VICTORIA UNIVERSITY

MELBOURNE AUSTRALIA

Improved Bounds for the Euclidean Numerical
Radius of Operator Pairs in Hilbert Spaces

This is the Published version of the following publication

Altwaijry, Najla, Dragomir, Sever S and Feki, Kais (2024) Improved Bounds for
the Euclidean Numerical Radius of Operator Pairs in Hilbert Spaces.
Mathematics, 12 (18). ISSN 2227-7390

The publisher’s official version can be found at
https://www.mdpi.com/2227-7390/12/18/2838
Note that access to this version may require subscription.

Downloaded from VU Research Repository https://vuir.vu.edu.au/49287/



. mathematics

Article

Improved Bounds for the Euclidean Numerical Radius
of Operator Pairs in Hilbert Spaces

Najla Altwaijry 't Silvestru Sever Dragomir >t and Kais Feki >**

check for
updates

Citation: Altwaijry, N.; Sever
Dragomir, S.; Feki, K. Improved
Bounds for the Euclidean Numerical
Radius of Operator Pairs in Hilbert
Spaces. Mathematics 2024, 12, 2838.
https://doi.org/10.3390/
math12182838

Academic Editor: Ioannis K. Argyros

Received: 22 August 2024
Revised: 10 September 2024
Accepted: 11 September 2024
Published: 12 September 2024

Copyright: © 2024 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Department of Mathematics, College of Science, King Saud University, P.O. Box 2455,

Riyadh 11451, Saudi Arabia; najla@ksu.edu.sa

2 Applied Mathematics Research Group, ISILC, Victoria University, P.O. Box 14428,
Melbourne, VIC 8001, Australia; sever.dragomir@ajmaa.org or sever.dragomir@vu.edu.au

3 Laboratory Physics-Mathematics and Applications (LR/13/ES-22), Faculty of Sciences of Sfax,
University of Sfax, Sfax 3018, Tunisia

*  Correspondence: kais.feki@hotmail.com

These authors contributed equally to this work.

Abstract: This paper presents new lower and upper bounds for the Euclidean numerical radius of
operator pairs in Hilbert spaces, demonstrating improvements over recent results by other authors.
Additionally, we derive new inequalities for the numerical radius and the Davis—Wielandt radius as
natural consequences of our findings.

Keywords: Euclidean numerical radius; operator pairs; Hilbert spaces; Davis-Wielandt radius; numeri-
cal radius inequalities

MSC: 47A30; 46C05; 47A63; 47A99

1. Introduction

Let H be a complex Hilbert space equipped with an inner product (-,-) and the

corresponding norm || - ||. The C*-algebra of bounded linear operators on H is denoted by
B(H). For any operator A € B(H), the adjoint of A is denoted by A*, and |A| = (A*A)%
represents the positive square root of A*A. The numerical range of A, denoted by W(A), is
the set of values { (Ax,x) : x € H, ||x|| = 1}.

The operator norm and numerical radius of A are denoted by ||A|| and w(A), respec-

tively. The operator norm is defined as
lA[l = sup{[{Ax, )| : x,y € H, [|x[| = [ly[| =1},
while the numerical radius is given by
w(A) = sup{|(Ax, x)| : x € H, ||x|| = 1}.

It is known that the numerical radius w(-) defines a norm on B(H) that is equivalent to the
operator norm || - ||. In particular, the following double inequality is valid:

1
SlAl = w(A) < [|1A] (1)

for any operator A € B(H). These inequalities are sharp. The first inequality becomes an
equality if A2 = 0, while the second inequality becomes an equality if and only if A is a
normal operator. An improvement to these inequalities was established by Kittaneh [1],
who proved that

1 2 ) 1 2 )
2 A+ 1A <w?(A) < §|||A| + |AT7). )
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For further advancements related to inequalities (1) and (2), interested readers can refer to
sources [2-8] and the references therein.
Let (C,D) € B(H)? := B(H) x B(H). The Euclidean operator radius is defined by

we(C,D) := 81615 (|<Cx,x>|2 + ](Dx,x>|2)1/2.

flx]=1

As pointed out in [9], w, : B(H)? — [0, ) is a norm and the following inequality holds:
V2 1/2 1/2
[icP+1pP|| " < we(c, D) < |icP + 0P| ©)

for (C,D) € B(H)? where the constants % and 1 are best possible in (3).
In [10], the second author obtained the following lower bound:

g [w(BZ + Cz)}% < we(B,C).

The constant % is best possible in the sense that it cannot be replaced by a larger constant.
In the same paper, the following results were obtained as well:

V2

2

Nl—

g max{w(B+ C),w(B—C)} <w,(B,C) < {wz(B +C) +w?(B — C)} ,

with constant @ sharp in both inequalities,
w?(B,C) < max{||B|]*,|C|]*} +w(C"B),
with the inequality being sharp, and also
1 *
w3(B,C) < o [|[1BP +ICP| +||1B — IcP ||| +w(c*B),

which is sharp as well.

By taking (B,C) = (A, A*) or (B,C) = (R(A),J(A)) for A € B(H), where we recall
that At A Y

i and J(A) := ——,
2i

the second author obtained in [10] several norm and numerical radius inequalities of
interest for one operator A. Note that R(A) and J(A) refer to the real and imaginary parts
of A, respectively.

