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Abstract: In this paper, we employ a generalization of the Boas–Bellman inequality for inner products,
as developed by Mitrinović–Pečarić–Fink, to derive several upper bounds for the 2p-th power with

p ≥ 1 of the numerical radius of the off-diagonal operator matrix

[
0 A

B∗ 0

]
for any bounded linear

operators A and B on a complex Hilbert space H. While the general matrix is not symmetric, a special
case arises when B = A∗, where the matrix becomes symmetric. This symmetry plays a crucial role in
the derivation of our bounds, illustrating the importance of symmetric structures in operator theory.

Keywords: power inequalities; operator norm; numerical radius; off-diagonal 2 × 2-operator matrix;
Hilbert space
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1. Introduction

Block matrix techniques play a pivotal role in matrix analysis and operator theory,
offering theorems that characterize the properties of a matrix A, such as its norm, in terms
of the properties of a larger matrix, in which A is embedded as a block. In areas like the
theory of the Schur complement and the study of positive linear maps, particularly relevant
in quantum information, 2× 2 block matrices are fundamental. Key theorems in these areas
are framed in terms of such block matrices (see, e.g., [1] and the survey article [2] in the
book [3]).

This present article aims to illustrate this technique through a specific problem con-
cerning the numerical radius. By utilizing a generalization of the Boas–Bellman inequality
for inner products, as developed by Mitrinović–Pečarić–Fink, we derive several power
bounds for the numerical radius of the off-diagonal 2 × 2 operator matrix.

Before presenting our results, we introduce relevant notions and notations. Through-
out this paper, we consider H as a complex Hilbert space equipped with an inner product
⟨·, ·⟩ and the corresponding norm ∥ · ∥. Specifically, ∥x∥ =

√
⟨x, x⟩ for all x ∈ H. We denote

the C∗-algebra of bounded linear operators on H as B(H). Let A ∈ B(H). The adjoint of
A is denoted by A∗, and the positive square root of A∗A is expressed as |A| = (A∗A)

1
2 .

The real part and imaginary part of A ∈ B(H) are defined as Re(A) = 1
2 (A + A∗) and

Im(A) = 1
2i (A − A∗), respectively. Furthermore, if A ∈ B(H), then the norm of A is

defined as
∥A∥ = sup

∥x∥=1
∥Ax∥ = sup

∥x∥=∥y∥=1
|⟨Ax, y⟩|.
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while the numerical radius of A is given by

w(A) = sup
∥x∥=1

|⟨Ax, x⟩|.

The numerical radius is also a norm on B(H). Comparing the numerical radius and the
operator norm, we have the inequalities:

w(A) ≤ ∥A∥ ≤ 2w(A), (1)

which hold for every A ∈ B(H). For further details, see, e.g., [4–10].
Kittaneh [11] established an improved version of these inequalities, demonstrating the

following:
1
2

√
∥A∗A + AA∗∥ ≤ w(A) ≤

√
2

2

√
∥A∗A + AA∗∥. (2)

To explore further progress regarding (1) and (2), interested individuals may consult [12–18].

Let us examine the off-diagonal part, denoted as
[

0 X
Y 0

]
, of a 2 × 2 operator matrix[

Z X
Y W

]
defined on the direct sum space H⊕H.

For every X, Y ∈ B(H), it is well established that

w
([

0 X
Y 0

])
= w

([
0 Y
X 0

])
,

w
([

0 X
Y 0

])
= w

([
0 X

eiαY 0

])
for α ∈ R,

w
([

0 Y
Y 0

])
= w(Y) and w

([
0 Y

Y∗ 0

])
= ∥Y∥.

In 2011, Hirzallah, Kittaneh, and Shebrawi [19] established several results, including the
following double inequality:

1
2

max{w(X + Y), w(X − Y)} ≤ w
([

0 X
Y 0

])
≤ 1

2
[w(X + Y) + w(X − Y)].

Additionally, they demonstrated that

w
([

0 X
Y 0

])
≤ min{w(X), w(Y)}+ 1

2
min{∥X + Y∥, ∥X − Y∥}.

Furthermore, they derived several other notable inequalities of this kind.
In a significant publication by Kittaneh, Moslehian, and Yamazaki [20], they presented

a refined version of the triangle inequality, which can be expressed as follows:∥∥∥∥X + Y
2

∥∥∥∥ ≤ w
([

0 X
Y∗ 0

])
≤ ∥X∥+ ∥Y∥

2

for all X, Y ∈ B(H). Several upper and lower bounds for the numerical radius of the
operator matrix [

0 AX − XB
A∗X − XB∗ 0

]
were provided, considering different assumptions for the operators involved.
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From a different perspective, in 2022, Bhunia and Paul obtained the following result,
as stated in ([21], Lemma 2.4):

ω2
([

0 X
Y∗ 0

])
≤ 1

2

∥∥∥∥∥ |X|2 + |Y|2

2

∥∥∥∥∥+ 1
2

ω(Y∗X).

Motivated by the above results, in this paper, by utilizing a generalization of the
Boas–Bellman inequality for inner products due to Mitrinović–Pečarić–Fink ([22], p. 392),
we obtain several upper bounds for the power 2p of the numerical radius of the off-diagonal

operator matrix
[

0 A
B∗ 0

]
for any operators A, B ∈ B(H) and p ≥ 1. Applications in the

case when B = A∗ are also provided. Although the matrix
[

0 A
B∗ 0

]
is typically non-

symmetric, it becomes symmetric in the special case where B = A∗. This symmetry is
essential in deriving our bounds, highlighting the significance of symmetric structures in
operator theory.

