appendix I, solving
these equations gives:

Mσ ¼ 0: (31)

This result will be familiar to DSGE
modellers from other DSGE formulations;
see, for example, Schmitt-Grohé and
Uribe (2004). It means that a small increase
in uncertainty from the zero level (σ ¼ 0) has
no effect on consumption. This is disap-
pointing. The ‘S’ in DSGE holds out hope
that models in this tradition will help us
understand the role of uncertainty in deter-
mining macroeconomic aggregates. How-
ever, realising this potential requires an
nth-order approximation to the policy rule
with n> 1. Ours is a first-order approxima-
tion. In a CGE context with no explicit form
for the wealth-accumulation function
(Eqn 1), we do not know how to form a
higher-order approximation.

(iii) The DSGE Consumption Function
With the values of MX and Mσ now known,

we can use our seven equations to deduce
how consumption (Ct) depends on wealth

TABLE 1
System for Evaluating Elasticities of M

(9) xtþ1 ¼ JXxt�JCct þ JZzt
(15) θ�1�θγð Þct þ 1�θð Þ 1�γð Þxt ¼ ~m tð Þ þ jC tð Þ þ xtþ1�ct
(16) jC tð Þ ¼ JCXxt þ JCCct þ JCZzt
(21) Mm tð Þ ¼ UX θγ�θ�γð Þxt þ 1�γð Þθct½ � þ βMJX ~m tð Þ þ jX tð Þ þ xtþ1�xt½ �
(22) jX tð Þ ¼ JXXxt þ JXCct þ JXZzt
(26) m tð Þ ¼ MXxt þMZzt þMσdσ
(27) ~m tð Þ ¼ MXxtþ1 þMσdσ
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(Xt) and current values of exogenous vari-
ables (Zt). As shown in Appendix I, we
substitute variables and eliminate equations,
eventually arriving at

ct ¼ MX þ 1ð ÞJX þ JCX� 1�θð Þ 1�γð Þ½ �
θ�θγð Þ þ MX þ 1ð ÞJC�JCC½ � xt

þ MX þ 1ð ÞJZ þ JCZ½ �
θ�θγð Þ þ MX þ 1ð ÞJC�JCC½ � zt:

(32)

(iv) Moving to a Steady-Growth Baseline
The perturbation method that we have

described so far is predicated on no-growth
baselines. In these baselines, the value of
every variable in year t + 1 is the same as in
year t. However, realism demands that we
allow for economic growth. Assume, for
example, that we are dealing with an
economy such as Australia or the USA in
which the investment share in GDP is about
20 per cent. This cannot be reproduced in a
no-growth steady state. It is consistent with
a situation typical of these countries in
which the capital-to-output ratio is relatively
stable at around 2.5, the depreciation rate is
5 per cent, and capital and output grow at
about 3 per cent (20 = 2.5(3 + 5)). In a
no-growth baseline, the investment share of
GDP would be unrealistically low.
Although in the DSGE framework we

cannot go all the way to a realistic baseline,
we can take a step in that direction by
introducing steady growth. We do this
by adopting a baseline in which the baseline
value (denoted by b) of every variable Q can
be described by

Qb,tþ1 ¼ Qb,tξ Qð Þ, (33)

where ξ(Q ) is the steady-state growth factor
(1 plus growth rate) for variable Q.
In the applications described in

Sections VI and VII, we set up a CGE model
for the USA with a baseline in which each
industry increases its output at 3 per cent per
year. We do this by assuming: 2 per cent
annual labour-saving technical progress in
each industry with no other changes
in technology; 1 per cent annual growth in
aggregate employment; 3 per cent annual

outward movement in foreign demand
curves for all US exports; no changes in
prices of imported products; 3 per cent
annual growth in public expenditures; uni-
tary consumer expenditure elasticities for all
products; no changes in consumer prefer-
ences; and initial investment–capital ratios
and depreciation rates implying 3 per cent
capital growth. Relative to the assumptions
that CGE modellers normally use in base-
lines, these steady-growth assumptions
reduce realism. Unfortunately, this seems
to be an unavoidable cost of adopting DSGE
theory.
In a steady-growth baseline,

growth-discounted (gd) variables exhibit
zero growth. A growth-discounted variable
is a variable divided by its growth factor:

Qgd
t ¼ Qt

ξ Qð Þ : (34)

By reinterpreting all the variables in the
DSGE consumption specification as growth
discounted, we form a system of equations
that has a no-growth baseline as part of a
larger system that has a steady-growth
baseline. With this reinterpretation, the
analysis of Table 1 based on a no-growth
baseline becomes applicable with a
steady-growth baseline. We simply reinter-
pret ct, xt, m(t), etc. as percentage deviations
in growth-discounted variables from the
values they had on the steady-growth base-
line. The elasticities in Table 1 become
elasticities of growth-discounted variables
with respect to growth-discounted
variables evaluated at baseline values of
variables. With a steady-growth baseline,
the percentage deviations in
growth-discounted variables from their
baseline values are the same as the percent-
age deviations in the undiscounted variables
from their baseline values, and the elastic-
ities for growth-discounted variables are the
same as the corresponding elasticities for
undiscounted variables.
While the switch from a no-growth

baseline to a steady-growth baseline leaves
Table 1 intact with only a reinterpretation of
variables, it does require adjustment of our
underlying economic theory. Now, in Equa-
tion (3), growth in consumption and wealth

� 2024 The Authors. Economic Record published by John Wiley & Sons Australia, Ltd on behalf of
Economic Society of Australia.
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with growth factors ξ Cð Þ and ξ Xð Þ maintains
annual utility (U ) in year t + 1 at its year t
level. If ξ Cð Þ and ξ Xð Þ are greater than 1,
then for maintenance of a given level of
annual utility, consumption and wealth must
grow. We can interpret this as meaning that
maintenance of utility requires consumption
and wealth to grow in line with population
and community aspirations reflected in
normal growth rates in per capita consump-
tion and wealth.

IV Estimation of the Elasticities of the
Accumulation Relationship

Implementation of consumption functions
such as Equation (32) requires evaluation on
a steady-growth baseline of the elasticities,
JX, JC, JZ, JCC, JCX, JCZ, JXC, JXX and JXZ.
This presents no difficulty when we are
dealing with small-scale models in which the
accumulation relationship is simple and
explicit. But how do we evaluate the
elasticities in a large-scale CGE model in
which wealth accumulation is not repre-
sented by a simple explicit function of Xt, Zt
and Ct, but instead is the outcome of a
system of equations involving a large
number of variables, including wage rates,
profits, taxes, interest rates, capital stocks
and employment?
Before we can explain our evaluation

method, we need to fill in some background.
Simulations with CGE models of the type we
use consist of two runs, the baseline and
policy runs.5 Usually the baseline is
intended as a business-as-usual,
year-on-year picture of the paths for the
myriad of variables in CGE models, such as
employment and output by industry. CGE
modellers often build into the baseline
trends in technology, consumer preferences
and commodity prices together with

demographic projections. The policy run is
usually undertaken with a different closure
(choice of exogenous variables) from that in
the baseline. For example, macro variables
in policy runs are normally endogenous,
whereas in the baseline they are often
exogenous so that the modeller can build
into the baseline macro forecasts provided
by specialist forecasting groups such as
the IMF.
With key exceptions, all of the exogenous