For some recent results involving the estimation of the Euclidean numerical radius
in terms of similar upper and lower bounds, see [11-13]. These estimations appear to
be simpler to calculate when the involved operators are self-adjoint, since in that case,

R(A) :=

for instance, |B|2 = B?, |C|2 = C2, and C*B = CB. Moreover, if B and C are projections
orthogonal to each other, then BZ = B, C2 = C, and CB = 0, which make the bounds even
simpler to calculate.

The Davis-Wielandt radius of an operator T € B(H), denoted by dw(T) is defined as

follows [14,15]:
1/2
dw(T) = sup (|<Tx,x>\2+ ||Tx|y4) :
xeH
[lxl=1
It is evident that dw(T) > 0, and dw(T) = 0 if and only if T = 0. For any A € C,
the following inequalities hold: dw(AT) > |A|dw(T) if |A| > 1, dw(AT) < |A|dw(T)
if |[A| < 1, and dw(AT) = |A|dw(T) when |A] = 1. Note that the triangle inequality
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dw(T +S) < dw(T) + dw(S) does not always hold for arbitrary operators T, S € B(H).
However, this inequality holds when R(T*S) = 0, as shown in ([16], Corollary 2.2). It is
also straightforward to verify that

max{w(T), | T|?} < dw(T) < (w¥(T) + \|T|\4)m,

and these inequalities are sharp, as noted in ([16], Corollary 2.2).
Additionally, observe that for C = T and D = |T|?, we have
1/2
(T, ITF) = sup (T, x) 2+ (1T, )12)
x||=1

1/2
= sup (KT, %)+ | Txl|*) ™ = dao(T).
x||=1

If we set C = T and D = |T|? in (3), then we obtain

1
S[ITP+ 17| < aw?(r) < |iTR + T

, (4)

which provides the upper bound from (5) and a corresponding lower bound.
Zamani and Shebrawi ([17], Theorem 2.1) proved that

du(T) < [wX(T — |TP) + 2 T|Pu(T)]

Furthermore, in ([17], Theorems 2.13, 2.14, and 2.17), they also established the follow-
ing inequalities:
dw?(T) < | T2 max{1, | T2} + v2w(|TPT),

awX(1) < o (|17 + 7| + 171 — 17| + V2w (17PT) ),

and
4w (T) < [T max{aw(T), | T2} [1 + | T2 + 20(7)]

for any operator T € B(H).
Recently, Bhunia et al. in ([16], Theorem 2.4) obtained the following upper bound:

du(T) < i1t + 7P| 6
for T € B(H).

Additionally, in [18], the authors derived inequalities for the sum of operators. Specifi-
cally, we have

dw(T + S)

IN

{Z(dwz(T) +dw2(s>) +6H|T|4 n |S|4‘Hl/2

}1/2

IN

2V2 [dwz(T) +dw?(S)

forT,S € B(H).

Motivated by these results, we present new lower and upper bounds for the Euclidean
numerical radius of operator pairs in this paper, demonstrating that some of these bounds
improve upon those recently established by other authors.
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2. Lower Bounds for the Euclidean Numerical Radius of Operator Pairs

In this section, we derive and establish several lower bounds for the Euclidean numer-
ical radius of pairs of operators. Specifically, we present and prove the following lower

bounds for the Euclidean numerical radius.

Theorem 1. Forany B,C € B(H), we have
1
2 1 2 2
wi(B,C) = 5 max{w(B +C ),w(BC+ CB)}
1
t3 max{w(B),w(C)}|w(B+C) —w(B—C)]
and
2 1 2, 2 2 2
we(B,C)ZEmax{w(B —I—C),w(B C)}
+3 max{w(B + C),w(B — C)}|w(B) — w(C)|.
Proof. As in the proof of Theorem 1 of [10] (see also [12], Theorem 2.2), we have

w?(B,C) = ”51|1}_)1[}<Bx,x>|2 + }(Cx,x)ﬂ

> 1 sup (|(Bx,x)] +|(Cx, )]’

> 1 sup |(Bx,x) + <Cx,x>|2

Jxl=1
1 1
=350 (B[ = qui(B£C)
This implies that
w?(B,C) > %max{wz(B +0),@?(B-0)f
> %max{w((B + C)z),w<(3 - C)z) }
- % [w((B+0)*) +w((B-c))]
+3fo(B+0?) —w((B-cP)
_ % w((B+C)*) +w((B-C))]
+ 1[0(B+C) + (B~ O [w(B+C) ~w(B ~C)

By the triangle inequality, we have
w((B+C) +w((B-C)?) > w[(B+CP+(B-C),
which gives
w((B+C)) +w((B-C)?) > 2max{w(B? +C?),w(BC+CB)}.

Also,
w(B+C)+w(B—C)>w[(B+C)+(B—-C)],

(7)
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w(B+C) +w(B—C) > 2max{w(B),w(C)}.
By (8), we obtain (6).
If we replace B by B+ C and C by B — C in (6), then we obtain
w?(B+C,B—C) 9)

> %max{w((B—kC)z +(B—CP),w((B+C)(B~C)+(B-C)(B+C))}
+ max{w(B+ C),w(B — C)}|w(B) —w(C)]|.

