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ABSTRACT 
      The heat and mass transfer phenomena that occur in beds of 
ventilated hygroscopic porous media are coupled.  This results 
in two transfer waves traversing bulks of porous medium that 
initially have a uniform temperature and moisture content, and 
that are subsequently ventilated with air that is not in 
thermodynamic equilibrium with the solids.   The more rapidly 
travelling wave is known as a temperature wave and the slower 
wave is known as the moisture wave.  Between the two waves 
the bed of porous medium is at its dwell state.  In an Eulerian 
formulation of the differential equations that govern heat and 
mass transfer in beds of hygroscopic porous media a solution is 
obtained using computational fluid dynamics software.  This 
approach has the advantage of enabling a wide range of 
geometries and operating conditions to be investigated.  A 
second analysis relies on the observation that thermodynamic 
states of transfer waves lie on straight lines in ln r - ln sp  space.       
The Lagrangian analysis is used to investigate the effect on heat 
and mass transfer of the differential of the integral heat of 
wetting of the solids with respect to temperature.  The 
numerical and analytical solutions are compared, and it is 
shown that the numerical solution captures dispersive effects 
arising from the finite intra-particle resistance to moisture 
transfer and thermal conductivity.  It is observed that 
accounting for the differential of the integral heat of wetting of 
the solids with respect to temperature in the analysis has a 
significant effect on the predicted velocity of the temperature 
wave.  However, this may be an artifice arising from the fact 
that the sorption isotherm was obtained by extrapolation to low 
moisture contents.  It may be that sorption isotherms need to be 
constrained to ensure that the ratio of the differential heat of 
sorption to the latent heat of vaporisation of water is 
independent of temperature.  It is shown that such isotherms do 
indeed lessen the effects of the integral heat of wetting on the 
velocity of the temperature wave.  However, the velocity of the 

moisture transfer wave is found to be strongly dependent on the 
form of the isotherm. 
 
NOMENCALTURE 
ACP [1/ºC] Constant in the Chung-Pfost isotherm 

equation 
Ai [..] Velocity ratio 
BCP [..] Constant in the Chung-Pfost isotherm 

equation 
CCP [ºC] Constant in the Chung-Pfost isotherm 

equation 
A,..,D [..] Constants in Hunter’s isotherm equation 
ca   [J/(kg.ºC)] Specific heat of dry air. 
cs   [J/(kg.ºC)] Specific heat of dry grain. 
cw   [J/(kg.ºC)] Specific heat liquid water. 
Deff [m2/s] The effective diffusion coefficient of 

water vapour in air.  
dma [kg] Mass of air that enters a region of a 

travelling wave. 
dma [kg] Mass of solids in an incremental length of 

a travelling wave. 
dx [m] Incremental distance along the bed of 

porous medium. 
h [J/kg] Specific enthalpy of moist air.   
ho      [ J/kg] Specific enthalpy of dry air. 

o
ah  [J/kg] Specific enthalpy of dry air at oT  °C.  

hs      [J/kg] Differential heat of wetting of solids.  
o
sh  [J/kg] Specific enthalpy of dry solid at oT  °C,  

hw        [J/kg] Differential heat of wetting. 
o
wh  [J/kg] Specific enthalpy of liquid water at oT  °C 

hv [J/kg] Latent heat of vaporisation of water. 
o
vh  [J/kg] Latent heat of vaporisation of water at oT  

°C. 
H [J/kg] Specific enthalpy of moist solids.  
HW [J/kg] Integral heat of wetting of solids, J/kg. 



    

i [..] Refers to the temperature wave (i =1) or 
moisture wave (i = 2) 

k [1/s] Drying constant.  
keff [W/(m.ºC)] Effective thermal conductivity of a porous 

medium,  
p [Pa ] Vapour pressure of water. 
pd [Pa ] Saturation vapour pressure of water at the 

dwell state. 
ps [Pa ] Saturation vapour pressure of water. 
r [..] Relative humidity 
S1 [..] Slope of the temperature transfer wave in 

ln r - ln sp  space 
S2 [..] Slope of the moisture transfer wave in  

ln r - ln sp  space. 
rd [..] Relativive humidity at the dwell state 
R [Pam3/(kgK)]Gas constant. 
t [s] Time. 
T [ºC ] Temperature. 
va [m/s] Component of velocity of air through the 

bed of porous medium. 
va  [m/s]  Velocity of air through the bed of porous 

medium. 
vf,i [m/s]  Component of velocity of the ith drying 

wave that traverses the bed. 
vsi [m/s]  Component of velocity of a point on the 

wave that traverses the bed. 
w [kg/kg] Humidity of air. 
W [kg/kg] Moisture content of solid phase. 
We [kg/kg] Equilibrium moisture content. 
Wo [kg/kg] An empirical moisture content in Hunter’s 

isotherm. 
x [m] Distance measured from the air inlet. 
 
Greek symbols 
ε  [..] Void fraction of the bed of grains 

gε  [..] Emissivity of grains 

aρ  [kg/ m3] Density of dry air.  

sρ  [kg/ m3] Density of solid phase 

 
 
INTRODUCTION 
      Hygroscopic porous media are used in a wide range of 
industries.  There is increasing interest in using beds of silica 
gel, for example, to remove moisture from air in air-
conditioning systems such as those developed by Dai et al. [1] 
and Thorpe and Chen [2].   Other solid desiccants that comprise 
bentonite, calcium chloride and vermiculite have been used to 
dry air that is subsequently used to dry horticultural produce 
(Shanmugan and Natarajan, [3]).    Stored grains, such as wheat 
and rice, also comprise hygroscopic media that benefit from 
being cooled and dried if their properties are to be preserved, 
hence a good understanding of the heat and mass transfer 
processes that occur in bulks of ventilated grain are extremely 
useful. 
 