A key aspect of our results lies in providing general power inequalities that offer more
comprehensive and diverse upper bounds for the numerical radius of off-diagonal 2 × 2
operator matrices compared to those presented in recent papers [19–21]. Since our bounds
for the specific case p = 1 have distinct analytic expressions from those in [19,21], they are
not directly comparable.

The novelty of our approach is in the application of a Mitrinović–Pečarić–Fink gen-
eralization of the well-known Boas–Bellman inequality for two vectors, a technique not
previously employed by other authors to derive such bounds.

As highlighted in [5], upper bounds for the numerical radius can be useful in ap-
proximating polynomial solutions or estimating the numerical radius of the Frobenius
companion matrix, as discussed in [17]. However, these applications require extensive
research beyond the scope of this work and may be explored in future papers.

2. Some Preliminary Facts

In this section, we recall and establish some preliminary results that will be used in
this work. We begin with the following generalization of Bessel’s inequality, which states
that if x, y1, . . . , yn are elements of H, then the following inequality holds:

n

∑
i=1

|⟨x, yi⟩|2 ≤ ∥x∥2

max
1≤i≤n

∥yi∥2 +

(
∑

1≤i ̸=j≤n

∣∣〈yi, yj
〉∣∣2) 1

2
. (3)

The inequality (3) is known as the Boas–Bellman inequality (see [23,24]).
A generalization of the Boas–Bellman inequality was provided by Mitrinović–Pečarić–Fink

([22], p. 392). They proved that, if x, y1, . . . , yn are vectors in H and c1, . . . , cn ∈ C, then the
following inequality holds:∣∣∣∣∣ n

∑
i=1

ci⟨x, yi⟩
∣∣∣∣∣
2

≤ ∥x∥2
n

∑
i=1

|ci|2
max

1≤i≤n
∥yi∥2 +

(
∑

1≤i ̸=j≤n

∣∣〈yi, yj
〉∣∣2) 1

2
. (4)

For n = 2 in (4), we have

|c1⟨x, y1⟩+ c2⟨x, y2⟩|2 (5)

≤ ∥x∥2
(
|c1|2 + |c2|2

)[
max

{
∥y1∥2, ∥y2∥2

}
+
√

2|⟨y1, y2⟩|
]

for complex numbers c1, c2 and vectors x, y1, y2 ∈ H.
By using this result, we can establish the following operator norm inequalities:
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Lemma 1. Let γ, δ ∈ C, U, V ∈ B(H) and p ≥ 1. Then, we have

∥γU + δV∥2p (6)

≤ 2p−1
(
|γ|2 + |δ|2

)p

2p/2wp(V∗U) +


max

{
∥U∥2p, ∥V∥2p

}
,

∥|U|2+|V|2∥p
+∥|U|2−|V|2∥p

2 .


Proof. If we take in (5) c1 = γ̄, δ = δ̄, y1 = Uy and y2 = Vy, then we get

|⟨x, (γU + δV)y⟩|2

≤ ∥x∥2
(
|γ|2 + |δ|2

)[
max

{
∥Uy∥2, ∥Vy∥2

}
+
√

2|⟨V∗Uy, y⟩|
]

= ∥x∥2
(
|γ|2 + |δ|2

)
×
[

1
2

[〈(
|U|2 + |V|2

)
y, y
〉
+
∣∣∣〈(|U|2 − |V|2

)
y, y
〉∣∣∣]+√

2|⟨V∗Uy, y⟩|
]

since

max
{
∥Uy∥2, ∥Vy∥2

}
= max

{〈
|U|2y, y

〉
,
〈
|V|2y, y

〉}
=

1
2

[〈
|U|2y, y

〉
+
〈
|V|2y, y

〉]
+

1
2

∣∣∣〈|U|2y, y
〉
−
〈
|V|2y, y

〉∣∣∣
=

1
2

〈(
|U|2 + |V|2

)
y, y
〉
+

1
2

∣∣∣〈(|U|2 − |V|2
)

y, y
〉∣∣∣

for all x, y ∈ H.
If we take the power p ≥ 1, then we get

|⟨x, (γU + δV)y⟩|2p (7)

≤ ∥x∥2p
(
|γ|2 + |δ|2

)p[
max

{
∥Uy∥2, ∥Vy∥2

}
+
√

2|⟨V∗Uy, y⟩|
]p

= ∥x∥2p
(
|γ|2 + |δ|2

)p

×
[

1
2

[〈(
|U|2 + |V|2

)
y, y
〉
+
∣∣∣〈(|U|2 − |V|2

)
y, y
〉∣∣∣]+√

2|⟨V∗Uy, y⟩|
]p

for all x, y ∈ H.
Using the elementary inequality that follows from the convexity of the power function,

(m + n)p ≤ 2p−1(mp + np), m, n ≥ 0, p ≥ 1,

we get [
max

{
∥Uy∥2, ∥Vy∥2

}
+
√

2|⟨V∗Uy, y⟩|
]p

≤ 2p−1
[
max

{
∥Uy∥2p, ∥Vy∥2p

}
+ 2p/2|⟨V∗Uy, y⟩|p

]
and [

1
2

[〈(
|U|2 + |V|2

)
y, y
〉
+
∣∣∣〈(|U|2 − |V|2

)
y, y
〉∣∣∣]+√

2|⟨V∗Uy, y⟩|
]p

≤ 2p−1



〈(

|U|2 + |V|2
)

y, y
〉
+
∣∣∣〈(|U|2 − |V|2

)
y, y
〉∣∣∣

2

p

+ 2p/2|⟨V∗Uy, y⟩|p


≤ 2p−1


〈(

|U|2 + |V|2
)