variables in the policy run follow the same
paths that they had either endogenously or
exogenously in the baseline. The key excep-
tions are usually policy variables. For exam-
ple, if the purpose of the simulation is to
determine the effects of proposed tariff
changes, the relevant tariff variables are put
on paths in the policy run different from their
baseline paths. If none of the exogenous
variables in the policy run is moved off its
baseline path, then, despite a different clo-
sure, the policy run will give the same solution
as the baseline run. Consequently, differences
between policy and baseline results show the
effects of deviations in policy variables (e.g.,
tariffs) from their baseline paths. Because we
are normally interested in macro effects,
macro variables must be endogenous in policy
runs, although as mentioned earlier, they may
be exogenous in the baseline. This is the
reason the policy closure is usually different
from the baseline closure.
We return now to the problem of estimat-

ing JX, JC, JZ, JCC, JCX, JCZ, JXC, JXX and
JXZ.
The first step in our evaluation method is

to set up the CGE model with a
steady-growth baseline. As described in the
previous section, we made technology,
preference and population assumptions that
generated a 3 per cent steady-growth base-
line for our US model.
The second step is to estimate the

first-order elasticities, JX, JC and JZ by
conducting a series of policy runs that
generate deviations away from the
steady-growth baseline. In these estimating
policy runs, consumption in year t (Ct) and
the agent’s wealth at the start of year t (Xt)
are exogenous, together with the naturally
exogenous variables (Zt).
Is this legitimate? Can we evaluate the

required elasticities in simulations with a

5 This includes models such as MONASH,
USAGE and VU-NATIONAL; see for example,
Dixon and Rimmer (2002) and Dixon
et al. (2013). These models use GEMPACK
software (see Horridge et al., 2013, 2018). This
software solves models expressed in percentage
changes of variables and elasticities. It is ideal for
our DSGE method which requires working with
derivatives, elasticities and first-order
approximations.

� 2024 The Authors. Economic Record published by John Wiley & Sons Australia, Ltd on behalf of
Economic Society of Australia.

2024 DSGE CONSUMPTION FUNCTION IN CGE 9

 14754932, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/1475-4932.12800 by N

ational H
ealth A

nd M
edical R

esearch C
ouncil, W

iley O
nline L

ibrary on [11/09/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



model that does not include the DSGE
consumption behaviour that we are aiming
to add to the model? The exogeneity of C
and X in the estimating simulations means
that there is no problem. Given the specifi-
cation in the model of production, trade,
taxes, etc., what we need to know for the
implementation of Equation (32) is the
sensitivity of next-year’s wealth to:

� an exogenously imposed 1 per cent
increase in this year’s wealth, holding
consumption and exogenous variables
constant;

� an exogenously imposed 1 per cent
increase in consumption, holding this
year’s wealth and exogenous variables
constant; and

� exogenously imposed 1 per cent increases
in each exogenous variable in turn,
holding this year’s wealth and consump-
tion constant.It is these sensitivities that
are revealed in our estimating simulations.

By imposing a 1 per cent shock on Xt (i.e.,
moving Xt 1 per cent above its baseline
value) while holding Ct and Zt at their
baseline values, we can observe
JX C,X, Z

� �
, where the bars on variables

denote growth-discounted values on the
steady-growth baseline. This is done by
looking at the percentage deviation result
(xt+1) for wealth at the start of year t + 1.
By imposing a 1 per cent shock on Ct (i.e.,

moving Ct 1 per cent above its baseline
value) while holding Xt and Zt at their
baseline values, we can observe
JC C,X, Z

� �
. Again, this is done by looking

at the percentage deviation result (xt+1) for
wealth at the start of year t + 1 but reversing
its sign. Recall that JC is the negative of
∂Xtþ1=∂Ctð Þ Ct=Xtþ1ð Þ.
By imposing 1 per cent shocks on com-

ponents of Zt while holding Ct and Xt at their
baseline values, we can observe components
of JZ C,X, Z

� �
.

The final step is to evaluate the
second-order elasticities. We start with
JXC C,X, Z

� �
. In evaluating this elasticity

we use an additional policy simulation in
which a 1 per cent shock is applied to Xt but
not in the baseline situation. Instead we set
xt = 1 in the situation reached in the simu-
lation that revealed JC C,X, Z

� �
. In this

additional simulation, the result for xt+1
reveals JX C � 1:01,X, Z

� �
. That is, the addi-

tional simulation shows the effect on next
year’s wealth of a 1 per cent increase in this
year’s wealth imposed in a situation in
which consumption is 1 per cent above
baseline and Xt and Zt are on baseline.
Recalling that JXC is the percentage effect
on JX of moving C by 1 per cent, we
calculate JXC C,X, Z

� �
as

JXC C,X, Z
� �

¼ 100
JX C � 1:01,X, Z

� ��JX C,X, Z
� �

JX C,X,Z
� � :

(35)

In evaluating JCC C,X, Z
� �

we use an
additional policy simulation in which a 1
per cent shock is applied to Ct in the
situation reached in the simulation that
revealed JC C,X, Z

� �
. The result for xt+1 in

this additional simulation reveals
JC C � 1:01,X, Z

� �
. That is, the additional

simulation shows the effect on next year’s
wealth of a 1 per cent increase in this year’s
consumption imposed in a situation in which
consumption is 1 per cent above baseline and
Xt and Zt are on baseline. Now we can
calculate JCC C,X, Z

� �
as

JCC C,X, Z
� �

¼ 100
JC C � 1:01,X, Z

� ��JC C,X, Z
� �

JC C,X, Z
� � :

(36)

In evaluating JXX C,X, Z
� �

we use an
additional policy simulation in which a 1
per cent shock is applied to Xt in the
situation reached in the simulation that
revealed JX C,X, Z

� �
. This enables us to

calculate JXX C,X, Z
� �

as.

JXX C,X, Z
� �

¼ 100
JX C,X � 1:01, Z

� ��JX C,X, Z
� �

JX C,X,Z
� � :

(37)

Similarly, we conduct additional simula-
tions to reveal off-baseline first-order

� 2024 The Authors. Economic Record published by John Wiley & Sons Australia, Ltd on behalf of
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elasticities that allow us to calculate the
remaining second-order elasticities via
equations (38) – (40).