Since
(B+C)+(B—C)* =2(B*+C?)

and
(B+C)(B—C)+(B—C)(B+C) =2(B*—C?),

we can apply (9) to obtain
w*(B+C,B—C) > max{w(32 + C2),w(B2 - cz)}
+ max{w(B+ C),w(B — C)}|w(B) —w(C)|,

which, by noting that
w?(B+C,B—C) = 2w?(B,C),

yields the desired result (7). O

Remark 1. Inequality (6) is better than the following result obtained recently in ([12], Theorem 2.2).
Indeed, for any B, C € B(H), we have

wZ(B,C)

Vv

% {w(BZ + CZ) +max{w(B),w(C)}w(B+ C) —w(B — C)q (10)

%w(B2 + Cz).

v

Notice that the second lower bound in (10) was obtained in 2006 by the second author (see [10]).
Several consequences of Theorem 1 can be drawn. We begin with the following corollary.
Corollary 1. Forany B,C € B(H) and a, p € C, we have
max{ laf?, |B* }w? (B, C) an
%max{w(szz + ,32C2>, |aBlw(BC + CB)}
1

+ 5 max{|afw(B), [Blw(C)}|wo(aB + BC) — w(aB — AC)|

>

and

max{|af%, |8 }w2 (B, C) (12)

+ 5 max{w(aB + BC), w(aB — PC) }|afw(B) — [Blw(C)].
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Proof. By replacing B with aB and C with BC in Theorem 1, we obtain

wg(th, BC)
max{w(zszz + ﬁZCZ),w(a,BBC + a[SCB)}

max{w(aB), w(BC)}|w(aB + BC) —w(aB — BC)|

>

_|_

NI =)~

and

w;

=
o

max{w(zszz + ﬁzcz),w(asz - /32C2> }

max{w(aB + BC), w(aB — BC) }|w(aB) — w(BC)|.

>

NI= N =

_|_

Since
2 2
max{|af%, |B }w? (B, C) > w2 («B, BC),

w(aBBC + aBCB) = |ap|w(BC + CB)

and
w(aB) = |afw(B), w(pC) = |plw(C);
hence, the inequalities (11) and (12) are obtained. [

Remark 2. Ifa, B € Cwith || = |B| = 1, then from Corollary 1, we derive the simpler inequalities

w3(B,C) > 5 max{w(a?B + fC?), w(BC + CB) } (13)
+ 5 max{w(B),w(C)} [w(aB + AC) — w(aB — FC)
and
w2(B,C) > %max{w(ucsz +p2C%),w(a?B? - p?) | (14)
+ 5 max{w(aB + BC), w(aB — BC)}[w(B) ~ w(C)|.
Moreover for « = 1 and B = i, we obtain from (13) and (14) that
w2(B,C) > %max{w(Bz - c2),w(Bc + CB)}
+ 3 max{w(B), w(C)}[w(B +iC) — w(B ~ iC)|
and

We also present the following corollary, which offers inequalities that improve upon
the lower bound established in Corollary 2.4 of the recent paper [12].
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Corollary 2. For any self-adjoint operators B, C we have the inequalities
w?(B,C) > 7 max{||B* + 2|, |BC + CB| ) (15)
+ %maX{IIBH/ ICI3IB +Clf = 1B —Cll
> e+ ]

and

ct0)> L[5+ 7| -}

+ 5 max{[[B+Cl, [[B-Cl}[B] Il

—_

Proof. The proof follows directly from Theorem 1, noting that the numerical radius of a
self-adjoint operator is equal to its norm. [

The following numerical example demonstrates that the first lower bound in (15) is
significantly better than the second one, which was initially obtained in [10].

Example 1. Consider the diagonal 2 x 2 matrices

10 1 0 .
B—(O 1)—I2andC—<0 a)wztha>0.

s o (10 (20
312,c<0 2 )/ BCHCB=( o )

20 0 0
B+C‘(0 a+1)'B_C_(0 1—a>

) 2 [ 2 0
Rec= (5 2% )

It is well known that if A = diag(Aq, -+, Ay), then ||A|| = _max |Ai|. Therefore,
i=1,--n

Then,

and

IIB]| =1, ||C|| = max{1,a}, |B+ C|| = max{2,1+a} =1+ max{1,a},

IB—C| =|1—al|, ||[BC+CB| =2max{1,a}

and
HB2 + C2H = max{Z, a® + 1} =1+ (max{l,a})2

fora > 0.
Observe also that for Z = (x,y) € C2, we have that

(Bz,7) = |x|” + |y, (Cz,2) = |x* +aly”
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Therefore,
2 2 2)?2 2 2)?
w?(B,C) = sup (|x| + |y ) + (le +aly| )
x4 ly2=1
2
= sup (1 + (1 +(a— l)yz) >
|2+ ly2=1
= sup 1+1+2(a—1)y2+(a—1)2y4)
|x2+[y1=1
=2+ sup |(a—1)y? (2 + (a— 1)]/2)}
[P lyP=1
fora>0.

If we take a = 2, then
w;(B,C) =5,

the middle term in (15)
1 2 2
> [max{ B+ 2|, IBC + CBII } +max{|IB, lIcI}} 1B+ C|| - B~ Clll]

=45

and the right term
%HBZ +¢?| =25

This numerically shows that the middle term in (15) provides a significantly better lower bound
for the Euclidean numerical radius than the previous one from [10].

We also have the following corollary.