When beds of non-hygroscopic media that have an initially 
uniform temperature distribution are ventilated with air of a 
different, but constant, temperature one temperature wave 
traverses the bed.  After the bed has been ventilated for a while 
a temperature wave forms, indicated by line ‘a’ in Figure1.  The 
solids downstream of the leading edge of the temperature wave 
remains unaffected by the conditions of the inlet air the porous 
medium remains at its initial temperature.  The region upstream 
of the wave approaches thermal equilibrium with the 
ventilating air entering the bed.  There is a continuous 
temperature wave through the bed of porous medium between 
the leading and trailing edges of the temperature wave.  When 
beds of hygroscopic porous media are ventilated with moist air 
they usually adsorb and desorb moisture which greatly affects 
their thermodynamic behaviour.  For example, consider a bed 
of hygroscopic porous medium that has been dried so that the 
relative humidity of the intergranular or interstitial air is low.  
The bed is then ventilated with air that has a high relative 
humidity and a lower temperature than the solids.  Two waves 
form in this situation, as indicated by line ‘b’ in Figure 1.  The 
wave with the higher velocity is known as a temperature wave 
because there is often a relatively large temperature difference 
across the wave, and the slower moving velocity is known as a 
moisture wave because there is typically a significant 

 

 
Figure 1.  The effects of hygroscopy on the 
passage of transfer waves through beds of 
ventilated porous media.  Curve ‘a’ depicts 
the passage of a temperature wave through a 
non-hygroscopic medium, and curve ‘b’ 
shows the formation of plateau or dwell state 
upstream of a temperature wave.  A moisture 
transfer wave is forming upstream of the 
dwell state. 

 
difference in the solids moisture content across the wave.  The 
region between the two waves is known as the dwell state.  The 
velocity of the temperature wave is typically two orders of 
magnitude greater than that of the temperature wave; in turn the 
speed of the temperature wave is about 3 orders of magnitude 



    

less than the face velocity of the air through the bed of 
hygroscopic porous medium (Thorpe, 2001). 
 
TWO APPROACHES TO ANALYSING HEAT AND 
MOISTURE TRANSFER IN HYGROSCOPIC POROUS 
MEDIA 
      The thermodynamic phenomena that occur in beds of 
ventilated hygroscopic porous media are analysed by 
formulating the partial differential equations that govern 
simultaneous heat and moisture transfer between the solid and 
fluid phases.  These are prescribed by the physics of the system, 
and to that extent they are immutable in so far as the laws of 
physics are immutable.  However, certain approximations can 
be made to their formulations that render their solutions 
analytically tractable.  In this paper we consider two 
formulations and solutions of the governing equations, namely: 
 

1) The governing equations are formulated to 
account for intra-particle resistance to mass 
transfer and thermal dispersion, and they are 
solved numerically. 

2) Thermodynamic equilibrium is assumed 
between the hygroscopic porous solid and the 
interstitial air.  The resulting equations have 
closed form solutions. 

 
      The two methods are quite distinct, and both are useful 
under different circumstances.  The capability of solving the 
equations numerically enables designers to analyse the 
performance of beds of hygroscopic materials operating with 
arbitrary geometries and with arbitrary initial and boundary 
conditions.  In this work we shall demonstrate how the analysis 
can be incorporated as a user-defined function into commercial 
computational fluid dynamics software that increases its 
flexibility even further.  Numerical solutions also permit more 
physical phenomena to be incorporated into the governing 
equations.  For example, Thorpe and Whitaker [4],[5] have 
shown that thermal equilibrium is closely  approached in beds 
of hygroscopic porous media, but moisture equilibrium is less 
likely to be approached, especially when it is desired to dry, 
rather than simply cool a bed of porous media.  The effects of 
intra-particle resistance to mass transfer are included in the 
numerical model presented in this work. 
      Analytical solutions to the governing equations remain 
extremely valuable because they enable the effects of changes 
to operating conditions and physical properties on the 
behaviour of ventilated beds of hygroscopic media to be 
obtained explicitly.  In this work we consider a formulation of 
the equations that assume thermodynamic equilibrium exists 
between the solid and the interstitial air, and we use Hunter’s 
[6] method to obtain their solution.  The solution of the 
governing equations provides useful information on the speeds 
of temperature and moisture fronts through beds of hygroscopic 
porous media, and the dwell temperature.  The sorption 
isotherm that relates the moisture content of the interstitial air 
with the temperature and moisture content of the solids also 
plays a key rôle in the analysis. When Hunter [6] formulated 
the governing equations he assumed that the integral heat of 

wetting of porous hygroscopic porous media is not a function 
of temperature.  An order of magnitude suggests that this may 
be approximately correct, particularly if one can assume that 
the ratio of the differential heat of sorption to latent heat of 
vaporisation of water is independent of temperature.  This 
happens to be approximately the case for silica gel.    If this is 
also true for hygroscopic media in general it must be reflected 
in the form of the sorption isotherm.  In this work we 
investigate the effects of the apparent dependence of the 
integral heat of wetting on temperature on the behaviour of 
ventilated hygroscopic porous media.   
 