V A DSGE Consumption Function for the
USAGE Model of the USA

In this section we apply the theory from
Sections II–IV to specify a DSGE consump-
tion function for a 70-industry version of the
USAGE model of the US economy. USAGE
is a dynamic CGE model that was initially
created at the Centre of Policy Studies in
2002. Since then, it has been applied and
further developed by, and on behalf of: the
US International Trade Commission; the US
Departments of Commerce, Agriculture,
Transportation, Homeland Security and
Energy; the Canadian government; the Mitre
Corporation; and the Cato Institute. Appli-
cation topics include trade policies, illegal
immigration, road/rail/air infrastructure,
energy policies, and terrorism.6

In standard applications of USAGE, house-
hold consumption in year t is proportional to
household disposable income in year t (fixed
average propensity to consume, APC). Public
consumption is usually linked in a linear way
to private consumption. Investment in each
industry in year t is a function of the
industry’s expected rate of return on capital.
So that the model can be solved recursively,
expected rates of return are assumed to

reflect current rates of return.7 Imports of
each commodity are modelled as imperfect
substitutes for domestically produced prod-
ucts in the same industrial classification – the
Armington (1969) assumption. Exports of
each commodity are modelled via
constant-elasticity export demand functions.
As described in Section III, we equipped

USAGE with a 3 per cent steady-growth
baseline. The starting year for our baseline is
2018. Applying the perturbation method
with this baseline, we estimated a DSGE
consumption function that can be used in
USAGE as an alternative to the standard
fixed-APC function. Potentially the DSGE
consumption function can be used to deter-
mine shock-induced deviations in private
and public consumption from the 3 per cent
steady-growth baseline caused by a wide
variety of shocks (movements in the Z
variables). Here we limit attention to just
one Z variable: primary-factor-saving tech-
nology. Thus, our DSGE consumption func-
tion takes the form.

ct ¼ ELAST c, xð Þ � xt þ ELAST c, zð Þ � zt
(41)

JCX C,X, Z
� � ¼ 100

JC C,X � 1:01, Z
� ��JC C,X, Z

� �
JC C,X, Z

� � , (38)

JXZq C,X, Z
� � ¼ 100

JX C,X, Z1, Z2, . . . , Zq�1, Zq � 1:01, Zqþ1, . . . , Zr

� ��JX C,X, Z
� �

JX C,X, Z
� � ,

q ¼ 1, . . . , r,

(39)

JCZq C,X, Z
� � ¼ 100

JC C,X, Z1, Z2, . . . , Zq�1, Zq � 1:01, Zqþ1, . . . , Zr

� ��JC C,X, Z
� �

JC C,X, Z
� � ,

q ¼ 1, . . . , r:

(40)

6 There are many published USAGE applica-
tion papers. Examples are Dixon et al. (2017a,
2017b).

7 Dixon et al. (2005) show how models such as
USAGE can be solved with forward-looking
expectations for rates of return. The method
involves a series of recursive dynamic simulations
with adjustments in expectations between
simulations.
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In this equation:

� ct is the percentage deviation in real
consumption in year t from its baseline
value. This is private plus public con-
sumption deflated by a composite price
index formed as a value weighted average
of the prices indexes for private consump-
tion and public consumption.

� xt is the percentage deviation in real
wealth at the start of year t from its
baseline value. This is the deflated value
of physical capital in the USA less net
foreign liabilities. The deflator is the
lagged value of the price index for private
consumption; that is, the deviation in
wealth at the start of year t + 1 is deflated
by the deviation in the price of consump-
tion in year t.

� zt is the percentage deviation in
primary-factor-saving technology in year
t from its baseline value. This variable
applies uniformly across all industries. If
zt equals 1, then all industries can produce
their baseline level of output for year t
with 1 per cent less primary-factor input
than in the baseline and the baseline levels
for intermediate inputs.

� ELAST(c, x) and ELAST(c, z), treated as
parameters, are the elasticities of con-
sumption (private plus public) with
respect to start-of-year wealth and
primary-factor-saving technology.

(i) Evaluation of the Coefficients in the
DSGE Consumption Function for USAGE
We evaluate the two elasticities in

Equation (41) according to the formulas
in (32). These evaluations require us to
assign values to:

� γ, the parameter introducing diminishing
marginal utility to consumption and
wealth in any year;

� β, the parameter introducing preference
for current consumption relative to future
consumption;

� JX, JC, JZ, JXX, JXC, JXZ, JCX, JCC and JCZ,
the first and second-order baseline elastic-
ities of wealth at the start of year t + 1 with
respect to wealth at the start of year t,
consumption in year t and
primary-factor-saving technology in year t;

� θ, the parameter introduced to allow
utility in each year to be a function of
wealth as well as consumption;

� M, the baseline value to lifetime welfare
expected in year t from a unit increase in
growth-discounted wealth at the start of
year t;

� UX, the baseline value to current utility
from a unit increase in growth-discounted
wealth at the start of year t; and

� MX, the elasticity of the consuming agent’s
policy function (the M function) with respect
to growth-discounted start-of-year wealth.

We set γ and β to 0.5 and 0.9. These values
are representative of the values used in
macro DSGE models.
In evaluating the J elasticities, we used

USAGE simulations in which start-of-year
real wealth, real consumption and
primary-factor-saving technical change in
2018 are exogenous. We deduced the J
elasticities, shown in Tables 2 and 3, by
applying shocks to these three variables to
determine their effects on real wealth at the
start of 2019.
In these elasticity-evaluation simulations:

shocks to wealth were imposed via increases
above baseline in U.S. foreign assets at the

TABLE 2
First-Order Real Wealth Elasticities

i Ji

C 0.61227
X 0.98877
Z 0.71538

TABLE 3
Second-Order Real Wealth Elasticities

Ji,s

s C X Z

i
C 1.34142 �0.42973 �0.71970
X 0.27038 0.01713 �0.26245
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start of 2018; shocks to consumption were
imposed by equal percentage increases in
2018 above baseline in aggregate private and
public consumption; and shocks to technol-
ogy were imposed via uniform increases
across industries in 2018 above baseline in
primary-factor productivity.
Other exogenous variables in the simula-

tions used to estimate the J elasticities
included aggregate employment and aggre-
gate capital. This is important for under-
standing the elasticity values in Tables 2 and
3 discussed later in this section. With
aggregate employment and capital held con-
stant, the only avenues for movements in real
GDP are changes in technology and changes
in dead-weight losses associated with taxes
and other distortions such as differences in
rates of return on capital across industries.
To evaluate θ, we use (13) and (20) with Xs,

Cs and ~M replaced by their growth-discounted
baseline values which are constant through
time. Omitting time subscripts to indicate
baseline growth-discounted values, and
recognising that on a non-stochastic
steady-growth baseline ~M ¼ M, we have.

θCθ�1X1�θ X1�θCθ
� ��γ ¼ βMJC

X

C
: (42)

and

M ¼ 1�θð ÞX�θCθ X1�θCθ
� ��γ þ β Mf gJX X

X
,

(43)

leading to

θ ¼ βJC
1�β JX�JCð Þ : (44)

With β assumed to be 0.9 and the values of
JC and JX taken from Table 2, the value for θ
obtained from (44) is 0.8335.
In the CGE database for the initial year

(2018), the values for the X and C are
$US34.69 trillion and $US16.58 trillion (see
Table 4). M and UX can now be evaluated
using (43) and (3) via.