Corollary 3. Forany A € B(H) and a, p € C we have

(I + 1B1) w?(4) (16)
> Emax{o (w2 + 2 (#) ). 147+ 14
+ 5 max{fal, [B}w(A)w(@A + BA%) ~ w(ad — pA")
and
(17)

+
Proof. We take B = #A and C = BA* in Theorem 1 to obtain
max{w(oczAz +p (Az) *),w(zx,BAA* + a,BA*A)}

max{w(aA), w(BA*) }Hw(aeA+ BA*) —w(aA — BA™)|

wg(aA, BAY) >

+

NI= ) =
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and
w2 (A, BA*) > ;max{ (242 + p2(42)"), w(a242 - p2(42) ")}
+ 3 max{w(ad + BA7), w(aA — PAT)}|w(wA) — w(BA")].
o wd(wA, BAT) = (|al® + B )w?(4),
w(aBAA* +aBA*A) = [uflw(AA* + A*A) = |oc,8|H\A|2 + |A*|2H
and

BAT) = |Blw(A)
which proves the desired results (16) and (17). O
Remark 3. If we take x = cos 6 and B = sin6, 6 € R in (17), we obtain

2

} (18)

1
+ 2max{|cos€\ |sin ] }w(A)|w(cosOA +sinfA*) —w(cosfA —sinfA")|

2

w?(A) > ! max{w (cos2 0A? +sin? 0 (A2> *> , |sin(20)]

ax{w(cos? 042 4 sin® e(AZ) ) w(cos? 042 — sin® 9(A2) )}

|cos 6| — [sin f||w(A) max{w(cosOA + sinOA*), w(cosfA —sinfA™)}.

1
2

A) > —m
w?(4) 2 5 ma
1
2

If we take 8 = 7t /4 in (18), we obtain

1 A%+ (A2 ||| AP+ AP
2 >7
w(A) z 5m X{ 2 ’ 2
1 A+ A* A — A*
] S R

We now present the following corollary, which offers an improvement of the lower
bound from ([12], Corollary 2.5).

Corollary 4. Forany A € B(H), we have

1 AP+ AP ][ (A7) - A
2
> -
w(A) > 2max{ 5 , 7 (19)
1 A+ A% ||[A*— A (1-1)A+(1+1)A" (1+i)A+(1—-10)A"
i Ui | e (e z
and
1 AP+ A | || A2+ (A%)?
2 S L
w(A) > 2max{ 5 , 5 (20)
+;maX{H(1—z)A—;(1+1)A / (1+1)A—;(1—1)A HHA—FA _HA —AH’
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Proof. Let A = B + iC be the Cartesian decomposition of A, where

A+ A* A—A* i
B="R(A) = 5 andC=3J(A) = T E(A —A).
Observe that ) )
w3(B,C) = wi(4), B2+ 2 = ALHIAT
BCicpo L[ATADA —4) (A" —A)(A+AY)
2 2
- ﬂAA* F (A2 AT A*A+ ATA— A2 4 (A%)? - AA*}
_i x\2 A2
N 2<(A )y -A )

A+ AN (i, 2
)
_<A+A*>2+<A*—A>2
2 2
AL AAT L ARAE (AR F AT - AAY - ATA 4 (AF)?
4

= %(A2 +(4%)?)

B A+2A LA Z—A) _ (1—z)AJ;(1+z)A

and
B-C

_A+AT i(AT-A)  (I+D)A+(1-)AT
2 2 - 2 '
By making use of (6) and (7), we deduce the desired results (19) and (20). O

We have the following lower bounds for the Davis-Wielandt radius. These lower
bounds are better than the one offered by the first inequality in (4).

Corollary 5. Forany T € B(H), we have

dw?(T) > % max{w (T2 + |T|*),w(T|T” +|T1°T) }
+ %max{w(T), HTHZHw(T—l— IT[*) —w(T - |T|2)]
and

dw?(T) > 5 max{w (T2 +|T|),w(T2 - |T|*) }
+ Emax{w(T+ 1), w(T - |T|2>}‘w(T) - ||T||2’.
Proof. The proof follows by taking (B,C) = (T, |T|?) in Theorem 1. [

Further, we recall the following representation result obtained in ([11], Theorem 2.2).
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Lemma1l. Let X, Y € B(H). Then,

wX(X,Y) = sup supw? (‘ueieX + ve*ieY).
u4v?=1, 0€R
nv=>0

By utilizing this result, we can prove the following lower bound for the Euclidean
numerical radius.

Proposition 1. For B,C € B(H), we have

w?(B,C) > %we(Bz, CZ). (21)

Proof. Let 1, v > 0 be such that u? +v? = 1. Let also § € R. From (11), we obtain for
a= \/ﬁe’g and g = Jve~i% that

1 . .
max{p, viw;(B,C) > Ew(yeleBz + veilecz).
So, we deduce that
1 ) .
sup max{y,v}w?(B,C) > 5 sup supw(yeleBz +ve*19C2>
wrv?=1, j2402=1, 6€R
uv=0 uv>0
1
= Swe (B2, C?)
and since sup max{y, v} =1, we deduce inequality (21). [
pr4v2=1,
uv=>0

Remark 4. If we take B = A and C = A* in (21), we obtain
1
2 - 2 *\2
w2 (A) > 4we(A ,(AY) )
If we take B = R(A) and C = J(A), then by (21) we obtain

Indeed, we have

If we take B = T and C = |T|?, then by (21), we obtain
1
20y > 1 2 T4
dw?(T) > . (T2,|T/*)

The following representation is also known (see, for instance, [19]).
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Lemma 2. Let X,Y € B(H). Then,

w 0 X —lsu
v o )25k

We are able now to prove the following proposition.

o0 X —i—e’iGYH.