y, y
〉p

+
∣∣∣〈(|U|2 − |V|2

)
y, y
〉∣∣∣p

2
+ 2p/2|⟨V∗Uy, y⟩|p


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for all x, y ∈ H.
By utilizing (7) we derive

|⟨x, (γU + δV)y⟩|2p ≤ 23p/2−1∥x∥2p
(
|γ|2 + |δ|2

)p
|⟨V∗Uy, y⟩|p

+ 2p−1∥x∥2p
(
|γ|2 + |δ|2

)p
×


max

{
∥Uy∥2p, ∥Vy∥2p

}
,

⟨(|U|2+|V|2)y,y⟩p
+|⟨(|U|2−|V|2)y,y⟩|p

2

for all x, y ∈ H.
Therefore, by taking the supremum over x, y ∈ H with ∥x∥ = ∥y∥ = 1, we derive

∥(γU + δV)∥2p

= sup
∥x∥=∥y∥=1

|⟨x, (γU + δV)y⟩|2p

≤ 23p/2−1
(
|γ|2 + |δ|2

)p
sup
∥y∥=1

|⟨V∗Uy, y⟩|p

+ 2p−1
(
|γ|2 + |δ|2

)p


sup∥y∥=1 max

{
∥Uy∥2p, ∥Vy∥2p

}
,

sup∥y∥=1

[
⟨(|U|2+|V|2)y,y⟩p

+|⟨(|U|2−|V|2)y,y⟩|p

2

]

≤ 23p/2−1
(
|γ|2 + |δ|2

)p
wp(V∗U) + 2p−1

(
|γ|2 + |δ|2

)p
×


max

{
∥U∥2p, ∥V∥2p

}
,

∥|U|2+|V|2∥p
+∥|U|2−|V|2∥p

2 ,

which proves (6).

Corollary 1. With the assumptions of Lemma 1, we have

∥γU + δV∥2 ≤
(
|γ|2 + |δ|2

)√2w(V∗U) +


max

{
∥U∥2, ∥V∥2

}
,

∥|U|2+|V|2∥+∥|U|2−|V|2∥
2


and

∥γU + δV∥4 ≤ 2
(
|γ|2 + |δ|2

)2

2w2(V∗U) +


max

{
∥U∥4, ∥V∥4

}
,

∥|U|2+|V|2∥2
+∥|U|2−|V|2∥2

2 .


3. Inequalities for Off-Diagonal Operator 2 × 2 Matrix

In this section, we aim to establish some inequalities for the off-diagonal operator
2 × 2 matrix. Our first investigation focuses on stating a result concerning upper bounds
for the power of the numerical radius of the operator matrix. Before stating it, we need to
recall from [20] the following lemma.

Lemma 2. Let A, B ∈ B(H). Then

w
([

0 A
B∗ 0

])
=

1
2

sup
α∈R

∥∥∥eiα A + e−iαB
∥∥∥. (8)
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Now, we can prove the following result.

Theorem 1. Let A, B ∈ B(H) and p ≥ 1, then

w2p
([

0 A
B∗ 0

])
≤ 1

2

2p/2wp(B∗A) +


max

{
∥A∥2p, ∥B∥2p

}
,

∥|A|2+|B|2∥p
+∥|A|2−|B|2∥p

2

 (9)

and

w2p
([

0 A
B∗ 0

])
(10)

≤ 1
2

[
1

2p/2 wp((A − B)∗(A + B)
)
+


1

2p max
{
∥A + B∥2p, ∥A − B∥2p

}]
,

1
2

(∥∥∥|A|2 + |B|2
∥∥∥p

+ 2p∥Re(B∗A)∥p
)]

.

Proof. In (6) choose γ = eiα, δ = e−iα, U = A and V = B, then

∥∥∥eiα A + e−iαB
∥∥∥2p

≤ 25p/2−1wp(B∗A) + 22p−1 ×


max

{
∥A∥2p, ∥B∥2p

}
,

∥|A|2+|B|2∥p
+∥|A|2−|B|2∥p

2

and dividing by 22p, we obtain

1
22p

∥∥∥eiα A + e−iαB
∥∥∥2p

≤ 2p/2−1wp(B∗A) +
1
2
×


max

{
∥A∥2p, ∥B∥2p

}
,

∥|A|2+|B|2∥p
+∥|A|2−|B|2∥p

2

Therefore, by (8), we deduce (9).
Further, observe that

eiα A + e−iαB = (cos α + i sin α)A + (cos α − i sin α)B (11)

= cos α(A + B) + i sin α(A − B)

for α ∈ R.
Now, if we take in (6) γ = cos α, δ = i sin α, U = A + B and V = A − B, then we get∥∥∥eiα A + e−iαB

∥∥∥2p
(12)

≤ 23p/2−1wp((A − B)∗(A + B)
)
+ 2p−1 ×


max

{
∥A + B∥2p, ∥A − B∥2p

}
,

∥|A+B|2+|A−B|2∥p
+∥|A+B|2−|A−B|2∥p

2 .

Observe that
|A + B|2 + |A − B|2 = 2

(
|A|2 + |B|2

)
and

|A + B|2 − |A − B|2 = 4Re(B∗A)
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and by (12), we obtain∥∥∥eiα A + e−iαB
∥∥∥2p

≤ 23p/2−1wp((A − B)∗(A + B)
)
+ 2p−1 ×


max

{
∥A + B∥2p, ∥A − B∥2p

}
,

2p∥|A|2+|B|2∥p
+22p∥Re(B∗A)∥p

2

then dividing by 22p we get the desired inequality (10).