FORMULATION OF THE GOVERNING EQUATIONS – 
AN EULERIAN APPROACH 
      In our numerical solution of the governing equation we 
adopt an Eulerian approach, that is we perform enthalpy and 
mass balances on a differential volume of the porous medium 
fixed in space. 
 
Moisture balance 
      A moisture balance on a differential volume is expressed as  
 

( ) ( ) ( ) 0vs s a a
a a a

W w
w

t t
ρ ε ρ ε

ρ ε
∂ ∂

+ +∇ ⋅ =
∂ ∂

 (1) 

 
in which sρ  and sε  are respectively the density (dry matter 
basis) and the volume fraction of the solid matter in the 
hygroscopic porous medium, W  is the mean moisture content 
(fractional dry basis) of the solids, aρ  is the density of dry air 
in the interstitial air, w is the absolute humidity of the air and 

aε  is the void fraction of the bed of grain ( 1 sε= − ).  The mean 
velocity of dry air through the interstices of the grain bed is 
represented by va .  In some biological systems, such as bulk 
stored grains, the solid substrate can be consumed by fungi 
hence s sρ ε  and aε  are not necessarily constant, but in this 
study we assume that these biological activities are negligible. 
 
      A moisture balance on the solid phase can be expressed in 
the form 

( )e
W k W W
t

∂
= − −

∂
   (2) 

in which k is the ubiquitous drying constant and eW  is the 
moisture content of the solid phase in thermodynamic 
equilibrium with the interstitial air. 
 
Enthalpy balance 
      It has been noted above that the air and the grains are in 
thermal equilibrium and the enthalpy balance on the air and 
solids is written as 
 
( ) ( ) ( ) 2vs s a a

a a a eff

H h
h k T

t t
ρ ε ρ ε

ρ ε
∂ ∂

+ +∇ ⋅ ⋅ = ∇
∂ ∂

 (3) 

 
in which H is the specific enthalpy of the moist solids phase 
and h is the specific enthalpy of the moist interstitial air.  The 



    

thermal conductivity, keff, of the porous medium is taken to be 
isotropic. 
 
      The specific enthalpy, H, of the moist solids is defined by 
 
      ( ) ( )( )s s W w wH h c T T H W h c T T= + − + + + −o o o o  (4) 

 
in which the subscripts ‘s’ and ‘w’ refer to the solid substrate 
and moisture respectively.  sho  and who  are standard enthalpies 
determined at some standard temperature T o , and these do not 
have to be calculated because when enthalpy conservation 
equations are balanced they do not figure in the result.  This 
helps to serve as a check on the algebra.  HW is the integral heat 
of wetting of the solid phase expressed in J/kg of dry solid.  
The integral heat of wetting becomes increasingly negative as 
the moisture content increases and this implies that the internal 
energy of the solid decreases as it becomes wetter.  The specific 
heats of dry solid and liquid water are cs and cw respectively. 
 
The enthalpy of water vapour, hw, is given by 
 

( )w w w vh h c T T h= + − +o o    (5) 
 
where hv is the latent heat of vaporisation of liquid water at 
temperature T.   
 
      Expanding equation 3 results in 
 

   
( ) ( ) 2va a

s s a a a eff

hH h k T
t t

ρ ε
ρ ε ρ ε

∂∂
+ +∇ ⋅ ⋅ = ∇

∂ ∂
 (6)  

 
Equation 6 can be expressed in terms of physical properties by 
noting the following relationships 
 

 H H W H T
t W t T t

∂ ∂ ∂ ∂ ∂
= +

∂ ∂ ∂ ∂ ∂
   (7) 

 

( )W
w w

HH h c T T
W W

∂∂
= + + −

∂ ∂
o o   (8) 

 

 W
s w

HH c c W
T T

∂∂
= + +

∂ ∂
   (9) 

w v
w

h hT Tc
t t T t

∂ ∂∂ ∂
= +

∂ ∂ ∂ ∂
   (10) 

 

    v
w w

h
h c T T

T
∂

∇ = ∇ + ∇
∂

   (11) 

    
t
Tc

t
h

a
a

∂
∂

=
∂
∂

    (12) 

 
       a ah c T∇ = ∇    (13) 
 

We also note that the enthalpy of the interstitial air is the sum 
of the enthalpies of dry air and water vapour, hence 
 

( ) ( )( ){ }o o o o
a a a a a a w w vh h c T T w h c T T hρ ε ρ ε= + − + + − + (14) 

 
Making use of equations 7 to 14 and inserting them into 
equation 6 enables one to write 
 

     

( )

( )( )

2

v v

v

W
s s s w

W
s s w w

s s w w v a a a

a a a a a w a a w a a

v v
a a a a i eff

H Tc c W
T t

H Wh c T T
W t

W Th c T T h c
t t

Tc T wc wc T
t

h hTw w T k T
T t T

ρ ε

ρ ε

ρ ε ρ ε

ρ ε ρ ε ρ ε

ρ ε ρ ε

∂ ∂⎛ ⎞+ +⎜ ⎟∂ ∂⎝ ⎠
∂ ∂⎛ ⎞+ + + −⎜ ⎟∂ ∂⎝ ⎠

∂ ∂
− + − + +

∂ ∂
∂

+ ⋅∇ + + ⋅∇
∂

∂ ∂∂
+ + ⋅∇ = ∇

∂ ∂ ∂

o o

o o  (15) 