Proposition 2. For B,C € B(H), we have

) 1 0 B?
we(B,C)22w< (C*)2 0 ) (22)

Proof. By using (12) fora = ¢'% and B = e~i%, we obtain

1 ) ) ) )
2 > i0 2 —if ~2 —ifp2 _ —if 2
w5(B,C) > 2max{w(e B +e C),w(e B —e7C )}
o L ma{ 52 + =28 - =07
— 4
forallf € R.

If we take the supremum over 6 € R, we obtain

1 ) ) ) )
w?(B,C) > —max{ sup eleBz—|—e_’9C2H,supHe_19B2—e_leczH ) (23)

4 0eR 0eR

Since, by Lemma 2,

1
- sup
feR

0p2 . 62| 0 B2\ 0 B?

and
1

; . 0 B 0 B
- —z€B2_ =i ~2]| _ — .
pouple B —etc —w( _ cp Yy )= ey
Then, by (23), we deduce (22) as requested. [

Remark 5. If we take B = A and C = A* in (22), we obtain

1 0 A2 1
2 1 _1 2
w(A)24w( 2 g >_4w<A )

If we take B = R(A) and C = J(A), then by (22), we obtain

2
w?(A) > 1w< jz?A) A (()A) )

Moreover, if we take B = T and C = |T|?, then by (21), we obtain

1 0 T2
2 > 2
dw(T) > 2w< Tt o >

3. Upper Bounds for the Euclidean Numerical Radius of Operator Pairs

In this section, we aim to establish several upper bounds for the Euclidean numerical
radius of operator pairs in Hilbert spaces. To derive our first result, we recall two well-
known inequalities. The first is the Kato inequality (see [20]), which is given by

[(Tx,y) [P < (TP % ) (T PNy, y) (24)
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forany T € B(H), A € [0,1], and any x,y € H.
The second is the well-known McCarthy inequality (see [21]), which asserts that for
any positive operator P and for s > 1, we have
(Px,x)” < (P°x,x), x€H, |x||=1. (25)
With these preliminaries, we can now present the following result.
Theorem 2. Forany B,C € B(H), A € [0,1] and a, B,,0 € {—1,1}, we have
w3(B,C) < w(w|B™ +ip|CP w(v|B P +islc PN (26)
< H|B|4A+ |C|4AH1/2H|B*|4(17A) n ‘C*|4(17A)H1/2
and
w?(B,C) < w(a|B|2A + i(5|C*\2(17A))w('y\B*|2(17)‘) + iﬁ|C|2’\> (27)
< H B[ 4 [0 H“ZH (B0 |C|4/\H1/2.
Proof. By (24), we have

|<Bx,x>|2 + |<Cx,x>|2 < (B[P x, ) (|B*PI M, x) + (|C %, x) (|IC PN, 1) (28)

forany B,C € B(H),x € Hand A € [0,1].
By the Cauchy-Schwarz inequality, we have

<|B\2Ax,x><|B*|2(17)‘)x,x> + <|C|2Ax,x><\C*|2(17A)x,x> (29)
1/2 1/2
< (<|B|2)\x’ X>2 + <|C|2Ax,x>2) (<|B*‘2(17/\)x,x>2 + <‘C*|2(17)\)x, x>2)
1/2

1/2 B o
= (B, )% + (BICI 1)) (1B POk, )% + (3] POV, 1))

for x € H, wherew, 8,7v,6 € {—1,1}.
Since

(2B x)? + (BICIx,x)” = [(al B, x) +i(BICP )|
2
= [((alB +iBIC/)x, )|
and

7

2
<,Y|B*‘2(17/\)x,x>2 + <5|C*|2(172\)x, x>2 _ ‘<<,Y|B*‘2(lf/\) + i5|c*|2(17)t))x, X>

then by taking (29) into account, we obtain

(IBPx,x) (|B* P4V, x) + (|0 %, ) (JC* P4V, x) (30)
< [((wlBP +iBIcI )2, x)[[( (71BN il PN ) x, )|

forx € H.
By (28) and (30), we derive

[(Bx, x)[* + |(Cx, %) [
< ]( a|B|2A+i5|C|2A)x,x>\‘<(7|B*\2<H> +i5|c*|2<1*“)x,x>]
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By taking the supremum over x € H, ||x|| = 1, we obtain
w?(B,C) = |51|1p1(|<Bx,x>’2 + |<Cx,x>|2)
xl||=
< sup [[((alB +iBICI )x, )| [ (1B PE +islc PO ) x) |
[lx[=1

< |i1|1§1\<(a|3|“ + i,B|C|2)‘)x,x>‘ |i1|11—)1’<(7|B*|2(M) + izs|c*|2<H>)x,x>‘

- w(zx|B|ZA + iﬁ|C|2/\)w<7|B*\2(l_A) + i(5|c*|2<1—A>),

which proves (26).
By the Cauchy-Schwarz inequality, we also have

(1B x, x){(|B* PN, x) + (|C[Px, x><|C PNy, x)
< (<|B|2Ax,x>2+<|C*|2(l ) ( |B* | A=Ay x) <|C|2Ax,x>2)1/2
(<tx|B|2/\x ) 4 (8]C* PNy, x) ) 2 (< |B* 217y, x)? +<ﬁ|C|2Ax,x>2)1/2

for x € H, wherew, 8,7v,6 € {—1,1}.
By making a similar argument as above, we then derive (27).
Furthermore, by McCarthy inequality (25), we have for ||x|| =1

‘((0{|B|2)‘ + iﬁ|C|2A>x,x>‘2 = ‘tx<|B\2)‘x,x> + i/3<|C|2)‘x,x>‘2
B*x,x)" + (|C[*x, x)”
B[*'x, x) + (|C[*'x, x)

= ((IBI* + [C*)x,x).