We observe that for p = 1 in (10), we obtain

w2
([

0 A
B∗ 0

])

≤
√

2
4

w
(
(A − B)∗(A + B)

)
+

1
2
×


1
2 max

{
∥A + B∥2, ∥A − B∥2

}
,

∥|A|2+|B|2∥+2∥Re(B∗A)∥
2 ,

while for p = 2, we get

w4
([

0 A
B∗ 0

])

≤ 1
4

w2((A − B)∗(A + B)
)
+

1
2
×


1
4 max

{
∥A + B∥4, ∥A − B∥4

}
,

∥|A|2+|B|2∥2
+4∥Re(B∗A)∥2

2 .

Another result is as follows:

Theorem 2. Let A, B ∈ B(H) and p ≥ 1, then

w2p
([

0 A
B∗ 0

])
≤ 1

2

∥∥∥∥∥ |A|2 + |B|2

2

∥∥∥∥∥
p

+

√
2

4

√
ℓ1(A, B, p) + ℓ2(A, B, p), (13)

where
ℓ1(A, B, p) := 2p/2wp

(
(B∗A)2

)
and

ℓ2(A, B, p) :=


∥B∗A∥2p,

∥|B∗A|2+|A∗B|2∥p
+∥|B∗A|2−|A∗B|2∥p

2 .

Proof. Consider

Hα,A,B :=
eiα A + e−iαB

2
, for α ∈ R.

Observe that

4|Hα,A,B|2 =
∣∣∣eiα A + e−iαB

∣∣∣2 =
(

eiα A + e−iαB
)∗(

eiα A + e−iαB
)

=
(

e−iα A∗ + eiαB∗
)(

eiα A + e−iαB
)

= A∗A + B∗B + e2iαB∗A + e−2iα A∗B

= |A|2 + |B|2 + e2iαB∗A + e−2iα A∗B



Symmetry 2024, 16, 1199 8 of 19

which implies that

|Hα,A,B|2 =
1
2

(
|A|2 + |B|2

2
+

e2iαB∗A + e−2iα A∗B
2

)

for α ∈ R.
By taking the norm, we have

∥Hα,A,B∥2 =

∥∥∥∥∥1
2

(
|A|2 + |B|2

2
+

e2iαB∗A + e−2iα A∗B
2

)∥∥∥∥∥
≤ 1

2

(∥∥∥∥∥ |A|2 + |B|2

2

∥∥∥∥∥+
∥∥∥∥ e2iαB∗A + e−2iα A∗B

2

∥∥∥∥
)

for α ∈ R.
By using the convexity of the power function, we have

∥Hα,A,B∥2p ≤
[

1
2

(∥∥∥∥∥ |A|2 + |B|2

2

∥∥∥∥∥+
∥∥∥∥ e2iαB∗A + e−2iα A∗B

2

∥∥∥∥
)]p

(14)

≤ 1
2

(∥∥∥∥∥ |A|2 + |B|2

2

∥∥∥∥∥
p

+

∥∥∥∥ e2iαB∗A + e−2iα A∗B
2

∥∥∥∥p)

for α ∈ R.
From (6), we get∥∥∥∥ e2iαB∗A + e−2iα A∗B

2

∥∥∥∥2p

≤ 1
2

2p/2wp
(
(B∗A)2

)
+


∥B∗A∥2p,

∥|B∗A|2+|A∗B|2∥p
+∥|B∗A|2−|A∗B|2∥p

2 ,


which, by taking the square root, gives that∥∥∥∥ e2iαB∗A + e−2iα A∗B

2

∥∥∥∥p

≤
√

2
2

√√√√√√2p/2wp
(
(B∗A)2

)
+


∥B∗A∥2p,

∥|B∗A|2+|A∗B|2∥p
+∥|B∗A|2−|A∗B|2∥p

2 .

By making use of (14)

∥Hα,A,B∥2p

≤ 1
2

∥∥∥∥∥ |A|2 + |B|2

2

∥∥∥∥∥
p

+

√
2

4

√√√√√√2p/2wp
(
(B∗A)2

)
+


∥B∗A∥2p,

∥|B∗A|2+|A∗B|2∥p
+∥|B∗A|2−|A∗B|2∥p

2

for α ∈ R. By taking the supremum over α ∈ R and utilizing the representation (8), we can
deduce the desired result (13).
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The following remark provides a special case of the above theorem and is of interest.

Remark 1. For p = 1 we get

w2
([

0 A
B∗ 0

])
≤ 1

2

∥∥∥∥∥ |A|2 + |B|2

2

∥∥∥∥∥+
√

2
4

√
ℓ1(A, B, 1) + ℓ2(A, B, 1)

where
ℓ1(A, B, 1) :=

√
2w
(
(B∗A)2

)
and

ℓ2(A, B, 1) :=


∥B∗A∥2,

∥|B∗A|2+|A∗B|2∥+∥|B∗A|2−|A∗B|2∥
2 .

Our next result reads as follows.

Theorem 3. Let A, B ∈ B(H) and p ≥ 1. Then

w2p
([

0 A
B∗ 0

])
≤ 1

2

∥∥∥∥∥ |A|2 + |B|2

2

∥∥∥∥∥
p

+
√

k1(A, B, p) + k2(A, B, p), (15)

where
k1(A, B, p) := 2p/2−1wp((A∗B − B∗A)(A∗B + B∗A))

and

k2(A, B, p) :=
1
2
×


max

{
∥B∗A + A∗B∥2p, ∥B∗A − A∗B∥2p

}
,

2p∥|B∗A|2+|A∗B|2∥p
+4p∥Re((B∗A)2)∥p

2 .