M ¼ 1�θð ÞX�θCθ X1�θCθ
� ��γ

1�βJX
, (45)

and

UX ¼ 1�θð ÞX�θCθ X1�θCθ
� ��γ

, (46)

giving M = 0.189 and UX = 0.021.
At this stage, the only parameter or

coefficient in (32) to which we have not
assigned a value is MX. Recall from
Section III that our strategy for evaluating
MX is to solve the seven equations in Table 1
with xt set to 1 and zt and dσ set to 0; see
(29). Determining MX in this way uses only
parameters and coefficients to which values
have already been assigned. As explained in
Appendix I, we obtain a quadratic equation
for MX. With the assigned parameter and
coefficient values, the two solutions for this
quadratic are:

MX ¼ –0:2388 and MX ¼ –0:6362: (47)

We know that MX must be negative:
diminishing marginal utility to wealth means
that the increase in expected lifetime welfare
from an additional unit of wealth must
decline as wealth increases. However, that
criterion does not help us chose between the
two solutions in (47): both are negative.
Consequently, we proceeded to (32) and
evaluated ELAST(c, x) under each possible
MX value. With MX = �0.2388 we obtained
�0.5225, and with MX = �0.6362 we
obtained 0.2184. We require ELAST(c, x)
to be positive: an increase in wealth in year t
should generate an increase in consumption
in year t. On this basis we chose the second
solution in (47), MX = �0.6362.

TABLE 4
Key Items in the USAGE Database and Baseline

Concept
Value
($ trillion)

Baseline consumption (private plus
public) in 2018

16.58

Baseline real wealth at the start of
2018

34.69

Baseline real wealth at the start of
2019

35.73

Baseline GDP in 2018 19.44

� 2024 The Authors. Economic Record published by John Wiley & Sons Australia, Ltd on behalf of
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With MX tied down we can now refer to
(32) to evaluate ELAST(c, z). This leads to
the following DSGE consumption function
for USAGE:

ct ¼ 0:2184xt þ 0:6545zt: (48)

(ii) Understanding the values for J
elasticities
Using CGE simulations to estimate elas-

ticities of the wealth-accumulation function
(the J elasticities) is a new idea and involves
non-standard closures of the CGE model.
Consequently, it behoves us to examine the J
elasticities, if for no other reason than to
make sure they have been computed
correctly.
Looking at the elasticities in Tables 2 and

3, and the data items in Table 4, our first
question is why JC is equal to 0.61227,
rather than about 0.48
(=16.58/(35.73/1.03))? What explains the
discrepancy of 0.13 between the actual value
of JC and what we would expect simply on
the basis of consuming an amount of wealth
worth 1 per cent of 2018 consumption?
The answer involves two factors. The first

is that a 1 per cent increase in consumption
in 2018 reallocates capital towards
low-rate-of-return uses, especially housing.
USAGE implies that this reduces GDP by
0.082 per cent, imparting a loss in next
year’s wealth of 0.04 per cent (= 0.082
× 19.44/(35.73/1.03)). The second factor is
real appreciation: an increase in the price of
non-traded goods relative to traded goods.
This is necessary to facilitate the transfer of
resources towards consumption away from
the trade balance. (Recall that in the
estimating simulation for JC, there is little
scope for increasing GDP.) The increase in
the price of non-traded goods (e.g., housing
services) relative to the price of traded goods
generates an increase in the price of con-
sumption relative to investment of about
0.12 per cent. The investment price index is
the major price in determining the value of
the capital stock (the main component of
wealth), and the consumer price index for
year t is the chosen deflator for determining
the real value of wealth at the start of year t
+ 1. Thus, the movement in relative prices
introduces a reduction in real wealth of

about 0.12 per cent. Together these two
factors suggest that the loss of real wealth at
the start of 2019 should be about 0.16 per
cent (= 0.04 + 0.12) greater than would be
expected (0.48) on the basis of the relative
sizes of consumption and wealth. This is
close to the discrepancy of 0.13 per cent that
we set out to explain.
Why is the value of JX (= 0.989) less than

1? With the rate of interest and growth at 3
per cent, we expected a unit increase in
wealth at the start of year t to translate into a
unit increase in growth-discounted wealth at
the start of t + 1, suggesting a value of 1.
The reason JX is a little less than 1 reflects
the way in which we introduced the 1 per
cent increase in wealth in the JX estimating
simulation. As mentioned earlier, we
boosted wealth at the start of 2018 by 1 per
cent via an increase in US foreign assets.
Boosting wealth in this way reduced the
average rate of return on US wealth. In the
JX estimating simulation this caused the
simulated deviation from baseline in
growth-discounted wealth at the start of
2019 to be slightly less than 1 per cent.
We anticipated that a 1 per cent

primary-factor-saving technical change
would increase GDP by about 1 per cent.
So why is JZ equal to 0.71, rather than 0.56
(=19.44/(35.73/1.03))? In the estimating
simulation for JZ, the trade balance moves
towards surplus: there is an increase in real
GDP and no increase in absorption. The
movement towards trade surplus is facili-
tated by real devaluation, requiring a
decrease in the price of non-traded goods
relative to the price of traded goods. The
movement in the non-traded/traded price
ratio in the JZ estimating simulation gener-
ates an increase in the price of investment
relative the consumption of 0.14 per cent,
and a corresponding increase in real wealth.
This explains the discrepancy between 0.56
and 0.71.
Why is JCC in Table 3 strongly positive,

1.34? JC is the percentage damage to
growth-discounted wealth at the start of
2019 from a 1 per cent increase in consump-
tion in 2018. JCC is the percentage difference
between JC evaluated with consumption in
2018 above its baseline value by 1 per cent
and JC evaluated on the baseline. If con-
sumption is elevated 1 per cent above

� 2024 The Authors. Economic Record published by John Wiley & Sons Australia, Ltd on behalf of
Economic Society of Australia.
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baseline, then a 1 per cent increase in
consumption uses up about 1 per cent more
of next year’s wealth than if the consump-
tion increase were just 1 per cent of baseline
consumption. On this basis, we would expect
JCC to be about 1. However, if 2018
consumption is elevated 1 per cent above
baseline, then 2019 growth discounted
wealth will be below baseline by about
0.61227 per cent (the value of JC). With
2019 growth-discounted wealth below base-
line by 0.61227 per cent, any given destruc-
tion of wealth generated by consumption in
2018 produces a larger percentage effect on
growth-discounted wealth than if wealth
were on baseline. Now, we would expect
JCC to be about 1.62 (= 100
× 1.01/(1–0.0061227) – 1). But what takes
JCC from 1.62 to 1.34?
Elevating consumption in 2018 not only

reduces wealth at the start of 2019, but also
changes its composition. The elevation
increases net foreign liabilities without
changing domestic capital stocks. (Recall
that in the elasticity-estimating simulations,
aggregate capital is exogenous.) Thus, the
elevation of consumption in 2018 increases
the share of wealth in 2019 accounted for by
physical capital (from 1.1819 in the baseline
to 1.1881 in the simulation with elevated
consumption in 2018). The increase in the
domestic price level (real appreciation)
accompanying a given increase in consump-
tion is more beneficial to real wealth the
higher the share of physical capital in wealth.
This means that the inflation benefit to wealth
is greater when we calculate
JC C � 1:01,X, Z

� �
than when we calculate

JC C,X, Z
� �

: Taking this into account explains
the lower than anticipated value for JCC.