 
Cancelling out the repeated factors in equation 15 leads to 

     

2

v

v

v

W W
s s s w s s v

a a a a a a a a w a

v
a w a a a a

v
a a a eff

H HT Wc c W h
T t W t

T Tc c T wc
t t

h Twc T w
T t

h
w T k T

T

ρ ε ρ ε

ρ ε ρ ε ρ ε

ρ ε ρ ε

ρ ε

∂ ∂∂ ∂⎛ ⎞ ⎛ ⎞+ + + −⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠
∂ ∂

+ + ⋅∇ +
∂ ∂

∂ ∂
+ ⋅∇ +

∂ ∂
∂

+ ⋅∇ = ∇
∂

 (16) 

 
This equation can be further simplified by noting that the 
differential heat of sorption of water on the solids, hs, is defined 
as 
 

s v wh h h= −     (17) 
 
in which hw is the differential heat of wetting of the solids, a 
negative quantity.  The heat of sorption is the energy that must 
be supplied to one kg of water bound to the solid substrate to 
convert it to the vapour form. The differential heat of wetting of 
hygroscopic solids is the decrease in energy a mass of grains 
when one kg of water is added to it at a given moisture content.  
The reason the energy of the dry solids is reduced in the 
wetting process is that they have the capacity to perform work 
on water molecules by attracting them to their surfaces – as the 
grains become more moist this potential energy gets less and 
this is reflected in the enthalpy of the grains. 
 
The integral heat of wetting, HW, is defined by 
 

0

W

W wH h dW= ∫    (18) 

and this is the total reduction in surface energy of the solids 
when they adsorb moisture.  The latent heat of vaporisation of 



    

water is independent of the solids moisture content so we can 
write 
 

( )
0

W

W v w vH h W h h dW− = −∫   (19) 

or 
    

0

W

W v sH h W h dW− = −∫    (20) 

The definition of the integral heat of wetting, equation 16, 
enables one to write 

       W
w

H
h

W
∂

=
∂

    (21) 

 
hence from equation 19 
 

  W
v s

H
h h

W
∂

− = −
∂

   (22) 

 
Equations 19 and 22 enable equation 16 to be written as 
 

2v

W v
s s s w a a a w

v
a a a a w eff s s s

H hT Tc c W c wc w
T t T t

h Wc wc w T k T h
T t

ρ ε ρ ε

ρ ε ρ ε

∂ ∂∂ ∂⎛ ⎞ ⎛ ⎞+ + + + +⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠
∂ ∂⎛ ⎞+ + + ⋅∇ = ∇ +⎜ ⎟∂ ∂⎝ ⎠

 

        (23)  
 
Equation 23 has been written with a source term, s s sh W tρ ε ∂ ∂ , 
on the right hand side.  This puts it into the widely recognised 
form used by the authors of computational fluid dynamics 
software, i.e. the transport equation consists of transient, 
advection, dispersive and source terms.  In this paper the 
equations were formulated in Fluent [7] and the source term 
was written as part of a user-defined function and hooked into 
the thermal energy equation.  It was also necessary to define a 
scalar, namely the humidity, w, of the interstitial air.  The 
governing equation, obtained from equations 1 and 2 is 
 

  ( )2va a a a a a eff s s e
w w D w k W W
t

ρ ε ρ ε ρ ρ ε∂
+ ⋅∇ = ∇ + −

∂
 (24) 

 
This equation is in the standard form required by Fluent [7], 
and it includes a dispersive term that results from diffusion of 
moisture vapour through the interstitial pores.  Deff is the 
effective diffusion coefficient that accounts for the occlusion 
and tortuosity of the bed of porous medium (Thorpe et al., [8], 
[9]).  A user-defined function must be established for this 
source term. 
 
 
FORMULATION OF THE GOVERNING EQUATIONS – 
A LAGRANGIAN APPROACH 
      Our objective is to obtain expressions for the speeds, ,1fv  
and ,2fv of the temperature and moisture fronts respectively 
from an equation of the form 

   ,f i i av A v=    (25) 
in which av  is the average velocity component of the interstitial 
air as it flows through the bed of porous medium and Ai are 
known as the velocity ratios that depend on the local 
thermodynamic state of the bed of porous medium.  We also 
wish to calculate the temperature, interstitial humidity and the 
moisture content of the solid phase at the dwell state. 
 
      A Lagrangian formulation of the heat and mass balance 
equations can be used to obtain explicit equations for the 
speeds of moisture and temperature fronts through beds of 
hygroscopic porous media.  The basic idea is to consider points 
on the transfer waves that remain at constant thermodynamic 
states on the waves as they traverse the bed.  This removes the 
necessity to consider transient equations, and the resulting 
enthalpy and mass balance equations collapse into one simple 
equation that has two unknowns.  The sorption isotherm 
equation that relates the thermodynamic states of interstitial air 
and solid phase is used to derive an equation that contains the 
two unknowns, and the resulting simultaneous equations can be 
solved explicitly.  The method was first presented Hunter [6] 
and we shall repeat the key features of his analysis, but include 
the apparent effect of the temperature dependence of the 
integral heat of wetting of the solid phase on the overall 
performance of a ventilated bed of hygroscopic porous 
medium. 
 