By taking the supremum over ||x|| = 1, we obtain

w(oc|B|2/\ +i[3|C|2’\> = |51|1p1‘<<a|B|2)‘—i—i,B|C|2A>x,x>’
x||=

< sup <(‘B|4A+|C|4/\)x . 1/2 H|B|4/\+|C|4AH
Similarly,

1/2
w(7|B*|2(17)\)+i5|c*‘2(17/\)) < H|B*|4(17A)+|C*|4(17A)H )
which proves the last part of (26). O

Several consequences of Theorem 2 can be presented. We start with the following
corollary.

Corollary 6. Forany B,C € B(H) and «,B,7y,6 € {—1,1}, we have
w; (B,C) < w(«|B| +iB|C|)w(y|B*|+i|C*|)

1/2 1/2
o Lt i Gy
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and
w; (B, C) < w(a[B| +i6|C*|)w(v|B*| +ip|C|)
< [ime i g

Proof. The proof follows directly from Theorem 2 by setting A = % O

Remark 6. In ([12], Theorem 2.2), the authors proved that for any B,C € B(H), the following
result holds:

w2 (B,C)
< min{w(|B| +i|C|)ew(|B*| +i|C*|), w(|B| +i|C*|)w (|B** +ilC]) }

1/2 1/2 1/2 1/2

This result can be derived from Corollary 6 by setting « = B = v = 6 = 1. The interested reader
can derive other similar bounds by choosing some of a, B, 7y, d to be —1.

We also present the following corollary, which, while straightforward, is of signifi-
cant interest.

Corollary 7. For any B, C self-adjoint operators, A € [0,1] and a, B,7y,6 € {—1,1}, we have

w3(B,C) < w(a|B™ +ip|C™ )w(v|BP +io|c PN
< H|B‘4A+ |C|4/\H1/2H‘B|4(17A) n ‘C‘4(17A)H1/2
and
w?(B,C) < w(aB +i6|CP N Jw (v [BPC Y + ip|CcP)
< 11 e | g e
Remark 7. For A = 1/2 in the above corollary, we obtain
w2 (B,C) < w(a|B| +iB|C|)w(v|B| +is|C]) < |||B +|CP|
fora,B,y,0 € {—1,1}.

Another important consequence of Theorem 2 is derived in the next corollary.

Corollary 8. For A € B(H), ¢, € C, A € [0,1] and a,B,7,6 € {—1,1}, we have the
numerical radius inequalities

(lol* + 1wl w?(4)
w(“|¢|zA|A|z/\+iIBMZ)\'A*|2A)w(7|€0|2(1—/\)|A*‘2(17A) +i5|¢|2(1—A)|A|2(1—A))

1/2
4/\ 4/\ 41 4/\ (1-1) 4(1-2) 4(1-7) (1-2)
< [[lol 1At + i a2 110 4% 0 a0
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and
(lol + lpP)w?(4)
w<a|q)|2/\|A|2/\+i5|¢|2(1—)\)|A|2(1—A)>w(7|q)|2(1—/\)|A*|2(17A) +i[5|1/}|2/\|A*|2A)
< H|(P|4A|A|4A n |¢|4(1—A)|A|4(1—)\)Hl/ZH‘¢|4(1—A)|A*|4(17/\) n |¢|4A|A*|4AH1/2
Proof. We take B = ¢ A and C = pA* in Theorem 2 to obtain the desired results. [
Remark 8. We notice that for ¢ = 1 = 1, we obtain the simpler inequalities
w?(4) < qu(al AP +iplas P )u(ylar PO +z'5|A|2“*A>)
< H‘A‘4A+|A* 4AH H'A | (1-2A) Jr|A|4(1 A) H
and
w¥(A) < 1w( AP+ is| AP0~ A) (714" 20V 4 ipla ™)
H|A|4A+|A| (1-21) H H’A* (1- A)+|A*|4/\H /2.
We also have in the particular case of A = 1/2, that
Remark 9. For A = 1/2 in Corollary 8, we obtain
(I(PI2 + \w\z)wz(z“) < w(a|pl| Al +ilp[|A™)w ([l |A™] +id|yp[|Al]) (31)
<[llgl1AP + P la | lola + 1pPlaR]
If |@|* + ||> = 1in (31), then we obtain
w2(4) < w(algl| Al + BIp|| A" w(ylgl|A| + idl gl A]) 32
<[lioP1aP +1wia | floRiar + 1plap]
If we take ¢ = sin6, i = cos 6, 0 € R in (32), then we obtain
w?(A) < w(a|sinB||A| 4 i|cos || A*|)w(y|sin 0] | A*| + id|cos 0] |Al)
< Hsir12(9|A|2 + C0329|A*|2H1/2Hsin2 0|A*|* + c::osz|A|2H1/2
Also, if we take ¢ = 1 = 1, then we obtain from (31) that
w?(A) < su(a| Al +iB| A" w(y|A%| +i6|A) < 5 [[|AP +]4°F
This is an improvement of the second Kittaneh’s inequality in (2).