Proof. Observe that

e2iαB∗A + e−2iα A∗B
2

=
[cos(2α) + i sin(2α)]B∗A + [cos(2α)− i sin(2α)]A∗B

2

=
cos(2α)(B∗A + A∗B) + i sin(2α)(B∗A − A∗B)

2
.

From (6) we get∥∥∥∥cos(2α)(B∗A + A∗B) + i sin(2α)(B∗A − A∗B)
2

∥∥∥∥2p
(16)

≤ 2p/2−1wp((A∗B − B∗A)(A∗B + B∗A))

+
1
2
×


max

{
∥B∗A + A∗B∥2p, ∥B∗A − A∗B∥2p

}
,

∥|B∗A+A∗B|2+|B∗A−A∗B|2∥p
+∥|B∗A+A∗B|2−|B∗A−A∗B|2∥p

2 .

Observe that
|B∗A + A∗B|2 + |B∗A − A∗B|2 = 2

(
|B∗A|2 + |A∗B|2

)
and

|B∗A + A∗B|2 − |B∗A − A∗B|2 = 4Re
(
(B∗A)2

)
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and by (16) we get∥∥∥∥cos(2α)(B∗A + A∗B) + i sin(2α)(B∗A − A∗B)
2

∥∥∥∥2p

≤ 2p/2−1wp((A∗B − B∗A)(A∗B + B∗A))

+
1
2
×


max

{
∥B∗A + A∗B∥2p, ∥B∗A − A∗B∥2p

}
,

2p∥(|B∗A|2+|A∗B|2)∥p
+4p∥Re((B∗A)2)∥p

2 .

= k1(A, B, p) + k2(A, B, p).

By utilizing (14) we then get the desired result (15).

Remark 2. The case p = 1 gives that

w2
([

0 A
B∗ 0

])
≤ 1

2

∥∥∥∥∥ |A|2 + |B|2

2

∥∥∥∥∥+√k1(A, B, 1) + k2(A, B, 1),

where

k1(A, B, 1) :=

√
2

2
w((A∗B − B∗A)(A∗B + B∗A))

and

k2(A, B, 1) :=
1
2
×


max

{
∥B∗A + A∗B∥2, ∥B∗A − A∗B∥2

}
,

∥∥∥|B∗A|2 + |A∗B|2
∥∥∥+ 2

∥∥∥Re
(
(B∗A)2

)∥∥∥.

Moreover, we can state the following result as well:

Theorem 4. Let A, B ∈ B(H) and p ≥ 1. Then

w2p
([

0 A
B∗ 0

])
≤ 1

2p+1 ∥B∗A − A∗B∥p +
1

2
p+3

2

√
m1(A, B, p) + m2(A, B, p),

where
m1(A, B, p) := 2p/2wp

(
|A − B|2|A + B|2

)
and

m2(A, B, p) :=


max

{
∥A + B∥4p, ∥A − B∥4p

}
,

∥∥∥|A+B|4+|A−B|4
∥∥∥p

+
∥∥∥|A+B|4−|A−B|4

∥∥∥p

2 .

Proof. From (11) we have

4|Hα,A,B|2 = |cos α(A + B) + i sin α(A − B)|2

= [cos α(A + B) + i sin α(A − B)]∗[cos α(A + B) + i sin α(A − B)]
=
[
cos α(A + B)∗ − i sin α(A − B)∗

]
[cos α(A + B) + i sin α(A − B)]

= cos2 α|A + B|2 + sin2 α|A − B|2

+ i sin α cos α
[
(A + B)∗(A − B)− (A − B)∗(A + B)

]
(17)

for α ∈ R.
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Observe that

(A + B)∗(A − B)− (A − B)∗(A + B)
= (A∗ + B∗)(A − B)− (A∗ − B∗)(A + B)

= |A|2 + B∗A − A∗B − |B|2 − |A|2 + B∗A − A∗B + |B|2

= 2(B∗A − A∗B).

So, by using (17), we get

4|Hα,A,B|2 = cos2 α|A + B|2 + sin2 α|A − B|2 + 2i sin α cos α(B∗A − A∗B)

namely

|Hα,A,B|2 (18)

=
1
2

(
cos2 α|A + B|2 + sin2 α|A − B|2

2
+ i sin α cos α(B∗A − A∗B)

)

for α ∈ R.
If we take the norm in (18), we get

∥Hα,A,B∥2 =

∥∥∥∥∥1
2

(
cos2 α|A + B|2 + sin2 α|A − B|2

2
+ i sin α cos α(B∗A − A∗B)

)∥∥∥∥∥
≤ 1

2

(∥∥∥∥∥cos2 α|A + B|2 + sin2 α|A − B|2

2

∥∥∥∥∥+ |sin α cos α|∥B∗A − A∗B∥
)

for α ∈ R.
Further, if we take the power p ≥ 1 and use the convexity of the power function,

we obtain

∥Hα,A,B∥2p ≤ 1
2

∥∥∥∥∥ cos2 α|A + B|2 + sin2 α|A − B|2

2

∥∥∥∥∥
p

(19)

+
1

2p+1 |sin(2α)|p∥B∗A − A∗B∥p

≤ 1
2

∥∥∥∥∥ cos2 α|A + B|2 + sin2 α|A − B|2

2

∥∥∥∥∥
p

+
1

2p+1 ∥B∗A − A∗B∥p

for α ∈ R.
By (6) we get∥∥∥∥∥cos2 α|A + B|2 + sin2 α|A − B|2

2

∥∥∥∥∥
2p

≤ 2p−1

(
cos4 α + sin4 α

22

)p

×

2p/2wp
(
|A − B|2|A + B|2

)
+


max

{∥∥∥|A + B|2
∥∥∥2p

,
∥∥∥|A − B|2

∥∥∥2p
}

,

∥∥∥|A+B|4+|A−B|4
∥∥∥p

+
∥∥∥|A+B|4−|A−B|4

∥∥∥p

2 .