      To illustrate the idea consider two adjacent differential 
longitudinal elements in the bed, each of length dx.  At a time t 
the enthalpies of the solid phase and air at the trailing edge of a 
transfer wave are respectively H + dH and h + dh; the 
corresponding moisture contents of the solid phase and air are 
similarly notated as shown in Figure 2.  The corresponding 
enthalpies at the leading edge of the wave are H and h and 
those at the leading edge of the adjacent, downstream element, 
are H - dH and h – dh.   
 
 
 
 
 
 
 
 
 
 

 
Figure 2.  Three points on a transfer wave traversing a bed of 

porous hygroscopic medium   
 
During the time ∆t it takes for the upstream element to travel a 
distance ∆x the moisture content of the solids in the 
downstream element increases from W – dW/2 to W + dW/2, 
i.e. by dW.  During the same time the moisture content of the 
air entering the downstream element increases from w to  w + 
dw so its mean value is w + dw/2, and the average value 
leaving the element is w - dw/2.  A mass balance on the 

 

W-dW 
    w-dw 
       H-dH 
           h-dh 

W 
   w 
       H 
          h 

W+dW 
     w+dw 
        H+dH 
            h+dh

dx dx 



    

downstream element of unit cross-sectional area normal to the 
air flow is therefore expressed as 
 

( )( )
( )( )

2

2       
a a s

a a s s s

v v w dw t

v v w dw t dW x

ρ

ρ ρ ε

− + ∆

= − − ∆ + ∆
  (26) 

 
The quantity ( )a a sv vρ −  is the mass rate at which dry air 
enters the element and it accounts for the fact that the element 
itself has a velocity component sv , and a sv v−  is the relative 
velocity of the moving wave and the air. 
 
Equation 26 may be expressed in a form similar to that 
presented by Hunter [6], namely 
 

a sdm dw dm dW=    (27) 
 
where dma is the mass of air flowing into the element during 
the time it has moved a distance dx and the corresponding mass 
of solids in the element is dms.  Analogous reasoning leads to 
the enthalpy balance being expressed as 
 

a sdm dh dm dH=    (28) 
 
Equations 27 and 28 were reported by Griffith [10] in his 
pioneering studies of cooling and drying systems for bulk 
stored grains, and they formed the basis of an analysis based on 
the method of characteristics presented by Sutherland et al. 
[11]. 
 
Although it is somewhat tedious we shall expand equations 4 
and 14 to obtain expressions for dh and dH in terms of system 
properties and thermodynamic variables.   
 
The differential enthalpy balance on the moist solids is 

       

( )( )
( )

( )( )
0

 s w w

W

v s

w w v s

dH c dT W h c T dT T

h h dW dT
T

h c T T dW h h

= + + + −

∂⎧ ⎫+ −⎨ ⎬∂⎩ ⎭

+ + − + −

∫

o o

o o

 (29) 

 
and the differential energy balance on the interstitial air is 
 

       
( ) ( )      

v
a w

v
w w v

dh
dh c dT wc dT w dT

dT
dh

h c T T h T T dw
dT

= + +

⎛ ⎞+ + − + + −⎜ ⎟
⎝ ⎠

o o o o
 (30) 

 
From equations 27 and 28 we easily obtain 
 

dh dH
dw dW

=      (31) 

 

Hence, dividing equation 29 by dW and equation 30 by dw and 
noting that at the temperature T the latent heat of vaporisation 
of free water is 
 

( )v
v v

dh
h h T T

dT
= + −o o    (32) 

and that  
 

( )
0

W

v s v sh h dW h h
W
∂

− = −
∂ ∫   (33) 

 
we obtain the following conservation equation 
 

0a s s
dT dTC C h
dw dW

′ ′+ + =    (34) 

 
in which 
 

v
a a w

dh
C c wc w

dT
′ = + +    (35) 

and 
 

W
s s w

dH
C c Wc

dT
′ = + +    (36) 

 
Note that equation 36 contains the differential of the integral 
heat of wetting of the solid phase with respect to temperature, a 
term to be investigated as part of this study. 
 
Calculating the velocity ratios 
      Equation 34 has two unknowns, dT dw  and dT dW .  To 
evaluate these unknowns we require a second equation and 
Hunter [6] shows that this can be derived from the sorption 
isotherm and he obtains 
 

2

0.622
0.622

s

T

whdw dW dw w
dT dw dT RT

⎛ + ⎞⎛ ⎞= −⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

  (37) 

 
which can be used to eliminate dT dW  from equation 34 with 
the result 
 

2 2

2

0.6221
0.622

s s s s

Ta a aa

h C wh hdw dw w dw
C dT C dW C dTC RT

′⎛ ⎞⎛ ⎞ ⎛ ⎞+
+ − −⎜ ⎟⎜ ⎟ ⎜ ⎟′ ′ ′′⎝ ⎠ ⎝ ⎠⎝ ⎠

 

2

2

0.622 0
0.622

        s

a

whw
C RT

+
− =

′
    (38) 

This quadratic equation provides two values of 
i

dw dT , one of 
which applies to the temperature wave and the other to the 
moisture wave and they can be used to calculate the respective 
velocity ratios from the equation 
 

 
     



    

Calculating the dwell state 
      The dwell state is calculated by recognising that the loci of 
points on the transfer waves lie approximately on a straight line 
in ln r - ln sp  space.  We can calculate the values of r and ps at 
the air inlet and in the porous medium at its initial state, and if 
we know the slopes of the lines along the transfer waves the 
intersection of the lines is at the dwell state.  Since the slope, S, 
is given by 
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it can be shown that  
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The saturation vapour pressure, pd, at the dwell state is given by 
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and the corresponding value of the relative humidity, rd, of the 
interstitial air is 
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Hunter [6] demonstrates how approximate explicit equations 
may be derived for the velocity ratios, Ai, and the slopes, Si, of 
the transfer waves in ln r - ln sp  space and they have been used 
in this work.  
 