8

JCX is the percentage difference between JC
evaluated with real wealth at the start of year

2018 above its baseline value by 1 per cent and
JC evaluated on the baseline. The quantity of
wealth depletion by the start of 2019 through a
1 per cent increase in consumption in 2018
does not depend on wealth. On this basis, we
anticipated thatwith 1per cent higherwealth at
the start of 2018, the percentage damage to
wealth at the start of 2019would be reduced by
about 1 per cent, that is,we anticipated that JCX
would be about�1. So why is JCX greater than
�1 (�0.43)?
Again, the answer is changes in the

composition of wealth. This time, the share
of wealth at the start of 2019 accounted for
by physical capital is lowered by elevation
of wealth at the start of 2018. Consequently,
the inflation benefit to wealth is smaller
when we calculate JC C,X � 1:01, Z

� �
than

when we calculate JC C,X, Z
� �

, explaining
the higher than anticipated value for JCX.
Continuing in this way, we could explain

all of the items in Table 3. However, we
have done enough to be convinced that the
computations underlying Table 3 are correct.
The most important point about the expla-
nations is that simple intuition is confounded
by changes in relative prices and by seem-
ingly innocuous but arbitrary assumptions
concerning the composition of changes in
wealth.

VI Illustrative Application: The Effects of a
1 Per cent Shock to Primary-Factor-Saving

Technology
Figure 1 shows USAGE results for the

effects of a 1 per cent deviation in
primary-factor-saving technology from its
baseline path occurring in 2018. The shock
is temporary: primary-factor-saving technol-
ogy is expected to return to its baseline path
from 2019 onwards.
The closure for this simulation is different

from that used in the estimation of the J
elasticities. Now consumption is endoge-
nous, determined by Equation (48). Aggre-
gate employment remains exogenous
(unaffected by the shock) and capital is
predetermined (and therefore also unaffected
by the shock in the first year). With
aggregate employment and capital fixed, a
1 per cent improvement in
primary-factor-saving technology must
cause a deviation in GDP in 2018 from its
baseline path of approximately 1 per cent. In

8 Our simulations show that elevating con-
sumption in 2018 by 1 per cent increases the
price index for investment by 0.256 per cent. This
imparts a percentage increase in wealth in the
JC C � 1:01,X, Z

� �
simulation relative to the

JC C,X, Z
� �

simulation of 0.00161
[=(1.1882–1.1819) × 0.256]. This adjustment
reduces our back-of-the-envelope estimate of JCC
by 0.26
[=100 × 0.00161/JC = 100 × 0.00161/0.61], bring-
ing it closely into line with the value in Table 3.

� 2024 The Authors. Economic Record published by John Wiley & Sons Australia, Ltd on behalf of
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fact, the USAGE result was an increase of
1.03 per cent.9

An increase in GDP in 2018 of 1.03 per
cent is worth $0.20 trillion (= 19.44
× 0.0103). The increase in consumption
dictated by Equation (48) is 0.6600 per
cent.10 This uses up $0.11 trillion of the

GDP increase (=16.58 × 0.006600), leaving
$0.09 trillion as a contribution to an
increase in wealth at the start of 2019. This
contribution is a percentage increase in real
wealth of 0.25 per cent
(=100 × 0.09/35.73). The actual increase
projected by USAGE and shown in Figure 1
is 0.31 per cent. The extra 0.06 per cent
(=0.31 – 0.25) comes from price changes.
As explained in Section V in our discussion
of the value of JZ, a primary-factor saving
improvement in technology generates an
increase in the price of capital goods
relative to consumption goods. With our
chosen price deflator for real wealth at the
start of 2019 being the price deflator for
consumption in 2018 and the price of
wealth being predominately the price of
capital goods, the relative price movement
in 2018 imparts an increase in real wealth
at the start of 2019. In the USAGE
simulation, the increase in the price of
capital goods relative to the price of

FIGURE 1
Effects of a 1 per cent Temporary Improvement in Primary-Factor Technology with a DSGE Consumption

Function (Percentage Deviations from Baseline)
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9 The discrepancy of 0.03 percentage points is
not important for illustrating the workings of our
DSGE consumption function. Nevertheless, we
traced the source to a reallocation of the capital
stock in 2018 towards industries that happen to
have relatively high rates of return on capital.

10 At first glance, Equation (48) appears to
dictate an increase of 0.6545 per cent. However,
in the GEMPACK software which we use, (48) is
interpreted as the nonlinear equation
C

Cbase ¼ RWEALTH
RWEALTHbase

� �0:2184 TECH
TECHbase

� ��0:6545
, where

TECH is primary factor input per unit of output.
In 2018, the first term in parentheses on the
right-hand is 1 and the second term in parentheses
is 0.99. This produces a percentage consumption
deviation of 0.6600 [=100 × (0.99–0.6545 – 1)].

� 2024 The Authors. Economic Record published by John Wiley & Sons Australia, Ltd on behalf of
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consumption goods in 2018 is 0.07 per
cent,11 closely explaining the bonus real
wealth increase (0.06 per cent) beyond that
generated by extra saving in 2018.
As mentioned in Section I, in standard

applications of USAGE private and public
consumption move proportionately with
income. Under this treatment, the benefits
of a good-news temporary shock are
absorbed almost entirely as an immediate
increase in consumption. In our DSGE
specification, the year t contribution to
lifetime welfare is a
diminishing-marginal-utility function of
wealth at the start of year t and consumption
in year t; see Equation 3. With diminishing
marginal utility, we anticipated that the
replacement in USAGE of the standard
consumption function by a DSGE consump-
tion function would spread the consumption
response to temporary good-news across
years. With time-preference discounting (β
in (2) is 0.9) we anticipated that the DSGE
deviation path for consumption would be
declining after the first year, but in a
relatively smooth manner.
Figure 2 compares the DSGE results from

Figure 1 with results under a standard
USAGE consumption function. With the
standard USAGE treatment, the consump-
tion deviation is 0.9589 per cent in 2018,
falling to 0.0210 per cent in 2019. With the
DSGE treatment, the consumption deviation
is 0.6600 per cent in 2018, falling to 0.0679
per cent in 2019. Thus, as anticipated, the
introduction of the DSGE consumption
function has a smoothing effect on the
consumption deviations and, as was also
anticipated, the consumption deviations
decline over time.
Although the introduction of the DSGE

consumption function smooths out the con-
sumption response to the temporary shock to

primary-factor technology, we were sur-
prised that the smoothing was not more
pronounced. Even with the DSGE consump-
tion specification, the 2018 consumption
deviation is 9.72 times the 2019 deviation
(0.6600/0.0679).
Why, even with the DSGE specification,

does consumption increase so sharply in
2018 relative to 2019? There are three
reasons.
The first is that all of the benefit to be

enjoyed in 2018 from the temporary shock
must be generated by a consumption
increase. Wealth in 2018 is predetermined.
From 2019 onwards, some of the benefit can
be taken in the form of extra wealth. Thus, to
smooth out utility contributions through
time, the DSGE consuming agent must make
a relatively large consumption increase in
2018 when this is the only avenue for
generating utility. However, this is not the
whole story. As shown in Figure 3,
the deviation path for the annual utility
contribution is far from smooth. The utility
deviation in 2018 is 5.06 times that in 2019
(=0.2745/0.0542).
The second reason for the large consump-

tion deviation in 2018 relative to that in
2019 relates to relative prices in 2018
compared with 2019 and later years. As
explained already, the primary-factor tech-
nology shock in 2018 generates a reduction
in the price of consumption goods relative to
the price of capital goods. This effect on
relative prices is temporary, creating an
incentive for increased consumption in
2018 when consumption goods are relatively
cheap.
The third reason relates to the increase in

real wealth at the start of 2019 generated by
the relative price change in 2018. This is
similar to a gift at the start of 2019 that
is withdrawn in subsequent years. There is
strongly diminishing marginal utility to
extra wealth in any given year ((1 – θ) in
Equation 3 is 0.1665). The gift of wealth at
the start of 2019 makes it difficult to transfer
utility from 2018 to 2019 through extra
saving in 2018. Thus, the consuming agent
takes a disproportionate share of the good
news from the temporary technology
improvement in 2018 as a utility increase
in 2018, rather than as a utility increase in
subsequent years.