≤ 1

2p+1 (m1(A, B, p) + m2(A, B, p))
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since
cos4 α + sin4 α ≤ cos2 α + sin2 α = 1, α ∈ R,

which gives that∥∥∥∥∥cos2 α|A + B|2 + sin2 α|A − B|2

2

∥∥∥∥∥
p

≤ 1

2
p+1

2

√
m1(A, B, p) + m2(A, B, p).

By making use of (19)

∥Hα,A,B∥2p

≤ 1
2

∥∥∥∥∥cos2 α|A + B|2 + sin2 α|A − B|2

2

∥∥∥∥∥
p

+
1

2p+1 |sin(2α)|p∥B∗A − A∗B∥p

≤ 1
2p+1 ∥B∗A − A∗B∥p +

1

2
p+3

2

√
m1(A, B, p) + m2(A, B, p)

for α ∈ R. By taking the supremum over α ∈ R and utilizing the representation (8), we
obtain the desired result.

For p = 1, we obtain the simpler inequality

w2
([

0 A
B∗ 0

])
≤ 1

4
∥B∗A − A∗B∥p +

1
4

√
m1(A, B, 1) + m2(A, B, 1),

where
m1(A, B, 1) :=

√
2wp

(
|A − B|2|A + B|2

)
and

m2(A, B, 1) :=


max

{
∥A + B∥4, ∥A − B∥4

}
,

∥∥∥|A+B|4+|A−B|4
∥∥∥+∥∥∥|A+B|4−|A−B|4

∥∥∥
2 .

We conclude this section with the following result.

Theorem 5. Let A, B ∈ B(H) and p ≥ 1. Then for α ∈ R, we have

w2p
([

0 A
B∗ 0

])
≤ 1

2p+1 wp(K(α, A, B)) (20)

+ 2p−1 ×


1

22p max
{
∥L(α, A, B)∥p, ∥M(α, A, B)∥p},

∥∥∥∥ |A|2+|B|2
2 + 1

2 i sin(2α)(B∗A−A∗B)
∥∥∥∥p

+|cos(2α)|p∥Re(B∗A)∥p

2 ,

where

K(α, A, B) := sin(2α)Re(A∗B)

+ i
[
cos2 α(A∗ − B∗)(A + B) + sin2 α(A∗ + B∗)(A − B)

]
,

L(α, A, B) := cos2 α|A + B|2 + sin2 α|A − B|2 + i sin(2α)(B∗A − A∗B)

and
M(α, A, B) := sin2 α|A + B|2 + cos2 α|A − B|2 + i sin(2α)(B∗A − A∗B).
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Proof. Observe that

Hα,A,B :=
eiα A + e−iαB

2
=

1
2
[cos α(A + B) + i sin α(A − B)]

for α ∈ R.
Observe that, for all α, β ∈ R, we have

cos βHα,A,B + sin βHα+ π
2 ,A,B

=
1
2

cos β[cos α(A + B) + i sin α(A − B)]

+
1
2

sin β
[
cos
(

α +
π

2

)
(A + B) + i sin

(
α +

π

2

)
(A − B)

]
=

1
2

cos β[cos α(A + B) + i sin α(A − B)]

+
1
2

sin β[− sin α(A + B) + i cos α(A − B)]

=
1
2
(cos β cos α − sin β sin α)(A + B)

+
1
2

i(cos β sin α + sin α cos α)(A − B)

=
1
2
[cos(α + β)(A + B) + i sin(α + β)(A − B)] = Hα+β,A,B.

From (6), with γ = cos β, δ = sin β, U = Hα,A,B and V = Hα+ π
2 ,A,B, we obtain

∥∥Hα+β,A,B
∥∥2p ≤ 23p/2−1wp

(
H∗

α+ π
2 ,A,BHα,A,B

)
(21)

+ 2p−1 ×


max

{
∥Hα,A,B∥2p,

∥∥∥Hα+ π
2 ,A,B

∥∥∥2p
}

,

∥∥∥∥∥|Hα,A,B|2+
∣∣∣∣Hα+ π

2 ,A,B

∣∣∣∣2
∥∥∥∥∥

p

+

∥∥∥∥∥|Hα,A,B|2−
∣∣∣∣Hα+ π

2 ,A,B

∣∣∣∣2
∥∥∥∥∥

p

2 .

Observe that

H∗
α+ π

2 ,A,BHα,A,B

=
1
4
[− sin α(A + B) + i cos α(A − B)]∗[cos α(A + B) + i sin α(A − B)]

=
1
4
[− sin α(A∗ + B∗)− i cos α(A∗ − B∗)][cos α(A + B) + i sin α(A − B)]

=
1
4

[
− sin α cos α|A + B|2 − i cos2 α(A∗ − B∗)(A + B)

−i sin2 α(A∗ + B∗)(A − B) + sin α cos α|A − B|2
]

=
1
4

[
sin α cos α

(
|A − B|2 − |A + B|2

)]
− 1

4
i
[
cos2 α(A∗ − B∗)(A + B) + sin2 α(A∗ + B∗)(A − B)

]
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This implies that

H∗
α+ π

2 ,A,BHα,A,B

=
1
4
[− sin α cos α(B∗A + A∗B)]

− 1
4

i
[
cos2 α(A∗ − B∗)(A + B) + sin2 α(A∗ + B∗)(A − B)

]
= −1

4
[2 sin α cos αRe(A∗B)]

− 1
4

i
[
cos2 α(A∗ − B∗)(A + B) + sin2 α(A∗ + B∗)(A − B)

]
= −1

4
{sin(2α)Re(A∗B)

+i
[
cos2 α(A∗ − B∗)(A + B) + sin2 α(A∗ + B∗)(A − B)

]}
.