THE SYSTEM INVESTIGATED 
 
Physical properties 
 
      Two sorption isotherms have been used to relate the relative 
humidity, r, of the interstitial air and the temperature, T, and 
moisture content, W, of the solid phase.  One of the most 
widely used isotherms is that proffered by Chung and Pfost 
[12], namely 
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in which ACP, BCP and CCP are empirical constants that assume 
the values of 921.65, 18.08 and 112.35 respectively when the 
porous medium is Durum wheat.  Hunter [13] shows how 
sorption isotherms can be used to derive the differential heat of 
sorption of moisture on the solids, and Thorpe [14] provides 

analytical expressions for the integral heat of wetting, HW, and 
its derivative with respect to temperature, WH T∂ ∂ . 
 
A second isotherm explored in this work is the one suggested 
by Hunter [13], namely 
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in which op  is a material-specific empirical constant and the 
saturation pressure of water vapour, ps, is calculated using 
Hunter’s (1987) formula, namely, 
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A feature of Hunter’s isotherm is that ratio s vh h  is deemed to 
be independent of the moisture content, W, of the solids and it 
is calculated from 
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in which A, B, C, D and α are solid-specific empirical 
constants.  oW  is calculated from 
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Whilst it may be appropriate that s vh h  is independent of the 
moisture content, W, there is no accurate explicit reversion 
formula that enables the moisture content, W, to be calculated 
from r and T, and in this work it has been reverted numerically.  
Thorpe et al. [15] have shown that the integral heat of wetting, 
HW, can be expressed in terms of infinite series and the tri-
gamma function (Abromowitz and Stegun, [18]). To simplify 
the evaluation of these function Thorpe et al. [15] have 
expressed HW as fourth order polynomials in W.  Other physical 
properties used in the calculations are given in Table I. 
      A bulk of ventilated wheat is chosen to compare the two 
contrasting analyses of heat and moisture transfer in beds of 
hygroscopic porous media.  This is a technologically important 
porous medium because food grains must be stored for several 
months, and if suitable storage conditions are not maintained 
the grains may be attacked by moulds, insects and their quality 
may deteriorate. The conditions chosen to study the effects of 
ventilation on conditions within a bed of wheat are as follows: 
 
Initial moisture content, W, of wheat:  10% dry basis 
Initial temperature of the wheat   30°C 
Humidity of air entering the bed of wheat  0.006 kg/kg 



    

Temperature of air entering grain   10°C 
Superficial velocity of the air:   0.01088 m/s 

 
Table I.  The physical properties of the system investigated 

 
Physical property Value 

ca 1017 J/(kg.°C) 

cw 4187 J/(kg.°C) 

cs 1298 J/(kg.°C) 

ρa 1.169 kg/m3 

ρs 1172.9 kg/m3 

R 461.92Pa.m3/(kg.K) 

εa 0.41 

εs 0.59 

 
 
RESULTS AND DISCUSSION 
 
Numerical solution 
      The passage of two transfer waves after an elapsed time of 
3.22×104 s can be discerned from Figures 3 and 4.  Figure 3 
shows that the leading edge of the temperature wave that is at 
the initial temperature of the grain, namely 30°C. is just about 
to be expelled from the bed.  The temperature varies 
continuously along the wave and the slower moving trailing 
edge of the wave is at a dwell temperature of about 18°C.  
Dispersive effects arising from the finite intra-particle mass 
transfer resistance and thermal conductivity result in the wave 
being smeared.  This is also evident in the moisture wave, the 
leading edge of which clearly travels at a lower velocity than 
that of the trailing edge of the temperature wave.  The region 
between the moisture and temperature waves, the dwell state is 
clearly delineated.  Because the trailing edge of the moisture 
transfer wave has such a low velocity it cannot be discerned 
after the relatively small elapsed time, and because dispersion 
has smeared the wave.  The corresponding moisture contents of 
the porous medium are shown in Figure 4.  It can be seen that 
moisture content at the leading edge of the moisture wave is 
0.1, the initial moisture content of the material.  The moisture 
content at the dwell state is about 0.0924 and the temperature of 
the solids at the air inlet is 0.163.  It can be seen that there is a 
significant change in moisture content across the moisture 
wave, hence its appellation.  It is worthwhile noting that the 
solids at the air inlet have not attained their equilibrium 
moisture content of 0.1916 because of the finite resistance to 
moisture content within the grain kernels. 
 
After a prolonged period of time, namely 1.77×106 s, the 
temperature wave has been completely expelled from the bed 
and the solids have approached thermodynamic equilibrium 
with the incoming air, as can be observed from Figures 5 and 6.  

The trailing edge of the moisture wave has penetrated the bed 
by about 0.2m. 
      Results from the analytical solution of the thermal energy 
and moisture conservation equations are shown in Table II, and 
they are superimposed on the numerical solutions sown in 
Figure 3, 4, 5 and 6.  The analytical and numerical solutions do 
not account for THW ∂∂ .   It can be seen from Figures 3 and 4 
that both analyses predict similar celerities of the temperature 
wave, but that the numerical solution manifests the effects 
resulting from mass and thermal dispersion.  The analytical 
solution assumes thermodynamic equilibrium between the 
phases and this is results in the moisture content of the solids 
having a higher value at the air inlet compared with the 
numerical solution for the reason alluded to above. 
 