11 The increase in the price of capital goods
relative to consumption goods in the simulation
that revealed JZ was 0.14 per cent. In the
simulation being discussed here, it is only 0.07
per cent. In generating JZ we held consumption
constant. In the current simulation, consumption
moves. This dampens the increase in the ratio of
the price of capital goods to the price of
consumption goods.

� 2024 The Authors. Economic Record published by John Wiley & Sons Australia, Ltd on behalf of
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VII Key Sensitivities
Readers of earlier drafts of this paper have

wondered about two aspects of the applica-
tion in Section VI: the effect of including
wealth as an argument of the utility function;
and the lack of persistence in the shock. In
this section, we generate results comparable
with those in Section VI, but with a reduced
weight for wealth in utility and with
persistence in the primary factor technology
shock.
To reduce the importance of wealth in the

utility function, we reset β (the
time-preference discount rate) to 0.95, up
from 0.90 in the application in Section VI.
Via Equation (44) this leads to a recali-
brated value for 1 – θ of 0.0944, down from
0.1665. In 3, this takes the utility function a
considerable part of the way to the standard
case in which wealth is excluded. We
cannot exclude wealth entirely by allowing
1 – θ to be 0. This is because with JX less

than 1 (see Table 2),12 a value of 1 for θ in
(44) would require a value for β that is
greater than 1, defying the logic of
time-preference discounting.
To explore the implications of shock

persistence, we specify the evolution of the
Z vector by.

Ztþ1 ¼ ρZt þ σεtþ1, (49)

where ρ is a non-negative parameter less
than 1; εt+1 is a vector of uncorrelated draws
from a distribution with mean 0 and variance
1; and σ is a variance–covariance matrix. In
the application in Section VI, ρ was implic-
itly set to 0.

FIGURE 2
Effects of a 1 per cent Temporary Improvement in Primary-Factor Technology with DSGE and Standard

USAGE Consumption Functions (Percentage Deviations from Baseline)
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12 Note that the value of JX does not depend on
the value of θ or β.
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With the introduction of a non-zero value
for ρ, there is just one revision to the
equations in Table 1: Equation (27) has an
additional terms and becomes.

~m tð Þ ¼ MXxtþ1 þMσdσ þ ρMZzt: (50)

The additional term does not affect the
wealth coefficient (ELAST(c, x)) in the
consumption function (41), but it does affect
the coefficient on the shock variable (ELAST
(c, z)). As shown in Appendix I, ELAST(c, x)
depends on β (via θ) but is independent of ρ,
and ELAST(c, z) depends on both β and ρ.
Table 5 shows ELAST values for four

combinations of values of β (and hence θ)
and ρ. The values in the first row are the
settings used in the application reported in
Section VI. We used the values in rows 2–4
in three sensitivity simulations. Figure 4
gives results for real consumption and real
wealth from the simulation reported in

Section VI, together with results from the
three sensitivity simulations.
Figure 4 shows that the main features of

the results from Section VI are retained in
the sensitivity simulations. The smoothing
effect of DSGE behaviour in our simulations
remains weak. As reported in Section VI for
the central simulation (Sim1 in Table 5), the
consumption deviation in 2018 is 9.72 times
the deviation in 2019. In the three sensitivity
simulations, the 2018 deviations are 7.76,
15.97 and 12.44 times the corresponding
2019 deviations.
Comparing simulations 1 and 3 or simu-

lations 2 and 4 shows the effects of reducing
the importance of wealth in the utility
function. Reducing 1 – θ from 0.1665 to
0.0944 by increasing β from 0.9 to 0.95
increases the 2018 consumption deviations,
but only slightly. On the one hand, reducing
1 – θ stimulates current consumption from a
good-news shock by reducing the welfare

FIGURE 3
Effects on Annual Utility of a 1 per cent Temporary Improvement in Primary-Factor Technology with a

DSGE Consumption Function (Percentage Deviations from Baseline)
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value of holding wealth. On the other hand,
increasing β reduces current consumption by
increasing the welfare value of future
consumption. In our sensitivity simulations,
these two effects approximately balance in
the determination of the immediate

consumption effect of a productivity
increase in 2018. In interpreting this result,
it is useful to recall that 1 – θ and β are
related by Equation (44) and that the
determination of the J elasticities appearing
in (44) depends only on data and our

FIGURE 4
Effects on (a) Consumption, and (b) Real Wealth, of a 1 per cent Improvement in Primary-Factor
Technology in 2018 with Different Assumptions for Time Discounting (β) and Shock Persistence (ρ)

(Percentage Deviations from Baseline)
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assumption of 3 per cent baseline growth,
not on 1 – θ and β. Calibrating our model
through different combinations of 1 – θ and β
compatible with (44) affects ELAST(c, z);
see Table 5. But the effect is small because
whatever combination of 1 – θ and β is
chosen, the specification of consumer pref-
erences must be consistent with the 2018
data on wealth and consumption, and with 3
per cent baseline growth.
With more consumption in 2018 as we go

from simulation 1 to simulation 3 (or 2 to 4),
there is less wealth at the start of 2019.
Beyond 2019, wealth is a little higher in
simulation 3 than in simulation 1 (and in 4
than in 2). This is explained by lower
consumption from 2019 onwards in simula-
tion 3 relative to 1 (and in 4 relative to 2).
Comparing simulations 1 and 2 or simu-

lations 3 and 4 shows the effects of shock
persistence. We expected increased likeli-
hood of good news in 2019 (continued likely
elevated productivity) to generate increased
consumption from the good news in 2018.
However, increasing ρ from 0 to 0.5
decreases the 2018 consumption deviations.
The explanation relates to the real devalua-
tion required to move the trade balance to
surplus in light of only partial consumption
in 2018 of the productivity-related income
gain. As we pointed out in Section V in the
discussion of JZ and again in Section VI, real
devaluation associated with a good-news
productivity shock in 2018 generates a
decrease in the price of consumption relative
to the price of investment. With the expec-
tation that the good news will not persist
(ρ= 0) in 2019, the price movements in 2018
provide a strong incentive to front-load
consumption. When we assume that part of
the good news is likely to persist (ρ= 0.5),
implying that part of the price movements

from 2018 are likely to persist into 2019,
then the incentive to front-load consumption
is diminished.
In simulation 2, reduced consumption in

2018 and persisting higher productivity
in the years beyond 2018 generate higher
real wealth in 2019 and in all future years
relative to simulation 1. This also applies to
simulation 4 relative to 3. Increased wealth
and productivity support higher consumption
levels in 2019 and future years in simulation
2 relative to simulation 1 and in simulation 4
relative to simulation 3.
Finally, we compare simulations 1 and 4. In

going from simulation 1 to simulation 4, the
consumption deviation in 2018 is reduced: the
consumption increase from the change in β
and the consequent change in 1 – θ is out-
weighed by the consumption decrease from
the change in ρ. Consumption in simulation 4
remains slightly below that in simulation 1 for
the other years in Figure 4a. Correspondingly,
wealth in all years is higher in simulation 4
than in simulation 1.