So,

H∗
α+ π

2 ,A,BHα,A,B = −1
4

K(α, A, B).

On the other hand, we see that

|Hα,A,B|2

=
1
4
[cos α(A + B) + i sin α(A − B)]∗[cos α(A + B) + i sin α(A − B)]

=
1
4
[cos α(A∗ + B∗)− i sin α(A∗ − B∗)][cos α(A + B) + i sin α(A − B)]

=
1
4

[
cos2 α|A + B|2 + sin2 α|A − B|2

]
+

1
4

i sin α cos α[(A∗ + B∗)(A − B)− (A∗ − B∗)(A + B)]

=
1
4

[
cos2 α|A + B|2 + sin2 α|A − B|2

]
+

1
4

i sin(2α)(B∗A − A∗B)

=
1
4

[
cos2 α|A + B|2 + sin2 α|A − B|2 + i sin(2α)(B∗A − A∗B)

]
.

Thus,

|Hα,A,B|2 =
1
4

L(α, A, B).

In addition, we have∣∣∣Hα+ π
2 ,A,B

∣∣∣2
=

1
4
[− sin α(A + B) + i cos α(A − B)]∗[− sin α(A + B) + i cos α(A − B)]

=
1
4
[− sin α(A∗ + B∗)− i cos α(A∗ − B∗)][− sin α(A + B) + i cos α(A − B)]

=
1
4

[
sin2 α|A + B|2 + cos2 α|A − B|2

]
+

1
8

i sin(2α)[(A∗ − B∗)(A + B)− (A∗ + B∗)(A − B)]

=
1
4

[
sin2 α|A + B|2 + cos2 α|A − B|2 + i sin(2α)(B∗A − A∗B)

]
=

1
4

M(α, A, B).
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This gives that

|Hα,A,B|2 +
∣∣∣Hα+ π

2 ,A,B

∣∣∣2
=

1
4

[
cos2 α|A + B|2 + sin2 α|A − B|2 + i sin(2α)(B∗A − A∗B)

]
+

1
4

[
sin2 α|A + B|2 + cos2 α|A − B|2 + i sin(2α)(B∗A − A∗B)

]
=

1
4

[
|A + B|2 + |A − B|2 + 2i sin(2α)(B∗A − A∗B)

]
=

1
4

[
2
(
|A|2 + |B|2

)
+ 2i sin(2α)(B∗A − A∗B)

]
=

|A|2 + |B|2

2
+

1
2

i sin(2α)(B∗A − A∗B)

and

|Hα,A,B|2 −
∣∣∣Hα+ π

2 ,A,B

∣∣∣2
=

1
4

[
cos2 α|A + B|2 + sin2 α|A − B|2 + i sin(2α)(B∗A − A∗B)

]
− 1

4

[
sin2 α|A + B|2 + cos2 α|A − B|2 + i sin(2α)(B∗A − A∗B)

]
=

1
4

[
cos(2α)|A + B|2 − cos(2α)|A − B|2

]
=

1
4

cos(2α)
[
|A + B|2 − |A − B|2

]
= cos(2α)Re(B∗A).

By using (21) we get

∥∥Hα+β,A,B
∥∥2p ≤ 1

23p+1 wp(K(α, A, B))

+ 2p−1


1

22p max
{
∥L(α, A, B)∥p, ∥M(α, A, B)∥p},

∥∥∥∥ |A|2+|B|2
2 + 1

2 i sin(2α)(B∗A−A∗B)
∥∥∥∥p

+|cos(2α)|p∥Re(B∗A)∥p

2

for α, β ∈ R. By taking the supremum over β ∈ R, we get (20) as desired.

Remark 3. For p = 1, we get

w2
([

0 A
B∗ 0

])

≤
√

2
4

w(K(α, A, B)) +


1
4 max{∥L(α, A, B)∥, ∥M(α, A, B)∥},

∥∥∥∥ |A|2+|B|2
2 + 1

2 i sin(2α)(B∗A−A∗B)
∥∥∥∥+|cos(2α)|∥Re(B∗A)∥

2

For α = 0 we have
K(0, A, B) := i(A∗ − B∗)(A + B),

L(0, A, B) := |A + B|2

and
M(0, A, B) := |A − B|2

and by (20), we recapture (10).
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If we take α = π/4, then we have

K(π/4, A, B) = Re(A∗B) +
1
2

i[(A∗ − B∗)(A + B) + (A∗ + B∗)(A − B)]

= Re(A∗B) + i
(
|A|2 − |B|2

)

L(π/4, A, B) =
1
2

[
|A + B|2 + |A − B|2

]
+ i(B∗A − A∗B)

= |A|2 + |B|2 + i(B∗A − A∗B) = |A − iB|2

and
M(π/4, A, B) = L(π/4, A, B).