Figures 5 and 6 suggest that the analytical and numerical 
solutions predict very similar velocities of the moisture wave. 
 

 
Figure 3.  The ventilation of a bed of porous medium after an 

elapsed time of 6×104 seconds.  . 
 

Effects of the sorption isotherm 
      In this work equations 39, 41 and 42 were used to 
investigate the effects of the sorption isotherm on the behaviour 
of ventilated beds of hygroscopic porous media. Four cases 
have been studies, namely: 
 

• Use of the Chung-Pfost isotherm with WH T∂ ∂  = 0 
• Use of the Chung-Pfost isotherm with 0WH T∂ ∂ ≠  
• Use of Hunter’s isotherm with WH T∂ ∂  = 0 
• Use of Hunter’s isotherm with 0WH T∂ ∂ ≠  
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Figure 4.  The moisture content profile along a bed of 
ventilated porous medium.  It can be seen that the 
moisture content at the exit of the bed remains at its 
initial value of 0.1, whereas the temperature in the dwell 
region is about 0.095.  The moisture content of the solids at 
the air inlet is 0.1525 which is lower than its equilibrium 
moisture content of    0.192 because of the finite resistance 
to mass transfer within the particles. 

 
 
 

 
 

Figure 5.  The temperature profiles in a bed of 
ventilated porous medium after an elapsed time 
of 1.772×104 seconds.  The solids in the first 0.2 
m of the bed are in thermodynamic equilibrium 
with the air used for ventilation, and the solids 
near the exit of the bed are close to the dwell 
temperature of about 18ºC 

 

Figure 6.  The moisture content profile in a bed of ventilated 
porous medium after an elapsed time of 1.772×104 seconds.  
The solids in the first 0.2 m of the bed have a moisture content 
of 0.192 and they are in thermodynamic equilibrium with the 
air used. 
 
      A key feature of the results is that when the Chung-Pfost 
[12]  isotherm is adopted the effect of including the effects of 

WH T∂ ∂ is to slow the predicted celerity of the temperature 
wave.  This is because  is WH T∂ ∂ calculated from the sorption 
isotherm to be about 800 J/kg of water adsorbed as pointed out 
by Thorpe [14].  It is highly unlikely that this is the case 
because measurements made on hygroscopic porous media 
suggest that differential heat of sorption, hw, is independent, or 
a very weak function, of the moisture content of the solids.  
One may make a prima facie estimate of WH T∂ ∂ by reasoning 
that 
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in which 1000 is the order of magnitude of the first derivative 
of the latent heat of vaporisation of water with respect to 
temperature, the second term, 0.1, arises from  vs hh1− and 
the final 0.1 is the integral of dW, and it is on the order of 0.1.  
This clearly about two orders of magnitude less than the value 
calculated using the Chung-Pfost [12] isotherm.  When 
Hunter’s isotherm, equation 46 and 47, is used it is found that 

WH T∂ ∂  = 87.  This is a relatively small fraction of the 
specific heat of the moist solid phase which is about 1700 
The results are shown in Table II 
 
 
 
 
 

So
lid

s 
m

oi
st

ur
e 

co
nt

en
t, 

W
 

Te
m

pe
ra

tu
re

, º
C

 
 

So
lid

s 
m

oi
st

ur
e 

co
nt

en
t, 

W
 



    

Table II.  The effects of including WH T∂ ∂  in the conservation equation on the dwell state and velocity 
ratios 

 
Chung-Pfost (1967) isotherm Hunter (1987) isotherm Variable 

0WH T∂ ∂ =  0WH T∂ ∂ ≠  0THW =∂∂  0WH T∂ ∂ ≠  
 

W at the air inlet 0.1916 0.1916 0.2018 0.2018 
W at the dwell state 0.0958 0.0943 0.0956 0.0954 
T at the dwell state 17.99°C 18.24°C 17.44 17.46 
w at the dwell state 3.644×10-3 3.588×10-3 3.486×10-3 3.481×10-3 
A1 leading edge of 
temperature wave 

1.149×10-3 8.493×10-4 1.237×10-3 1.180×10-3 

A1 trailing edge of 
temperature wave 

7.463×10-4 5.098×10-4 6.627×10-4 6.318×10-4 

A2 leading edge of 
moisture wave 

3.328×10-5 3.375×10-5 5.749×10-5 5.752×10-5 

A2 trailing edge of 
moisture wave 

8.856×10-6 8.856×10-6 2.900×10-5 2.900×10-5 

 
 
      A second feature of the results is that the velocity ratios of 
the temperature wave are calculated to be relatively 
independent of  
the form of the isotherm used (when the effects of THW ∂∂  
are ignored).  However, the velocity ratios of the moisture wave  
are strongly dependent on the form of the sorption isotherm 
although they are relatively insensitive to inclusion of 

WH T∂ ∂  in the analysis.  When the Chung-Pfost [12] isotherm 
is used the velocity ratio of the trailing edge of the moisture 
wave is 8.856×10-6, whereas when Hunter’s isotherm is used it 
is estimated to be 2.900×10-5, a factor of about 3.4.  This may 
be technologically significant.  It is clear that the proper 
selection of sorption isotherms is essential in the modelling of 
heat and mass transfer phenomena that occur in beds of 
hygroscopic porous media.  Deciding how to make a proper 
choice remains a research question.  The analysis presented in 
this work enables the effect of a range of sorption isotherms on 
the performance of ventilated beds of porous hygroscopic 
media, and this may guide searches for improved materials. 
   