VIII Concluding Remarks
In DSGE modelling, agents make deci-

sions in year t by applying rules (policy
functions) that take account of: year t values
of predetermined stock variables; year t
values of exogenous variables; accumulation
relationships determining future values of
stock variables; and probability distributions
for future values of exogenous variables.
The key idea in DSGE modelling is that
under rational expectations agents know
that the rules they apply in year t will also
be applicable in future years.
DSGE models generally have little sec-

toral, trade, technology and tax detail. Nev-
ertheless, we find DSGE ideas attractive. This
has led to the research reported in this paper in

TABLE 5
Parameter Values for Four Simulations with DSGE Consumption Functions

Sim no.
β, time discount (1 – θ), wealth utility ρ, Persistence ELAST(c, x) ELAST(c, z)
Equation (2) Equations (3) and (44) Equation (49) Equation (41) Equation (41)

1 0.9 0.1665 0 0.2184 0.6545
2 0.9 0.1665 0.5 0.2184 0.5902
3 0.95 0.0944 0 0.1452 0.6797
4 0.95 0.0944 0.5 0.1452 0.6085
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which we incorporate a DSGE consumption
function in a CGE model that contains a high
level of sectoral disaggregation and consid-
erable detail on trade, technology and taxes.
Making DSGE ideas operational requires

numerical determination of policy functions
that describe agent behaviour in year t. For
CGE modelling, especially with GEMPACK
software, the perturbation method seems the
most natural way to determine these policy
functions.
The perturbation method for finding the

policy rule requires evaluation of either
derivatives or elasticities of the
wealth-accumulation relationship. In small
models, the required elasticities can often be
evaluated via formulas expressed in terms of
known parameters. However, this option is not
available for a full-scale CGE model. To
overcome this problem we showed how the
elasticities can be evaluated by suitable CGE
simulations. For example, to obtain the elas-
ticity of start-of-yearwealth for year t + 1with
respect to primary-factor-saving technology,
we conducted a simulation in which
primary-factor-saving technology in year t
was shocked by 1 per cent and other exogenous
variables and consumption were held fixed.
The deviation result for start-of-year wealth in
year t + 1 revealed the required elasticity.
With elasticities of year t + 1wealth eval-

uated by CGE simulations, we were able to
compute coefficients for linearised
(first-order approximation) DSGE consump-
tion functions. We used these in illustrative
CGE simulations of the effects of improve-
ments in primary-factor-saving technology.
The technology shocks produced an increase
in income in year t. Under the usual CGE
specification in which consumption moves in
line with income, an income gain in year t is
almost entirely consumed in year t. By
contrast, with DSGE consumption functions,
some of the income gain is devoted to wealth
accumulation, allowing consumption bene-
fits to be spread across time.
While the spread effect was clearly visible

in our CGE simulations with DSGE consump-
tion, it was weak. The introduction of a DSGE
consumption function did not prevent a high
proportion of the income gain in year t from
being consumed in year t. The main explan-
atory factor was a temporary increase in the
price of capital goods relative to consumption

goods. This is a CGE effect that would not be
captured by a small-scale DSGE model.
Our illustrative CGE simulations with a

DSGE consumption function demonstrate
the feasibility of transferring key DSGE
ideas into a full-scale CGE model. We think
that the integration of these two types of
models has the potential to produce insights
of value to researchers in both modelling
streams. Our illustrative simulations raise
the possibility for CGE modellers of adopt-
ing consumption functions that imply inter-
temporal spreading of consumption effects
tailored to specific shocks. For DSGE
modellers, they show the potential impor-
tance of relative price effects.
There are many directions in which the

research in this paper could be extended. For
us, the most interesting possibilities concern
applications of a DSGE-modified CGE
model to typical CGE questions on trade,
environment, tax, technology and labour
markets. For more technically attuned DSGE
specialists, the challenge of assessing the
accuracy or otherwise of our
first-order-approximate consumption func-
tions might be appealing.
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Appendix I
Deriving the M Elasticities and the

Consumption Function
We determine the values of MX, Mσ and

MZ by using the equations in Table 1 but
with Equation (27) replaced by Equa-
tion (50). Thus, we allow for simulations in
which ρ≠ 0.
We also derive formulas for the ELAST

coefficients in (41).

(i) Finding the value of MX

As explained in Section III, we derive MX

by applying (29) in Table 1. Under (29), the
revision to (27) has no effect: with zt = 0, the
additional term in (50) is zero. This is
sufficient to demonstrate that MX is inde-
pendent of ρ.
Under condition (29), we obtain a quadratic

expression forMX by eliminating the other six
unknowns from the seven equations in
Table 1. To do this, we apply (29) and start
by using (26), (50), (16) and (22) to eliminate
m(t), ~m tð Þ, jC(t) and jX(t) from (15) and (21):

θ�1�θγð Þct þ 1�θð Þ 1�γð Þ ¼ MXxtþ1 þ JCX þ JCCct þ xtþ1�ct, (A1)

M�MX ¼ UX θγ�θ�γð Þ þ 1�γð Þθct½ � þ βMJX MXxtþ1 þ JXX þ JXCct

h
þ xtþ1�1

i
: (A2)

Rearranging (9), we obtain

ct ¼ xtþ1�JX
�JC

� �
: (A3)
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Substituting from (A3) into (A1) and (A2) gives

�JX θ�θγ�JCCð Þ�JC 1�θð Þ 1�γð Þ�JCX½ �f g
�JC MX þ 1½ �� θ�θγ�JCCð Þf g ¼ xtþ1 (A4)

and

MMX�βMJX JXX�1ð Þ�UX θγ�θ�γð Þf g
¼ UX 1�γð Þθ þ βMJXJXC½ � xtþ1�JX

�JC

� �
þ βMJX MX þ 1ð Þ½ �xtþ1:

(A5)

Rearrange (A5) to obtain

JCMMX�JCβMJX JXX�1ð Þ�JCUX θγ�θ�γð Þ
� JXUX 1�γð Þθ þ JXβMJXJXC½ �

" #
JCβMJX MX þ 1ð Þ½ �� UX 1�γð Þθ þ βMJXJXC½ �f g ¼ xtþ1:

(A6)

Combine (A4) and (A6) to eliminate xt+1:

JCMMX�JCβMJX JXX�1ð Þ�JCUX θγ�θ�γð Þ
� JXUX 1�γð Þθ þ JXβMJXJXC½ �

" #
JCβMJX MX þ 1ð Þ½ �� UX 1�γð Þθ þ βMJXJXC½ �f g
¼ �JX θ�θγ�JCCð Þ�JC 1�θð Þ 1�γð Þ�JCX½ �f g