Another significant consequence of Theorem 2 is presented in the following corollary.

Corollary 9. Forany A € B(H) and A € [0, 1], we have
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27 AN N 2(1-7) « AN 2(1-A)
w?(A) gw(a<A+2A ) +i/3<A ; A) )w(v(AJ;A > +z‘5<A ; A> > (33)

A4 A\ A% — AN |2 A AR\ A1) A* — AN A1) |12
(55) (50 ] |5 ()

o 20 o an201-2) e 2(1-A) « aAN2A
W2 (A) Sw(zx(A—;A ) +i5(A . A) >w<fy<A—;A ) +iﬁ<A : A) ) (34)
_l(arar ‘“+ A= ANV A g 4<1‘A)+ A — A\
= 2 2 2 2

Proof. Let A = B + iC be the Cartesian decomposition of A, where

B
2

R(A) and C = %(A* — A) = 3(A).
By applying Theorem 2 for this choice of B and C, we obtain (33) and (34). O

Remark 10. For A = 1/2 in Corollary 9, we obtain

w?(A) < w(ﬂ(AzA*) +iﬁ<A*;A>)w<v<AZA*> +i5(A*2_A>) < %"A2+(A*)2H

fora,B,v,6 € {—1,1}.
This is another improvement of the second Kittaneh’s inequality in (2).

By taking (B,C) = (T, |T|2) in Theorem 2, we obtain
Corollary 10. Forany T € B(H), A € [0,1] and a, B, 7,0 € {—1,1}, we have
dw*(T) < w(a|tr|ZA + i,B\T\“)w(ﬂT*\z(l_A) + i(5|T|4<H>)

1/2 B (172
< H|T|4/\+|T|8AH H|T*|4(1 A)+|T|8(1 A)H

and

dw?(T) < w(amZA + i(5|T|4(H>)w(y|T*|2(H> + iﬁ|T|“)

_nl/2 1/2
< [ e I

‘|T*‘4(1—/\)+|T|8/\
In particular for A = 1/2, we have
dw?(T) < w(a|T| +iB|T| )w(y|T| +i6|T)") (35)
< i+ e e

forall T € B(H).
We observe that, if | T*|* < |T|?, namely T is hyponormal operator, then

i+ 17| < |17+ 17
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and by (35), we obtain
dw*(T) < w(oc|T| +i[3|T|2>w<fy|T*| +i(5\T|2)

7

1/2 1/2
< ire i ire P < (|

which is an improvement of inequality (5).
To obtain our next result, we make also use of the well-known McCarthy inequal-

ity (25).

Theorem 3. Forany B,C € B(H), A € [0,1] and p,q > 1 with % + % =1, we have

w2(B,C) < H|B|2/\p+ |C|2ApH1/PH|B*|2(1—A)q+ |C*|2(1—A)q"1/11 (36)

and
w?(8,C) < |||B + |c*|2<1—A>pH1/pH|B*|2<1—A>q + |C|2MHW. (37)

Proof. By Holder’s inequality, we have for A € [0,1] that

(B2, x)(|B 20V, x) + (10, x) (Y x) (38)
< (B % x)" 4+ (ICP ) T (B PN, 2 4 (1 PO )
forerandp,q>1with%+%=1.
By utilizing McCarthy’s inequality (25), we obtain
(B2, x)F + (|C|*x, x)P < (|B[**Px, x) + (|C[*Px, x)
= <(|B|2A’7 + |C|2A”>x,x>
and
(BP0, )+ (O, )T < (B PO, x) + (|20, )
_ <(|B*|2(17/\)q + ‘C*|2(17A)q>xlx>

for x € H, ||x|| = 1. So, by (38), we obtain

(1B, x)(|B 20V, x) 4+ (10 2PV x)
< <(|B‘2)\p + |C|2/\p)x,x>1/}7< (‘B*|2(1_A)q + |C*\2(1_/\)q)x, x>1/¢7
forx € H, ||x| = 1.
By making use of (28), we get
2 2
[(Bx, )|+ |[(Cx, %)
< <<|B‘2)\p + |C|2/\p)x,x>1/}’7< <‘B*|2(1—A)q + |C*‘2(1—/\)q)x1x>1/q

forx € H, ||x| = 1.
By taking the supremum over ||x|| = 1, we obtain (36).
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We also have
(1B, x)(|B* 4V, x) + (|0 %, 2) (JC P4V x)

1/ 1/
< (B, x) +(1C* PO, ) ) 7 (1B POV, )+ (0P, )T)

for x € H and p, ¢ > 1 with % + % = 1, which gives in a similar way (37). O

Remark 11. For p = q = 2 in Theorem 3, we obtain the last upper bounds in Theorem 2, where
A€ [0,1].
For A = 1/2 in Theorem 3, we obtain
1/ 1/
wz (B, C) < [|[BI" + [CIP|| 7| B*|7 + C*|7]| "

and Y Y
w;(B,C) < ||[BI +|C*|P||*|||1B*|" + [C|7|| """

forp,q>1with%—l—%:1.

Several consequences of Theorem 3 can be derived. As a first step, we present the
following corollary.