CONCLUSIONS 
      Hygroscopic porous media are found naturally in the form 
of agricultural produce and in the form of minerals, and 
hygroscopic media, such as silica gel, are manufactured.  
Technological applications demand that the behaviour of bed of 
ventilated beds of porous media are accurately modelled.  This 
entails formulating equations for the transport of energy and 
moisture within the interstitial air that are coupled with 
equations that govern energy and moisture conservation of the 
solids.   The coupling is achieved through sorption isotherms.  
In this work the equations have been solved numerically using 
proprietary computational fluid dynamics software.  This 
entails supplying user-defined functions that account for the 
source terms in the mass and energy conservation equations.  A 
second approach has been to use analytical solutions of the  

 
 
equations originally developed by Hunter (1988).   As one 
might expect, agreement between the numerical and analytical 
solutions is close, but the former are able to account for finite 
mass transfer resistance between the solids and the interstitial 
air.  The analysis highlights that the differential of the heat of 
wetting of porous media with respect to temperature has the 
apparent effect of slowing the passage of temperature waves 
through beds of ventilated porous media.  This is likely to be an 
artefact of the empirical correlations used to develop sorption 
isotherms.  The effect was not observed when a sorption 
isotherm was used that constrains the ratio of the differential 
heat of sorption to the latent heat of vaporisation of water to be 
a function only of the moisture content of the solids.  The form 
of the sorption isotherm also has a profound effect on the speed 
of moisture waves through bed of ventilated hygroscopic 
porous media.   An examination of the factors that affect the 
choice of materials with given sorption isotherms is a worthy 
research question. 
 
REFERENCES 
 
[1] Dai, Y. J., Zang, R. Z. and Xu Y. X. (2002) Study of a solar 
powered solid adsorption-desiccant cooling systems used for 
grain storage.  Renewable Energy, 25(3), pp 417-430.  
 
 [2] Thorpe, G. R. and Chen, L. (2003) – The performance of 
an isothermal desiccant bed system for cooling stored grains.  
Proceedings of the 8th International Working Conference on 
Stored Product Protection 22nd-26th July 2002, York UK, 
(Credland, P. F., Armitage, D. M., Bell, C. H., Cogan, P. M. 
and Highly, E. Eds), CAB International, Oxford UK, pp 996-
1001. 
 



    

[3] Shanmugam, V and Natarajan, E.  (2006), Experimental 
investigation of forced convection and desiccant integrated 
solar drier, Renewable Energy, 31(8), pp 1239-1251. 
 
[4] Thorpe, G.R. and Whitaker, S. (1992a) - Local mass and 
thermal equilibria in ventilated grain bulks.  Part I: The 
development of heat and mass conservation equations.  J. stored 
Prod. Res. 28, pp 15-27. 
 
[5] Thorpe, G.R. and Whitaker, S. (1992b) - Local mass and 
thermal equilibria in ventilated grain bulks.  Part II: The 
developments of constraints.  J. stored Prod. Res., 28, pp 29-54. 
[6] Hunter, A. J. (1988) Temperature and moisture front 
movement in an aerated seed bulk,  J. agric Engng Res., 40, pp 
113-127. 
 
[7] Fluent Inc., Lebanon, New Hampshire, US. 
 
[8] Thorpe, G.R., Ochoa, J.A. and Whitaker, S. (1991a) - The 
diffusion of moisture in food grains.  I  The development of a 
mass transfer equation.  J. stored Prod. Res.,27, pp 1-9. 
 
[9] Thorpe, G.R., Ochoa, J.A. and Whitaker, S. (1991b) - The 
diffusion of moisture in food grains.  II  Estimation of the 
effective thermal diffusivity.  J. stored Prod. Res. 27, pp 11-30. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

[10] Griffiths, H. J. (1967) Wet-bulb control of grain aeration 
systems, CSIRO Division of Mechanical Engineering Circular 
Number 3, Highett, Melbourne, Australia, Appendix. 
 
[11] Sutherland. J. W., Banks, P. J. and Griffiths, H. J. (1971)  
Equilibrium heat and moisture transfer in air flow through 
grains.  J. Agric. Engng Res., 16, pp 368-386. 
 
[12] Chung, D. S. and Pfost, H. B.  (1967)  Adsorption and 
desorption of water vapor by cereal grains and their products.  
Part I:  Heat and free energy changes of adsorption and 
desorption.  Trans ASAE, 10, pp 549–555. 
 
[13] Hunter, A. J. (1987) An isostere equation for some 
common seeds,  J. agric Engng Res., 37, pp 93-107. 
 
[14] Thorpe, G.R. (2001) – Chapter 4.  Physical basis of 
aeration.  In The Mechanics and Physics of Modern Grain 
Aeration Management (Editors Navarro, S. and Noyes, R. T.), 
CRC Press, Boca Raton, pp 125-194. 
 
[15] Thorpe, G. R., Stokes, A. N. and Wilson, S. G. (1990) The 
integral heat of wetting of food grains.  J. agric Engng Res., 46, 
pp 71-76. 
 
[16] Abramowitz, M. and Stegun, I. A. (1972)  Handbook of 
Mathematical Functions, Dover Publications Inc., New York. 
 
 