�JC MX þ 1½ �� θ�θγ�JCCð Þf g :

(A7)

Cross-multiply in (A7):

JCMMX�JCβMJX JXX�1ð Þ�JC
� UX θγ�θ�γð Þ½ �

� JXUX 1�γð Þθ þ JXβMJXJXC½ �

" #
�JCMX

n
� JC� θ�θγ�JCCð Þ

o
¼ �JX θ�θγ�JCCð Þ

n
� JC 1�θð Þ 1�γð Þ�JCX½ �

o
� JCβMJXMX þ JCβMJX

n
� UX 1�γð Þθ þ βMJXJXC½ �

o
:

(A8)

Working with (A8), we find that MX satisfies the quadratic equation

e2M
2
X þ e1MX þ e0 ¼ 0, (A9)

where

e2 ¼ J2CM
� 	

, (A10)

e1 ¼ �JX θ�θγ�JCCð Þ�JC 1�θð Þ 1�γð Þ�JCX½ �f g JCβMJXf g

þ
�JCβMJX JXX�1ð Þ� UX 1�γð Þθ þ βMJXJXC½ �JX
�JCUX θγ�θ�γð Þ½ �

( )
JCf g

þ JCMf g JC þ θ�θγ�JCCð Þf g,

(A11)
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e0 ¼ �JX θ�θγ�JCCð Þ�JC 1�θð Þ 1�γð Þ�JCX½ �f g JCβMJX

n
� UX 1�γð Þθ þ βMJXJXC½ �

o
þ

�JCβMJX JXX�1ð Þ� UX 1�γð Þθ þ βMJXJXC½ �JX
�JCUX θγ�θ�γð Þ½ �

( )
JC þ θ�θγ�JCCð Þf g:

(A12)

Equations (A9)–(A12) will normally give
two real solutions for MX. Which should
we choose? If the solutions differ in sign,
we choose the negative solution: an
increase in Xt reduces the value of an extra
unit of wealth. In the application reported
in Section V (see Equation (47)), both
solutions were negative. As explained
there, we chose the solution that led to a
positive elasticity for consumption with
respect to wealth. We were able to reject
the other solution because it led to a
negative elasticity for consumption with
respect to wealth.

(ii) Finding the Value of Mσ
Under condition (30), we obtain an equa-

tion for Mσ of the form

Coefficient�Mσ ¼ 0: (A13)

In general, Coefficient will not be zero,
leading us to the conclusion that Mσ must
be zero. To derive (A13) we apply (30) and
start by substituting from (9), (16), (22), (26)
and (50) into (15) and (21) to eliminate xt+1,
jC(t), jX(t), m(t) and ~m tð Þ. This gives

θ�θγð Þ þ MX þ 1ð ÞJC�JCCf gct ¼ Mσ

(A14)

and

1�βJXð ÞMσ

¼ UX

M
1�γð Þθ½ �þβJX � MXþ1ð ÞJCþJXC½ �


 �
ct:

(A15)

Eliminating ct leads to an equation of the
form (A13):

θ�θγð Þþ MXþ1ð ÞJC�JCCf g 1�βJXð Þ
UX

M
1�γð Þθ½ �þβJX � MXþ1ð ÞJCþJXC½ �


 �
2664

� 1

3775Mσ ¼0:

(A16)

Equation (A16) means that either the coef-
ficient on the left is zero or Mσ is zero. The
coefficient is formed using data items and
parameters. In general, it will not be zero.
This can be checked by evaluating it in any
application. Hence, we conclude that Mσ = 0.

(iii) Finding the Value of MZ

Having derived a formula for MX and
having shown that Mσ = 0, we derive a
formula for MZ. This formula allows MZ to
be evaluated after the evaluation of MX. In
obtaining the formula for MZ we set.

xt ¼ 0, zt ¼ 1 and dσ ¼ 0: (A17)

Applying (A17), we start by using (16),
(22), (26), (50) and (9) to eliminate jc(t),
jx(t), m(t), ~m tð Þ and xt+1. This leads to

θ�1�θγð Þct¼ MX þ 1f g �JCct þ JZ½ �
þ ρMZ þ JCC�1½ �ct þ JCZ

(A18)

and

MZ ¼ UX

M
1�γð Þθct þ βJX MX þ 1ð Þ �JCct þ JZ½ �

þ βJXρMZ þ βJXJXCct þ βJXJXZ :

(A19)
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Recalling that MX is already known, we see that
(A18) and (A19) provide two equations in two
unknowns,MZ and ct. From (A18) we obtain.

ct ¼ ρ

θ�θγð Þ þ Mx þ 1ð ÞJc�Jcc½ �Mz

þ Mx þ 1ð ÞJz þ Jcz
θ�θγð Þ þ Mx þ 1ð ÞJc�Jcc½ �

(A20)

Then we substitute from (A20) into (A19) to
eliminate ct:

Using (A21), we can evaluate MZ.

(iv) Derivation of Consumption Function
To derive ELAST(c, x) in the DSGE con-

sumption function (41), we eliminate xt+1 from
(A1) using (A3). Under (29), this gives the
percentage effect on consumption of a 1 per cent
increase in real wealth at the start of year t
(xt = 1), holding Zt and σ constant (zt = dσ = 0).
This is the definition of ELAST(c, x). Carrying
out the elimination gives

ELAST c, xð Þ

¼ MX þ 1ð ÞJX þ JCX� 1�θð Þ 1�γð Þ½ �
θ�θγð Þ þ MX þ 1ð ÞJC�JCC½ � : (A22)

The values of the coefficients on the
right-hand side of (A22) are derived inde-
pendently of the value of ρ. This confirms
the assertion in Section VII that the intro-
duction of a non-zero ρ does not affect
ELAST(c, x).
ELAST(c, z) in the DSGE consumption

function (41) is the percentage effect on
consumption of a 1 per cent increase in
Z (zt = 1), holding Xt and σ constant (xt =
dσ = 0). This is what is revealed on the
right-hand side of (A20):

ELAST c, zð Þ

¼ ρ

θ�θγð Þ þ MX þ 1ð ÞJC�JCC½ �MZ

þ MX þ 1ð ÞJZ þ JCZ
θ�θγð Þ þ MX þ 1ð ÞJC�JCC½ � : (A23)

If ρ is set to zero, then ELAST(c, z) is the
value given by the zt coefficient in (32). The
introduction of a non-zero value for ρ leads
to an extra term, confirming that shock
persistence (ρ> 0) affects the value
ELAST(c, z).

1�βJXρð Þ þ
�UX

M
1�γð Þθ þ βJX MX þ 1ð ÞJC�βJXJXC

� 

θ�θγð Þ þ MX þ 1ð ÞJC�JCC½ � ρ

8>><>>:
9>>=>>;MZ

¼ βJX MX þ 1ð ÞJZ þ βJXJXZ

�
�UX

M
1�γð Þθ þ βJX MX þ 1ð ÞJC�βJXJXC

� 

MX þ 1ð ÞJZ þ JCZ½ �

θ�θγð Þ þ MX þ 1ð ÞJC�JCC½ � :

(A21)
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