Corollary 11. Forany A € B(H), A € [0,1] and p,q > 1 with % + % =1, we have

1 1/p _ _ 1/9
wZ(A) S §H|A|2/\p + |A*|2/\pH H|A|2(1 )\)q + |A*|2(l /\)qH

nd 2 Ty 422 21-0)p||MP||| 4% 1209 «2(1-A)q|| V7
w2(A4) < o [P + |APOR | A P a0

In particular,
2(4) < LA+ 14T AP + AT
W (A) < S[lIAF + AP 1AL+ A
Proof. It follows by taking in Theorem3 B = Aand C = A*. O
Our next corollary follows by taking B = R(A) and C = J(A) in Theorem 3.
Corollary 12. Forany A € B(H), A € [0,1] and p,q > 1 with % + % =1, we have

wA(4) < I8A) P + a(a) P | i3 a) P9+ a7

and
w(B,C) < |[IR(A)P +[3(A) POVP| i) PO 4 3y
In particular,
~ 1/ 1/
wh(A4) < IR+ AP NIRAN + [
We derive also the next corollary.
Corollary 13. Forany T € B(H), A € [0,1] and p,q > 1 with % + % =1, we have

1/
dw2(T> < H|T|2Ap+ |T|4)\pH P‘

- —nygl|1/a
‘|T*|2(1 A)q+|T|4(l /\)qH
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and y y
dw?(T) < H|T|2Ap+m4(1 A)p H PH|T* (- Aq+|T|4/\qH 1
In particular,
1/
du?(1) < 1717+ 7|1 e
Proof. The proof follows by taking (B,C) = (T, |T|2> in Theorem 3. [
We also have the following theorem.
Theorem 4. Forany B,C € B(H) and A € [0,1], we have
(B C |:H|B|2)L+ ‘C‘Z)\H + H|B|2)\ | 2/\Hi| H‘B*|2(1—)\) + |C*|2(1—/\)H (39)

and

(B C) [H|B|2A+|C* 2(1 A) H+H|B|2A C*| 2(1 A) ‘HH'B | (1— A)+’C’2A"_ (40)

Proof. One can see that

<\B|2Ax,x><|B*\2(l_/\)x,x> + <\C\2Ax,x><|C*|2(1_)‘)x, x>
< max{<|B|2Ax,x>, <|C|2)‘x,x>} [<|B*‘2(1_A)X,X> + <‘C*|2(1—)\)x’x>}

= 3 [CBE 2 + (10 %) + [(BE %, ) — (10, 0) | (1B PV, 2) + (jC* PO, )
_ %{<(|B’2A n |C|2/\>x’x> n ‘<(|B|2)\ _ ‘C‘ZA)xlx>H <(|B*|2(1—/\) . |C*|2(1_/\))x,x>

for x € H.

|(Bx

< =

From (28), we obtain

)+ [(Cxm)f?

(B 1) 3 2) + (1B — 1)) [ (1B A € A, )

forx € H.
By taking the supremum over x € H, ||x|| = 1, we obtain the desired result (39).

Inequality (40) follows by the fact that

(1BP %, x)(|B* 4V, x) + (|0 %, 2) (|0, x)
< max{ (|B[*x,x), (|C* 1V, ) (1B Vx, x) + (|0, %)

forxe H O

Remark 12. If we take A = 1/2 in Theorem 4, we obtain

and

wz(B,C) < S[lI1BI +[CIIl + I1B] = [CII]II1B*| + €|

N =

wz(B,C) < S[lI1BI+C*[ll + 1B = IC*[I]1B*| + |Cl]-

N =

The first consequence of Theorem 4 is presented in the following corollary.
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Corollary 14. Forany A € B(H) and A € [0, 1], we have
W?(A) < E[H|A|z/\+ ‘A*|2AH 4 H|A|2/\ B |A*|2A‘H H|A*|2(17A) + ‘A‘2(1—/\)H
and

wh(4) < Z[[[laP* + 1420 | + 14 - |apaD ] 14T P 4 4|

<!
4
In particular,

w?(A) < S1I1AL+ A%+ [I1A] = [T ITIIA™] + Al

NH

Proof. The proof follows by taking B = A and C = A* in Theorem 4. [

The next corollary holds also.

Corollary 15. Forany A € B(H), A € [0,1], we have

< 5[ |+ i - e st + e

< 5 o + a2 + floxcar = peay PV ]t + aca|
In particular,

w?(A) < S[IIR(A)] +[3(A)] + [19(A)] = [3AININRA)] + [3(A)]]-

NM—‘

Proof. The proof follows by taking B = R(A) and C = J(A) in Theorem 4. []

Finally, by selecting B =T and C = \T\z in Theorem 4, we can also state the follow-
ing corollary.

Corollary 16. Forany T € B(H), A € [0,1], we have
(1)< [ i - o )
and
() G740 i = o i i

In particular
1
(1) < g | i+ ] = e

4. Conclusions

In this paper, we have presented new lower and upper bounds for the Euclidean
numerical radius of operator pairs in Hilbert spaces, improving upon recent results in
the literature. We also derived new inequalities for the numerical radius and the Davis—
Wielandt radius as natural consequences of our findings.

This work lays a strong foundation for future research in this area. In particular,
extending these results to the setting of semi-Hilbert spaces would be a valuable direction
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to explore (see [22-24] for a solid background on operators in semi-Hilbert spaces). Another
interesting direction for future work is to study the Berezin number of operator pairs in
reproducing kernel Hilbert spaces (see [25,26] and the sources cited therein for background
on reproducing kernel Hilbert spaces).

We hope this study will inspire further advancements in numerical radius inequalities
and related concepts in operator theory.
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