By (20), we get

w2p
([

0 A
B∗ 0

])
(22)

≤ 1
2p/2+1 wp

(
Re(A∗B) + i

(
|A|2 − |B|2

))
+ 2p−1 ×


1

4p ∥A − iB∥2p,

∥∥∥∥ |A|2+|B|2
2 + 1

2 i(B∗A−A∗B)
∥∥∥∥p

2 ,

and for p = 1, we derive

w2
([

0 A
B∗ 0

])
≤

√
2

4
w
(

Re(A∗B) + i
(
|A|2 − |B|2

))
+


1
4∥A − iB∥2,

∥∥∥∥ |A|2+|B|2
2 + 1

2 i(B∗A−A∗B)
∥∥∥∥

2

4. Inequalities for One Operator

In this section, we present some applications of our results. By setting B = A∗ in
Theorems 1 and 2, we obtain the following upper bounds for the power 2p of the numerical
radius for p ≥ 1:

w2p(A) ≤ 1
2

2p/2wp
(

A2
)
+


∥A∥2p,

∥|A|2+|A∗ |2∥p
+∥|A|2−|A∗ |2∥p

2 ,



w2p(A)

≤ 1
2

[
1

2p/2 wp((A∗ − A)(A + A∗)) +


1

2p max
{
∥A + A∗∥2p, ∥A − A∗∥2p

}]
,

1
2

(∥∥∥|A|2 + |A∗|2
∥∥∥p

+ 2p
∥∥Re

(
A2)∥∥p

)]
and

w2p(A) ≤ 1
2

∥∥∥∥∥ |A|2 + |A∗|2

2

∥∥∥∥∥
p

+

√
2

4

√
2p/2wp(A4) + ℓ(A, Bp)

where

ℓ(A, p) :=


∥∥A2

∥∥2p,

∥∥∥|A2|2+|(A∗)2|2
∥∥∥p

+
∥∥∥|A2|2−|(A∗)2|2

∥∥∥p

2 .
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Now, if we utilize the inequalities from Theorems 3 and 5 for the same choice B = A∗,
we have:

w2p(A) ≤ 1
2

∥∥∥∥∥ |A|2 + |A∗|2

2

∥∥∥∥∥
p

+
√

k1(A, p) + k2(A, p),

where
k1(A, p) := 2p/2−1wp

((
(A∗)2 − A2

)(
(A∗)2 + A2

))
and

k2(A, p) :=
1
2
×


max

{∥∥∥(A∗)2 + A2
∥∥∥2p

,
∥∥∥(A∗)2 − A2

∥∥∥2p
}

,

2p
∥∥∥|A2|2+|(A∗)2|2

∥∥∥p
+4p

∥∥∥Re
(
(A)4

)∥∥∥p

2 ,

and
w2p(A) ≤ 1

2p+1

∥∥∥A2 − (A∗)2
∥∥∥p

+
1

2
p+3

2

√
m1(A, B, p) + m2(A, B, p),

where
m1(A, p) := 2p/2wp

(
|A − A∗|2|A + A∗|2

)
and

m2(A, B, p) :=


max

{
∥A + A∗∥4p, ∥A − A∗∥4p

}
,

∥∥∥|A+A∗ |4+|A−A∗ |4
∥∥∥p

+
∥∥∥|A+A∗ |4−|A−A∗ |4

∥∥∥p

2 .

Moreover, we have

w2p(A)

≤ 1
2p+1 wp(K(α, A)) + 2p−1 ×


1

22p max
{
∥L(α, A)∥p, ∥M(α, A)∥p},

∥∥∥∥ |A|2+|A∗ |2
2 + 1

2 i sin(2α)(A2−(A∗)2)
∥∥∥∥p

+|cos(2α)|p∥Re(A2)∥p

2 ,

where

K(α, A) := sin(2α)Re
(
(A∗)2

)
+ i
[
cos2 α(A∗ − A)(A + A∗) + sin2 α(A∗ + A)(A − A∗)

]
,

L(α, A) := cos2 α|A + A∗|2 + sin2 α|A − A∗|2 + i sin(2α)
(

A2 − (A∗)2
)

and
M(α, A) := sin2 α|A + A∗|2 + cos2 α|A − A∗|2 + i sin(2α)

(
A2 − (A∗)2

)
for α ∈ R.

Finally, from (22) we get for B = A∗ that

w2p(A)

≤ 1
2p/2+1 wp

(
Re
(
(A∗)2

)
+ i
(
|A|2 − |A∗|2

))
+ 2p−1 ×


1

4p ∥A − iA∗∥2p,

∥∥∥∥ |A|2+|A∗ |2
2 + 1

2 i(A2−(A∗)2)
∥∥∥∥p

2 .
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5. Conclusions

In this paper, we have used a generalization of the Boas–Bellman inequality, known
as the Mitrinović–Pečarić–Fink inequality, to find new upper bounds for the 2p-th power
of the numerical radius of off-diagonal 2 × 2 operator matrices. Our results provide more
varied and comprehensive bounds compared to those found in recent papers like [19–21].
Specifically, for the case p = 1, our bounds have different forms, making them unique and
not directly comparable to those in the other papers.

The key innovation in our work is the use of the Mitrinović–Pečarić–Fink generaliza-
tion, which has not been applied before in this context. This approach has allowed us to
discover new inequalities, especially when the matrix becomes symmetric.

While our results add to the understanding of numerical radius inequalities, they also
open up possibilities for future research. As noted in [5], upper bounds for the numerical
radius can be useful in areas like approximating polynomial solutions or estimating the
numerical radius of the Frobenius companion matrix, as discussed in [17]. These potential
applications go beyond the scope of this paper and could be explored in future studies.

In summary, this work serves as a starting point for further research. We hope that
the methods and results presented here will inspire more studies that continue to explore
power inequalities and their uses in operator theory.
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